
Multi-task Coordinate Gradient Learning

Yiming Ying y.ying@exeter.ac.uk

College of Engineering, Mathematics and Physical Sciences, University of Exeter, EX4 4QF, Exeter, UK

Abstract

Coordinate gradient learning is motivated by
the problem of variable selection and deter-
mining variable covariation. In this paper
we propose a novel multi-task framework for
gradient learning. This framework has sev-
eral appealing properties. Firstly, it allows
us to introduce a new model by choosing
a proper multi-task kernel, which appropri-
ately captures the inherent structure of gra-
dient learning. Secondly, it naturally gives
rise to a novel multi-task kernel-learning ap-
proach for coordinate gradient learning. Fi-
nally, this framework naturally yields a dual
formulation, which greatly facilitates the de-
sign of efficient algorithms. We report some
preliminary experiments to validate our pro-
posed method for variable selection.

1. Introduction

In this paper we study the problem of learning co-
ordinate gradients for variable selection. Specifically,
let X ⊆ Rd be compact, Y ⊆ R, Z = X × Y and
Nn = {1, 2 . . . , n} for any n ∈ N. For any x ∈ X,
denote x by x = (x1, x2, . . . , xd) and let the training
data be given by z = {(xi, yi) : i ∈ Nm}. The target
of gradient learning is to simulate the gradient of a
target function f∗ (if it exists) denoted by ∇f∗(x) =(
∂f∗
∂x1 , . . . ,

∂f∗
∂xd

)
and apply it to variable selection. The

intuition behind gradient learning for variable selec-
tion is that the specific norm of ∂f∗

∂xp can indicate the
salience of the p-th variable. The smaller the norm is,
the less important this variable will be. Recently, this
research topic has attracted considerable attention, see
e.g. Mukherjee and Zhou (2006); Mukherjee and Wu
(2006); Ying and Campbell (2008); Ying et al. (2010).

Concurrently, multi-task learning has received increas-
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ing attention. Typically, the research in this area can
be formulated as a problem of learning a vector-valued
function f = (f1, f2, . . . , fn), where each of its com-
ponents is a real-valued function and corresponds to
a particular task. Here we follow this methodology
and employ a vector-valued function F = (f0, f) =
(f0, f1, . . . , fd) for gradient learning, where f0 is used
to approximate the target function f∗, and f is used to
simulate its gradient ∇f∗. We further assume that F
comes from a vector-valued reproducing kernel Hilbert
space (RKHS) associated with multi-task (matrix-
valued) kernels, see Micchelli and Pontil (2005a);
Caponnetto et al. (2008); Carmeli et al. (2010). The
rich structure of RKHS space reflects the latent struc-
ture of gradient learning, i.e. the pooling of informa-
tion across components (tasks) of∇f∗ using multi-task
kernels.

The paper is organized as follows. In Section 2, we re-
view the definition of multi-task kernels and propose
a multi-task formulation of coordinate gradient learn-
ing. Section 3 addresses the optimization algorithms
and Section 4 reports preliminary numerical experi-
ments. The final section concludes the paper.

2. Multi-task Gradient Learning

We review the definition of multi-task kernels and
vector-valued RKHS (see Micchelli and Pontil (2005a)
and the reference therein). Throughout this paper, the
notation ⟨·, ·⟩ and ∥ · ∥ denote the standard Euclidean
inner product and norm respectively.

Definition 1. We say that a function K : X ×X →
Rd+1 ×Rd+1 is a multi-task (matrix-valued) kernel on
X if, for any x, t ∈ X, K(x, t)T = K(t, x), and it is
positive semi-definite, i.e., for any m ∈ N, {xj ∈ X :
j ∈ Nm} and {yj ∈ Rd+1 : j ∈ Nm} there holds∑

i,j∈Nm

⟨yi,K(xi, xj)yj⟩ ≥ 0. (1)

There exists a one-to-one correspondence between the
multi-task kernel K with property (1) and a vector-
valued RKHS of functions f : X → Rd+1 with norm
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⟨·, ·⟩K denoted by HK, see e.g. Micchelli and Pontil
(2005a). Moreover, for any x ∈ X, y ∈ Rd+1 and
f ∈ HK, we have the reproducing property

⟨f(x),y⟩ = ⟨f ,Kxy⟩K (2)

where Kxy : X → Rd+1 is defined, for any t ∈ X, by
Kxy(t) := K(t, x)y.

