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Few concepts from linear elasticity theory : Stress and Strain

6 independent components
Stress = force/area  ( 3x3 symmetric tensor !) Oij = O0ji /

Stresses applied to a infinitely small volume: o,

-

- |J
( 3x3 symmetric tensor ! ) 2 8Xj OX; L

Strain = Adisplacement/ Acoordinate . 1{ oy +8uj

6 independent components

Diagonal (axial) strain components: i = %

- OX;

Explanation of shear strain components:

NNSE 618 Lecture #23



Few concepts from linear elasticity theory : Hooke’s law

0'111 €11 Ci2 Ciz Ciy Ci5 Cig Cis Cis Cig) €11
Stress-Strain relation: extension of Hooke’s law ‘;22 €1z Ca2 C23 C24 Co5 Cog C2s Co5 Cog| | B2
- . . 33 C13 C23 C33 C34 C35 C36 C3i C35 C36| | €33
(Imear reglme)' O23 C1s Cas4 C3u Cus Cis Cyg Cus Cup Cug| | Ea3
O31| = | €45 C25 C35 Cu5 Cs5 Csp Cus Css Csg| | B3y
Oy9 Cig Cos €38 Cup C56 Css Cie Cse Ces| | €12
O3 C14 Cas C34 Cys Cup Cup Cug Cys Cug| | a2
O3 Ci5 C25 C35 Cus Cs5 Cse Cus Css. Csg 813
. ) 021 €16 C26 C36 Cus Cs6 Ces Cus Cse Cesl [E21)
Due to Symmetry of stress-strain tensors the matrix
of elastic moduli (elastic stiffness constants)
can be reduced to 6x6: (044 (€11 Ci2 €13 Cii Ci5 Cig| [E14]
O22 C1a Co2 Ca23 Coi Co5 Cop| | €22
] ] O33| | C13 C23 C33 C34 C35 C36| | €33
Note: 5 = Zgij for non-diagonal strain o Ciy Cos €34 Ciax Cus Cig| | Vo3
Components 031 615 C25 C35 645 055 656 ?31
| O12) | C16 C26 €36 Cu6 Cs6 Cesl V12,

€13 €12 €12 0 0 0 7 011 == C14814 1 C12822 1 C12€33;

cizcp 20 0 O Oz2 == C12811 |+ C11822 —+ C128333

For cubic crystals, o _|G2Ccy0 00 O33 = C12811 1~ C12822 + C14833;
. . ™00 0 0 ¢, 0 O O3 == 2C44€23;
only 3 constants are independent: 00 0 0 ey0 Gy — 2aatar
0 0 0 0 0 cu Oy = 2044812-
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Effects of crystal symmetry on elastic constants

KEY TO NOTATION

Classes 4, 4, 4/m

N

e/ (1) ®/ (6)

TETRAGONAL

Classes dmm, 42m,t 422, 4/mmm
N
®

Classes 3, 3

N1

TRIGONAL B
Classes 32, 3m, 3m

N

(7)

HExXAGONAL

All classes

N

. zoro component
® non-zero component
@—@ equal components
@—o0 components numerically equal, but opposite in sign
For & ® twice the numerical equal of the heavy dot component to which it is
joined
Forc¢ (@ the numerical equal of the heavy dot component to which it is joined
For g X 2(syy—8y)
Fore X  }{c;;—¢y)
All the matrices are symmotrical about the leading diagonal.
TRICLINIC
‘Both classes
o & & ¢ 0 9
® oo @ 9
e e 0 0
* o0
LB ]
®/ (2l)
MoxOCLINIC
All classes
. ® - - @
Diad ||z, eee - Diadflz,/ ® ®
(standard L L] o e - -0
orientation) ° ° e + @
* e -
. .
(13) e/ (13)
ORTHORHOMBIC Cuslc

All classes All classes

>

N
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Definitions for other elastic constants
For cubic crystal (3 constants are independent) : 011 == C11841 + Cia82z 1 C12833}
Oz == C12811 | C11833 ~+ C12€33;

) ) 20 O33 == C12841 T C12822 + C11833;
Anisotropy ratio A — A4 g3 = 2044803,

—C .
€117 C12 O34 = 2Cu831;
O1p == 2C4812-

For isotropic material, A=1, only two elastic
constants are independent

2C44 =C11—Cp5

o = (A -+ 2#) €41 + Aegg -+ Aegg;

