
Representation Theory of Finite Groups. Fall 2010

All of mathematics is some kind of representation theory. I. Gelfand.

Class. AMAT 620 (17052). Meets TuTh 2:45-4:05 in ES 153.

Instructor. Cristian Lenart, Office ES-116A, Tel. 442-4635, e-mail: lenart@albany.edu.

Overview. This course is an introduction to the representation theory of finite groups,
focusing on the symmetric group, and, to some extent, on the general linear group over
a finite field. Representation theory studies “groups in action”, i.e., the way in which a
given group may act on vector spaces; in other words, we represent abstract groups as
groups of matrices, which are more familiar objects. We are mostly interested in irre-
ducible representations (the ones which do not contain non-trivial subrepresentations),
which are the building blocks for the construction of all representations of a given group.
The main questions in representation theory are related to: (1) the construction of ir-
reducible representations; (2) the calculation of certain algebraic invariants of these; (3)
the decomposition of other representations into irreducibles.

Representation theory is a fundamental tool for studying group symmetry – geometric,
analytic, or algebraic – by means of linear algebra. Its origins are mostly in the work of
F. Frobenius, H. Weyl, I. Schur, and A. Young, about a century ago. Important advances
have been made during last century, through the study of representations of more and
more general groups, and through a better understanding of the subtle combinatorics
involved, which led to some very explicit constructions and computations. Today, rep-
resentation theory plays an important role in many recent developments of mathematics
and theoretical physics. Some applications will be explored in this class too.

Tentative syllabus: The main concepts of representation theory (characters, induced
representations, irreducible representations). Symmetric functions/polynomials and their
combinatorics (Young tableaux, Schur functions). Representations of the symmetric
group (over the complex numbers): two constructions of the irreducible representations
(Young symmetrizers and the Okounkov-Vershik approach to Young’s seminormal form),
Frobenius’s formula for the characters. Applications to enumeration under group action
and random walks. More advanced topics: representations of the symmetric group over
a finite field, complex representations of the general linear group over a finite field (using
a similar technique to the one for the symmetric group).

Prerequisites for this course are minimal, namely abstract algebra and linear algebra
courses, not necessarily at the graduate level.

Textbooks:

• W. Fulton, J. Harris, Representation Theory. A First Course, Graduate Texts in
Mathematics, 129, Springer-Verlag, 1991, ISBN 0-387-97495-4, 3-540-97495-4.

• W. Fulton, Young tableaux, London Mathematical Society Student Texts 35, Cam-
bridge University Press, 1997, ISBN 0-521-56724-6 (paperback edition).

I will occasionally use some articles and the following books:
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• Bruce E. Sagan, The symmetric group. Representations, combinatorial algo-
rithms, and symmetric functions. Second edition. Graduate Texts in Mathe-
matics, 203. Springer-Verlag, New York, 2001.

• Gordon James, Adalbert Kerber, The representation theory of the symmetric
group, Encyclopedia of Mathematics and its Applications, 16, Addison-Wesley
Publishing Co., Reading, Mass., 1981.

• I. G. Macdonald, Symmetric Functions and Hall Polynomials, Oxford University
Press, Oxford Mathematical Monographs, Second edition, 1995.

Grading. Your grade in this course is based on solving the problems on the problem
sets. You are allowed to work together on the problem sets (just discuss ideas), but
everyone writes up his/her own solution. Problems assigned during one week will be
collected at the end of the following week; there will be no extensions for these deadlines.

Attendance. Attendance is required as part of your grade; you may miss 3 classes
with no effect on your grade, but any absence after that will make your grade drop by a
“notch” (for instance, from B to B−).

Office hours. These are in ES-116 as follows: on Tuesday 10:45-11:45, 1:10-2:10, and
on Thursday 10-11. I urge those of you who have difficulties in solving the assigned
problems to contact me for getting extra hints, instead of wasting a lot of time, although
I expect you to spend a reasonable amount of time with your own attempts before coming
to see me. This is important for you to keep in mind, given the deadlines for the problem
sets.