In the following we describe our multi-task kernel-
based framework for gradient learning. To this end,
let f = (f1, . . . , fd), F = (f0, f) and xij = xi − xj .
The derivation of gradient learning algorithms is mo-
tivated by the Taylor expansion of the target function
f∗ (Mukherjee and Zhou, 2006): f∗(xi) ≈ f∗(xj) +
∇f∗(xj)xij . Then, a function f0 is used to learn
f∗, and f to simulate ∇f∗. Replacing f∗(xi) by yi,
the error yi ≈ f0(xj) + f(xj)xij is expected to be
small if xi is close to xj . To enforce the constraint
that xi is close to xj , we could use a weight function
produced by a Gaussian with deviation s defined by
wij = s−(d+2)e−∥xi−xj∥2/2s2 . Another alternative is to
use the k-nearest neighborhood (kNN), e.g.

wij =

{
1

mk if xj ∈ Nk(i)
0 otherwise

(3)

where Nk(i) denotes the kNN of xi. This implies that
wij ≈ 0 if xi is far away from xj . Hence, our target is
to minimize the empirical error

Ez(F) =
∑

i,j∈Nm

wijL
(
yi, f0(xj) + f(xj)xij

)
(4)

where L : R×R → [0,∞) is a prescribed loss function
and F = (f0, f) ∈ HK. Let ẽp be the p-th coordinate
basis in Rd+1. For any x ∈ Rd, denote the vector x̃⊤

by (0, x⊤) and, for any i, j ∈ Nm, x̃ij = x̃i − x̃j . By
the reproducing property (2), we have that f0(xj) =
⟨F(xj), ẽ1⟩ = ⟨F,Kxj ẽ1⟩K and likewise, ⟨f(xj), xij⟩ =
⟨F(xj), x̃ij⟩ = ⟨F,Kxj x̃ij⟩K. Then, the empirical term
can be rewritten as

Ez(F) =
∑

i,j∈Nm

wijL
(
(yi, ⟨F,Kxj (ẽ1 + x̃ij)⟩K

)
. (5)

Now we propose the following multi-task formulation
for gradient learning:

min
F=(f0,f)∈HK

{
C Ez(F) + 1

2∥F∥
2
K

}
, (6)

where C is a positive trade-off parameter.

2.1. Design of Multi-task Kernels

Let G be a scalar kernel and K(x, t) = G(x, t)Id+1,
where Id+1 is an identity matrix. Then, problem

(6) is reduced to the methods (Mukherjee and Wu,
2006; Mukherjee and Zhou, 2006). Since K is a
diagonal matrix-valued kernel, the components of
the vector-valued function F = (f0, f) ∈ HK is
independent of each other. Although the results
in Mukherjee and Wu (2006); Mukherjee and Zhou
(2006) are promising both theoretically and practi-
cally, the inherent structure would be f = ∇f0. The
following theorem shows that we recover this inherent
structure by choosing a specific multi-task kernel K.

Theorem 1. For any smooth RBF kernel G, i.e.
G(x, t) = ϕ(∥x − t∥2) for some smooth function ϕ :
(0,∞) → R, define the multi-task kernel K by

K(x, t) =

(
G(x, t), (∇tG(x, t))T

∇xG(x, t) ∇2
xtG(x, t)

)
. (7)

Then, problem (6) becomes

min
f∈HG

{
C

∑
i,j∈Nm

wijL(yi, f(xj) +∇f(xj)
⊤xij)

+ 1
2∥f∥

2
G

} (8)

The detailed proof of this theorem can be found in
Ying et al. (2010, Example 2). It is worth mention-
ing that, for a smooth reproducing kernel G, we can
prove that, for any f ∈ HG, its derivative

∂f
∂xp ∈ HG,

see (Zhou, 2008). In particular, for any smooth RBF
kernel G(x, t) = ϕ(∥x− t∥2), one can exactly compute
the criterion

{
∥ ∂fz
∂xp ∥G : p ∈ Nd

}
for the solution of

problem (8) and use them for variable selection, see
the appendix in (Ying and Campbell, 2008).