Lamé coefficient A and shear modulus  : Oz = Aeyg + (b + 2p) ez + hegg;
O33 = A&yq + Agss + (A 2[1) €335
Op3 = 2[1€23;
O3 = 2343

Oy — 2M812;

&

Material Cy;(N/m2)  C;,(N/m?2)  C4y(N/m2)
Si 1.66 x 1011 0.64 x 1011 0.8 x 1011 .
Fractional change of crystal volume
Ge 1.29 x 1011 0.48 x 1011 0.67 x 1011 . .
under uniform deformation
GaAs 1.2x 1011 0.54 x 1011 0.59 x 1011
C 10.76 x 1011 1.25 x 1011 5.76 x 1011 8 V
—V = E,, T £,y + £,
Material Cy3(N/m2)  C33(N/m?)
GaN 10.9 x 1011 35.5x 1011
11 11 i
AIN 12x10 39.5x 10 From Singh, 2003 NNSE 618  Lecture #23




Young's modulus

w2 3B+p
Poisson ratio ~ 38B—2p A E—2n
VT 2@B ) Z(tA) 2w
Shear modulus __E .
=73 )
. .. vE _2vu
Lamé coefficient == ="
Bulk modulus g_3At2u
1
2 311:‘?[011—“’(622—]‘033)];
. 1 _ .
Another useful set of equations for isotropic material €= [022—V (011 1 033)];

(only 2 constants are independent) :

Definitions of other elastic constants

po RO 9B o

E

1 -

€33 = & [033 — v (011 + 029)];
1

1
€31 = pm O31;
1
€12= 9~ 012
W
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Strain in heterostructures

ap > ag ap, <dg
Overlayer

Lattice mismatch:

(a)

Substrate

[icoterent_|

n~-1 bonds: epilayer 7 + 1 bonds: epilayer

Strain relaxed:

R L‘w___’_’J B
n bonds: substrate 1 bonds: substrate

)

. ide — ol
Strain: g=_5_ "I

(c)

Figure 1.20: (a) The conceptual exercise in which an overlayer with one lattice constant is
placed without distortion on a substrate with a different lattice constant. (b) Dislocations are
generated at positions where the interface bonding is lost. (¢) The case is shown where the
overlayer is distorted so that no dislocation is generated. . o

4 Ref: Singh #23



Stress in pseudomorphic epitaxial films
On alrb_itrlary Igrowth planes

a :
B” — _S — . 1of
ar & 05E
_ z :
= € S 00F
o — - £ -5F
€zz = €| ) Biaxial strain. N
€yy = €xg No stress glong thle growth
—9¢15 direction!
€2z = €l :
C11 > For strained growth on (001)
€zy = 0 substrate & fcc lattice —~
i
€yz = 0 z
=
€ = 0 o “F -
J v -1.0F ez}" =
E i | L ]
4 |:2 1 (2611 + dcis — 4eyy )]
€xx = |7 ——————— || €l
: 3 3\ ¢+ 203 + ey
For strained growth on S Lo -
. &
(111) substrate & fcc lattice < €22 = €xg e
(xyz’s are along the cube 1y = l__l 1 (2‘:11 + iz = 464“)] o B
axes) ’ 3 3\ 11+ 2¢13 + 4cyy ' A
Eyz = €y d
C I | I | 1 ] I ]
€zx = €y 0 10 20 a0 40
\ 1 Y(deg) 1
(101) (001)
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Strained tensor for self-organized quantum dots
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Figure 1.24: Strain tensor in a pyramidal InAs on GaAs self-assembled quantum dot.
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Energy levels of Si as a function of interatomic spacing °

Energy band shift vs. strain:

Deformation potential Ls [ml1]n
=(4) +.’»‘W 1
. Ni =(4) |+
A 4N States —e—l | g2

6N States =(1) |1

0 Elccn'on?‘
: 2N Electrons = 9 -2

e sates [0 | |
2N Eleclrunsl;;f, _J‘ > | Outer shell

2N Siates
2N Electrons

=({)] 0 OJ

L

2N States
2N Elcctrons

Relative energy of electrons

— \'
& | 8N States
2 '::i: 4N Electrons JT"‘-‘ .J 3
e : J=t+5| of1 L2
= ' 1=t 'f j Middle shell
i I =+l (11N
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11
Deformation potential

Once the strain g; is known, the effects of strain Effect of strain on direct band-edges
on_ various band- states (a)_ can be calculated £>0 e<0
using Deformation potential theory:

LI‘ensile strain in Unstrained Compressive strain in |
a a :
— Yo growth plane
Hg § ,Dlj &ij L_

J

rowth plane »
* Number of independent non-zero Di? U U U
depends on symmetry of the state «

«— Light holes

/ Heavy holes

: S . 1372, £1/2
« Tensile strain in sp® — bonded semiconductors g 132, + 32>
reduces bandgap; compressive increases 13/2, + 3/2>
bandgap.

