
AMAT 820 (8330) TOPICS IN ALGEBRA - INTRODUCTION TO
SCHUBERT CALCULUS. SPRING 2012

We will discuss several varieties/manifolds that play an important role in the theory of Lie
groups and their representations, and which are also important examples in algebraic topology
and algebraic geometry. Indeed, the main geometric and topological constructions can be
carried out very explicitly for these varieties, which also illustrate important properties in the
mentioned areas. The list of such varieties starts with elementary examples, such as projective
spaces, the Grassmannian, and continues with the flag variety, flag varieties for other Lie groups,
the affine Grassmannian and affine flag varieties, as well as other varieties with a torus action.
We will study the algebraic geometry and CW-complex structure of such varieties (the so-called
Schubert structure), as well as their cohomology and K-theory. The study of the structure of
the cohomology ring leads to interesting combinatorics; in particular, this structure refers to
the geometric basis of classes corresponding to Schubert varieties, to cup product formulas etc.

Tentative topics: The Grassmannian. Plücker coordinates and relations. Schubert vari-
eties. The cohomology ring of the Grassmannian. The ring of symmetric polynomials and its
Schur basis. Pieri and Giambelli formulas. The variety of flags in Cn. The cohomology ring
and its Schubert basis. Divided difference operators. Schubert polynomials and their combina-
torics. Flag varieties G/B associated with Lie groups G (preceded by a brief introduction to
root systems/reflection groups). The Borel presentation of their cohomology. The Chevalley
formula. What lies ahead: K-theory, the affine Grassmannian.

Prerequisites: Linear algebra, and some acquaintance with the methods of abstract algebra.
The graduate algebra sequence is helpful but not required. Some acquaintance with topology
or algebraic geometry is helpful, but it is not required, as everything will be developed as we
go along.

Class meets MWF 12:35-1:30 in ES 153.

Evaluation: This will be done based on solutions to problem sets that will be assigned
periodically. Problems assigned during one week will be collected at the end of the following
week.

Textbooks: Excerpts from the following books will be used (in order of importance):

• W. Fulton, Young tableaux, London Mathematical Society Student Texts 35, Cambridge
University Press, 1997, ISBN 0-521-56724-6 (paperback edition).

• L. Manivel, Symmetric functions, Schubert polynomials and degeneracy loci. SMF/AMS
Texts and Monographs, 6. Cours Spécialisés. American Mathematical Society, Prov-
idence, RI; Société Mathématique de France, Paris, 2001. Translated from the 1998
French original by John R. Swallow.

• Howard Hiller, Geometry of Coxeter Groups, Pitman Pub., 1982, ISBN: 0273085174.
• James Humphreys, Reflection Groups and Coxeter Groups, Cambridge University Press,

Reprint edition 1992, ISBN: 0521436133.

The Hiller book is hard to find, but I will provide photocopies of the chapters that we cover.

Office hours. My office hours are in ES-116 as follows: on Monday and Wednesday 2:40-
3:30, and on Friday 1:30-2:20. You need to make reasonable attempts at the homework problems
before asking for any hints.
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