2.2. Multi-task Kernel Learning for Sparse
Gradients

We can design a gradient learning model which is to
learn an optimal multi-task kernel from a prescribed
set of multi-task kernels. Given a scalar kernel G,
it was shown by Caponnetto et al. (2008) that, for
any positive semi-definite matrix B ∈ R(d+1)×(d+1),
K(x, t) = G(x, t)B is a proper multi-task kernel. Let

K =
{
BG : B = diag(1, β1, . . . , βd),

∑
ℓ∈Nd

βℓ =

1, βℓ ≥ 0,∀ℓ ∈ Nd

}
, we consider the following formu-

lation to jointly learn the gradient function and the
multi-task kernel:

min
K∈K

min
F∈HK

{
C Ez(F) +

1

2
∥F∥2K

}
. (9)

Theorem 2. Let B and K be defined as above. Then,



Multi-task Coordinate Gradient Learning

(9) is equivalent to

min
β,F∈HBG

{
C Ez(F) + 1

2∥f0∥
2
G + 1

2

∑
ℓ∈Nd

∥fℓ∥2G
βℓ

}
s.t.

∑
ℓ∈Nd

βℓ = 1, βℓ ≥ 0, ∀ℓ ∈ Nd.
(10)

Moreover, formulation (10) is equivalent to the follow-
ing sparse regularization formulation:

min
F

{
C Ez(F) + 1

2∥f0∥
2
G + 1

2 (
∑

ℓ∈Nd
∥fℓ∥G)2

}
.

s.t. F = (f0, f), f0, f1, . . . , fd+1 ∈ HG.
(11)

The proof of Theorem 2 can be found in Ying et al.
(2010, Theorem 4) which relied on some ideas in
Micchelli and Pontil (2005b). From the above theo-
rem, we can see that the multi-task kernel learning
formulation (9) (i.e. (11)) involves a block ℓ1 regular-
ization, i.e.

∑
ℓ∈Nd

∥fℓ∥G. which will naturally lead to
a sparse estimation of the gradients.

3. Optimization Algorithms

We first derive the dual formulation of (6) which will
be very useful to design its algorithms.

Theorem 3. Suppose that the loss function L : R ×
R → [0,∞) is convex with respect to the second ar-
gument. Let L∗ be the adjoint function of L de-
fined, for any y ∈ Y and α ∈ R, by L∗(y, α) =
max
s∈R

{sα− L(y, s)}. Then the dual problem of (6) is

αz = argmax
α

−C
∑

i,j∈Nm

L∗
(
yi,−

αij

C

)
wij

− 1
2

∑
i,j,i′,j′∈Nm

wijαijwi′j′αi′j′

×
[
(ẽ1 + x̃ij)

TK(xj , xj′)(ẽ1 + x̃i′j′)
]
.

(12)

and the solution is given by Fz =
∑
i,j

αij,zwijKxj (ẽ1+

x̃ij).

The detailed proof can be found in Ying et al. (2010,
Theorem 2). By the above theorem, the dual prob-
lem of gradient learning depends on calculating the
adjoint function L∗. For instance, for the SVM hinge
loss L(y, t) = (1−yt)+, we observe that L

∗(y, α) = yα
if −1 ≤ yα ≤ 0, and ∞ otherwise. Combining
this observation with Theorem 3 implies that, for
any multi-task kernel K, formulation (6) with the
hinge loss can be solved by a quadratic programming.
In contrast, the implementation of gradient learning
in (Mukherjee and Zhou, 2006; Mukherjee and Wu,
2006) is based on Newton’s method. The loss func-
tion is required to be twice differentiable and hence

excludes the SVM hinge loss. To obtain solutions of
formulation (9), we can use the available multiple ker-
nel learning algorithms. One is referred to Ying et al.
(2010, Section 4) for more details.