13/2, £ 3/2> 13/2, +1/2>

« Axial strain splits the valence band: strain B2, 212>
effect on heavy holes is less

HH on top

EII-I{ > Degenerat

 Axial strain lifts degeneracy of indirect
conduction band valleys and reduce the From Singh, 2003
electron effective masses

. Strain induces piezoelectric field in polar Values of D’s are usually of the order of few eV

semiconductor structures
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Deformation potential

Table 3.1. Deformation potentials for the conduction and valence band extrema in di-
amond and zinc-blende semiconductors (in e¢V). a denotes the volume deformation po-
tential for the lowest energy /. conduction band minimum or the highest energy /s,
valence band maximum (zinc-blende notation). b and d are the shear deformation poten-
tials for the 75y valence band maximum. Z; and =, denote deformation potentials at
zone boundaries. Most of the data are taken from [3.30]

a(rlc) a(lhlc) = a(FISV)

—2.2 ~5.1
Ge —12.3b 16.3° =23 =50
GaP 13 ~1.8 —4.5
GaAs 65" 14.5° -8.6 =20 —-54
GaSb —-1.8 —-4.6
InP —7 =24 —=5.0
InAs -1.8 =36
InSb ~2.0 -5.0
ZnS —0.62 =37
ZnSe ~1.2 —-4.3
ZnTe —~1.8 —4.6
CdTe —1.2 —5.4

4100] valleys:
P[111] valleys, D.N. Mirlin, V.F. Sapega. I.Ya. Karlik, R. Katilius: Hot lumirescence inves-
tigation of L-valley spliting in GaAs. Solid State Commun. 61, 799-805 (1987)

12

Volume DP for the bandgap

From Yu and Cordona, 2003
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13
Strained Si,_Ge, / Si

Effect of strain on indirect band-edges

1.3

e
-

BAND EDGE (eV)
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0.0 HH :
LH :

1.1 .

-os i Emie P sH £ . :
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M 09 ]

Ge MOLE FRACTION (X 25 !

From Singh, 2003 ( ) g - ]
= 0 b sramisiGe W gL A

Biaxial compressive strain causes: 0 B e ot i b B SRS
0 02 04 0.6 0.8 1

 Strong lowering of 4-fold in-plane valleys
« Weak lowering of 2-fold out-of plane valleys
* Reduction of masses and density of states

Germanium Fraction (x)
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Strained quantum wells 14

Strained heterostructures are usually grown in a 100 A QW valence band dispersion in

form of quantum-confined structures to prevent AlGaAs/GaAs AlGaAs/In, ,Ga, 4As
plastic relaxation 0.20 = —— 0.20 -

Tr—

Both quantum confinement and stress should be

. 0.15
considered

o
O

The strain bandgap energy shift for QWs can be
over 100 meV - larger than quantum confinement
energies

0.10

ENERGY [eV]
=]
=

0.05 = ey 0.05
0.070 0.035 0.000 0.035 0.070 0.070 0.035 0.000 0.035 0.070

Strain reduces hole effective masses due to the <110> <100> <110> <100>
splitting of LH and HH — K (1/A) K (1/A)

Tensile strain can compensate quantum Effect of biaxial strain on hole masses
confinement energy and restore degeneracy of the b

valence band
ige

Effect of biaxial tensile strain and quantum
confinement on band edges 0.3 §

g
*s 02
0.1
0.0
20 10 00 10 20
i _ (%) _
Bulk LH state above Degeneracy From Singh, 2003

HH state restored NNSE 618 Lecture #23



Self-assembled quantum dots

The highest elastic stain can be obtained in
all-epitaxial self-assembled QDs

Example: InAs bandgap = 0.35 eV

The bandgap of strained InAs with a GaAs
lattice parameter =1.09 eV

The strain bandgap energy shift for InAs QD
can be over 740 meV ! much larger than
quantum confinement energies

15

Band diagram for InAs QD in GaAs
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From Singh, 2003
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