COMPRESSION OF SPHERICAL WHITTAKER FUNCTIONS IN TYPE A
Cristian Lenart (University at Albany, SUNY), James Sidoli (University at Albany, SUNY)

Abstract Alcove Walk Formula in Type A Tokuyama’s Formula Generation Algorithm cont.
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Ve ' wt is the weight function. Qn.n denoted b;, > ... > b,. We have the following sequence of

Spherical Whittaker Functions

Whittaker functions are a basic tool in the theory of automor-
phic forms, e.g.. in the construction of L-functions. They can
be viewed as functions from weights A to the field of fractions
JC of Laurent polynomials on the weight lattice, which also

depend on a parameter t. They have numerous applications
to:
e Weyl Group multiple Dirichlet series,

e combinatorial representation theory,

e Schubert calculus on flag varieties.

Compression

Let F' be a function. Let A and B be sets such that,

F(z)=) a(a) (1)
= x(b) (2)

we say that (2) is a compressed form of (1) if 94 a surjection
f: A — B such that

acf~(b)
The following descriptions of spherical Whittaker functions can
be connected via compression as shown below.
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Alcove Walk Formula in Type A

Let A be a dominant weight /partition. We denote the trans-
position of values ¢ and j by (¢, 7). Consider a chain of roots
denoted I'(k) given by:

(LEk+1), (LE+2), ..., (1,n),
(2, k+1), (2,k+2), ..., (2,n)

(k,k+1), (k,k+2),...,(k,n))

Now define a chain I' as a concatenation I' := 1"y ...I"), where

['; = I'(A}) with a small exception when j is the first column
of length A read from left to right.

AD) ={(w,K) e W x 2™ . K = {ky,..., k},

U< ury, < Urg,rr, < ... <urg ...rp =w}

Fill Map

The filling map is the map f which maps a pair (w,T') to a
filling o of shape A.
Ex: Let n =4 and A = (2,1,0,0). We have

['=141% = ((174)7 (274)|(17 3)7 (174))
Let T =TTy = ((2,4)|(1,3), (1,4)) and w = 1324

H< <2 <[
3 4

4 4 41 .
2 21 |2 1 1
4 31 |3 3 2
flw,T) =1

HHL-type Formula for Spherical
Whittaker Functions

A Haglund-Haiman-Loehr (HHL) filling is a filling which is
weakly increasing across each row and satisfies the condition:
Pairs of entries in the following positions,

are not equal.

Let F'(A + p,n) be the set of HHL fillings. By sum-

ming over all HHL-type fillings we have a new formula for the
spherical Whittaker function of dominant weight A,

)//\V/)\ — Z (_1)n—ao+€(0>tn—ao+inv(a)(1 o t)des<0->x6t<0->’
g€ F (A +p,n)

where content of o is denoted ct(o).

The inversion statistic on a filling o, denoted inv(o) is
the number of configurations

bl and b

al|c

a

where the three entries satisty a < b < c.

The descent statistic on a filling o, denoted des(o) is
the number of cells such that we have a strict increase in a
row when read from lett to right.

Finally, ay is the unique entry absent from the first col-
umn, C, of .

Furthermore, a strict GT pattern is one in which each row is
strictly decreasing. Denote the set of all strict GT patterns
with top row a as SGT'(«).

For any weakly decreasing partition A of length n, we

have -
Wy = Z (1 — ¢)* (=)l T)gmlT)
TeSGT(\p)
We can translate G'T' patterns into SSY'T via a classical
bijection. The corresponding statistics on G'T' patterns in

Tokuyama’s formula are then defined on separating walls on
oo Y T

Let T" be a SSYT. A separating wall of inder k, de-
noted | is a decoration on T', placed after the last box of T

with entry less than or equal to & and before the first box
with entry greater than k with respect to the reading order:;
walls may be placed at the beginning or end of a row.

The boxed, not circled statistic on a SSY'T, T, denoted
[(T') counts configurations of the form,

a b
-

b C
bt et

The not boxed, not circled statistic on a SSY'T, 1", de-
noted z(T") counts configurations of the form,

a

o

‘ a/ L] L] L]

Generation Algorithm

In order to compress our HHL-type formula to Tokuyama’s
formula we need to uniquely generate all HHL fillings which
sort to the same SSY'T. We construct a binary generation tree.

The root of our tree is known as 6 and 1s constructed
by first matching common entries, then placing distinct
entries in the relative order determined by C".

Ex: ' =[4and S = {1,2,3,4} gives C =

OOl W | B~
=] QO DO W~

We construct the generation tree by defining a sequence
of transpositions which act on the root configuration. We
then iterate this procedure from right to left, to produce the
entire preimage of a SSY'T under the map sort.

transpositions:

(bjl < aJl) (bj1+1 < al) (bj1+2 < al) e (bp < al)
(bj, < a2) (bj,r1 < az) (bj,+2 < a2) ... (by < a)

/8: o o o
(b]c < CLC) (b]c‘|‘1 < aC) (b]c+2 < ac) Tt (bp < aC)
Ex: Let 60’:;;1
316
B=(2<3)(1<3)](1<2)
114
215
316
0
2<3)/  \(2<3)
114 14
315 215
2106 316
0 0
(1</ (:_<3)/ \(1<3)
14 314 114
315 215 215
2|6 116 316
0 0 0
(1<2)/ (1<2)/ (1<2)
274 (1<2) @7 (1 <2) o (1 <2)
315 1195 115
116 1141 210 314 316 1141
t3(1—t)° [B]5 t3(1—t)° [2]5 —3(1 —t)* 25
216 116 316
—t7(1 — t)? —t7(1 — t)? t3(1 — )

Future Work

1. Apply compression to Non-symmetric Macdonald polyno-
mials specialized at ¢ = 0 to derive HHL formulas in this
case.

2. The Alcove Walk formula generalizes to any root system,
so we can use these techniques to derive Tokuyama-type
formulas in type B and C.
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