4. Experiments

In this section we focus the SVM hinge loss for gradi-
ent learning. When an independent multi-task kernel
K = GI(d+1)×(d+1) with G being a Gaussian kernel,
formulation (6) is referred to as Grad-SVM, and we re-
fer to sparse kernel-learning approach (9) as GradKL-
SVM. Due to space limitation, we will not report re-
sults for gradient learning formulation (6) with K given
by equation (7). One can see Ying and Campbell
(2008, Section 6) and Ying et al. (2010, Section 5) for
more experiments. The variable ranking is done ac-
cording to the RKHS norm of each component of fz,
i.e.

{
sp = ∥fpz∥G/

∑
q∈Nd

∥fqz∥G : p ∈ Nd

}
. To reduce

computational complexity, we define wij by equation
(3) with k = 8.
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Figure 1. Performance of Gradient learning with soft mar-
gin SVM; bottom left: ranked features by Grad-SVM; bot-
tom right: ranked features by GradKL-SVM.

In the first experiment, only the first two features are
relevant to the classification task. The remaining 20
redundant features are distributed according to a small
Gaussian random deviate. The distribution for the
first two features forms two circles (see the top subfig-
ure of Figure 1). Subfigures at the bottom of Figure
1 show the ranked features by Grad-SVM (left sub-
figure) and GradKL-SVM (right one). As expected,
GradKL-SVM with sparse regularization is more ef-
fective at removing redundant features.

Next we test Grad-SVM and GradKL-SVM on the
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Table 1. Test set accuracy comparison on Leukemia cancer
dataset (Golub et al., 1999); The result for SVM-RFE is
cited from (Guyon et al., 2002).

No. genes GradKL-SVM Grad-SVM SVM-RFE
1 0.91 0.76 0.79
2 0.94 0.79 0.88
3 1.00 0.79 –
4 1.00 0.76 0.91
5 1.00 0.82 –
6 1.00 0.82 –
8 1.00 0.79 1.00
16 0.94 0.91 1.00
32 0.91 0.94 0.97
64 0.94 0.91 0.94
128 0.94 0.97 0.97
256 0.97 0.97 0.94
1024 0.91 0.91 0.94
2048 0.94 0.91 0.85
7129 0.91 0.91 0.85

Leukemia dataset (Golub et al., 1999) for analyzing
gene expression data. The problem is to distinguish
between two variants of leukemia (ALL and AML).
We will compare it with the ordinary gradient learning
with independent multi-task kernel K = GI(d+1)×(d+1)

which respectively is denoted Grad-SVM. To test the
effect of variable selection by gradient learning, we first
rank the genes by gradient learning on training sam-
ples and then make prediction on the test set which is
performed by hard margin linear SVM.

As listed in Table 1, it is quite notable that GradKL-
SVM achieved zero test error with only 3 genes
while SVM-RFE needs 8 genes and the method in
Weston et al. (2001) with 20 genes. This outperforms
the methods in (Guyon et al., 2002; Weston et al.,
2001) with fewer genes to attain zero test error.

5. Conclusion

In this paper we proposed a novel multi-task approach
for gradient learning, which allows a novel choice of
the multi-task kernel to capture the inherent structure
of gradient learning, and a kernel-learning framework
for learning sparse gradients. The dual formulation for
gradient learning methods was established which facil-
itates the design of efficient optimization algorithms.
We validated our proposed approaches on both syn-
thetic and real cancer datasets.

We are conducting more experiments on biomedical
datasets and comparisons with other feature selection
methods. The computational complexity of gradient
learning is still intensive since its objective function
involves pairs of samples. It would be interesting to
design scalable algorithms for gradient learning.
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