
PRACTICE PROBLEMS FOR THE SECOND TEST

Practice problems for the second test (some were solved in class): page 60-61/7.1–7.14,
7.17; page 68-70/8.1–8.4, 8.7c–h, 8.9–8.11, 8.13, 8.14; page 76-77/9.1–9.12; pages 164-165/
14.3, 4, 7, 9, 12, 15, 17, 18, 19, 20, 22, 23*, 24*, 25*, 26 (the problems marked with * are
harder).

Note: Most problems in the textbook have brief solutions/hints at the end of the book,
which you can use as a guide. For more solutions/hints, see below.

7.14 Show that if ρ1, ρ2, ρ2ρ1 and ρ−12 ρ1 are rotations (by some arbitrary angles), then
the centers of ρ1, ρ2ρ1 and ρ−12 ρ1 are collinear.

We determine the two compositions by describing how to find their fixed points, via the
usual method for composing rotations. Note that ρ−1C,θ = ρC,−θ.

Assume that ρ1 has center A and ρ2 center B. Let m be the line through A,B, and
consider the line l through A, and n, n′ through B such that

ρ1 = σmσl, ρ2ρ1 = (σnσm)(σmσl) = σnσl, ρ−12 ρ1 = (σn′σm)(σmσl) = σn′σl.

Observe that the centers of the three rotations above are all on l, namely at the intersections
of l with m,n, n′, respectively.

7.17 Show that σPσlσPσlσPσlσP is a reflection in a line parallel to l (you do not need to
determine it precisely). Here σP is a halfturn, σl a reflection, and P is not on l.

Write σP as a composition σnσm, where n,m are suitably chosen. Simplify the obtained
product (by reducing the number of relflections) via the usual procedures. When do reflec-
tions commute?

8.4 Show that a translation τ commutes with a reflection σl if and only if τ fixes l. Then
show that τ commutes with a glide reflection with axis l if and only if τ fixes l. In each case,
you need to prove two implications.

We use the conjugation formula for reflections: ασlα
−1 = σα(l), for any isometry α.

If τσl = σlτ , by multiplying on the right with τ−1 we get τσlτ
−1 = σl, so στ(l) = σl. It

follows that τ(l) = l, which means that τ(l) = l or τ(l) is perpendicular to l (recall the lines
fixed by a reflection).

Similarly for glide reflections γ (just replace τ with γ). We get γ(l) = l in this case,
meaning that l needs to be the axis of γ.

7.12 Given a figure consisting of two points A and B off line p, describe the isometry
σBσpσA (you need to specify all the elements defining this isometry).

Write the halfturns σA and σB as compositions of reflections in two perpendicular lines,
one of which is parallel to p. Then follow the above hints for problem 7.17.

9.9 Identify the rotation (center, angle) given by equations

2x′ = −
√

3x− y + 2 , 2y′ = x−
√

3y − 1 .
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First find the center of the rotation. Then note that rotations have matrices(
cos θ − sin θ
sin θ cos θ

)
.

Recall that sin 30◦ = cos 60◦ = 1/2, sin 60◦ = cos 30◦ =
√

3/2. Also use

cos(x) = − cos(180◦ − x) = − cos(180◦ + x) = cos(360◦ − x) ,

sin(x) = sin(180◦ − x) = − sin(180◦ + x) = − sin(360◦ − x) .


