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The Kronecker Coefficients



Three Problems in Classical Combinatorial 
Representation Theory

Restriction Problem: Given a polynomial representation of the GLn, give a combinatorial 
description of the coefficients when restricted to Sn? 

Plethysm Problem: Given two polynomial representation of the GLn, give a combinatorial 
description of the coefficients when we compose these representations? 

Kronecker Problem: Given two representation of the Sn, give a combinatorial description 
of the coefficients when we tensor these representations? 

ResGLn
Sn

Vλ ≅ ⨁μ rλ,μ𝕊μ

𝕊λ ⊗ 𝕊μ ≅ ⨁ν g(λ, μ, ν)𝕊ν



Schur-Weyl Duality 



Consequences of Schur-Weyl Duality 



RSK algorithm
Littlewood-Richardson Rule
Tableaux filled with numbers

Combinatorics:

The Classical Schur-Weyl Duality



Symmetric Functions and characters of GLn
Let A be a matrix in GLn with eigenvalues x1, x2, ⋯, xn V = ℂnand

Vλ ⊗ Vμ sλsμ = ∑
ν

cν
λ,μsν



The Kronecker Coefficients
Let  and  be irreducible representations of the symmetric group. Then, 𝕊λ 𝕊μ

𝕊λ ⊗ 𝕊μ ≅ ⨁ν g(λ, μ, ν)𝕊ν

The multiplicities  are called Kronecker coefficients.g(λ, μ, ν)

Open Problem: Find a set of objects depending on three partitions  and   that 
contains  elements. 

λ, μ ν
g(λ, μ, ν)



An approach to Kronecker
Schur-Weyl Duality

Sk × GLn

Think of  as

permutation matrices

Contained in 

Sn

GLn

Restricted Shur-Weyl Duality

Pk(n) × Sn

RSK algorithm

Standard tableaux

Semistandard tableaux

Littlewood-Richardson rule

Bowman, De Visscher

Zabrocki

Colmenarejo, Saliola, Schilling, and Zabrocki



Restricting Schur-Weyl Duality 
Think of  as the subgroup of permutation matrices acting diagonally on Sn ⊆ GLn V⊗k

σ ⋅ (v1 ⊗ v2 ⊗ ⋯ ⊗ vk) = σv1 ⊗ σv2 ⊗ ⋯ ⊗ σvk

What commutes with this action? 
Permutation of the factors, but a lot more!

The partition algebra!



The Partition Algebra



The Partition Algebra



The Partition Algebra and Kronecker
Theorem: (Jones 1994)

Theorem: (Bowman, De Visscher and Orellana, 2015) For any partitions , and  of 
, then 

λ, μ ν
n

[𝕊λ ⊗ 𝕊μ : 𝕊ν] = g(λ, μ, ν) = [L(ν) ↓Pn1+n2
Pn1×Pn2

: L(λ) × L(μ)]
where . λ = (λ2, λ3, …, λℓ)

In comparison to: 



The character

Note:   This is in comparison with the Frobenius formula which arises from classical 
Schur-Weyl duality between the general linear group and the symmetric group: 



A new basis of symmetric function   {s̃λ}
  are eigenvalues corresponding to a permutation matrix of cycle type Ξμ μ .

s̃λ(Ξμ) = χ(n−|λ|,λ)(μ)

Example:   s̃(1)(x1, x2, x3) = x1 + x2 + x3 − 1
Representing Matrices:

eigenvalues: 1,1,1 1, -1, 1 1,ξ, ξ2

s̃(1)(1,1,1) = 2 s̃(1)(1, − 1,1) = 0 s̃(1)(1,ξ, ξ2) = − 1

These values correspond  to the character .χ(2,1)



The  basis {s̃λ}



Example:

Structure coefficients of   {s̃λ}
s̃λs̃μ = ∑

ν

g(λ, μ, ν)s̃ν

where  are the “stable” Kronecker coefficients. g(λ, μ, ν)



𝕊(n−|λ|,λ) ⊗ 𝕊n−|μ|,μ) s̃λs̃μ = ∑
ν

g(λ, μ, ν)s̃ν

Symmetric functions and characters of Sn  



Schur-Weyl duality between partition algebra and the 
symmetric group 

Note: The combinatorial objects governing this picture are multiset tableaux.



Products of symmetric functions



Multisets



Example:

Multiset Tableaux
✦  Let  and  be compositions and  a partition α β γ
✦   contains tableaux T such thatMCTγ(α, β)

๏ are column strict

๏ have shape 

๏ have content 

๏ have at most one barred entry in each cell

๏ cells in the first row cannot be filled with multisets containing only barred entries. 

(r, γ)/(γ1)
{{1α1, 2,α2 , …, ℓαℓ,1β1,2β2, …, kβk}}

MCT(3,3,3,2,1)((6,4,2), (12,4))



Reading the entries of a multiset tableau
✦  For any tableaux  let  be the word of entries in the tableau from bottom row to top row 
and from right to left in the rows.   

T, read(T)

✦  If S is a multiset of non-barred entries, then let  represent the reading word of the 
barred entries in the cells with  as a label and let  represent the reading 
word of the cells which have only a barred entry, i.e., when .

read(T |S )
{{j, S}} read(T |_)

S = ∅
✦  The multiset with no barred entries do not contribute to the reading word.  
✦  The reading word is the concatenation of all the reading words for all the multisets. 



The rule for  in s̃γ hα1
hα2

⋯hαℓ(α)
s̃λ

Theorem:  Let  and  be partitions and  any composition, λ γ α

The coefficient  is equal to the number of  such that  is a lattice tableaux.dγ
α,λ T ∈ MCTγ(λ, α) T

hα1
hα2

⋯hαℓ(α)
s̃λ = ∑

γ

dγ
α,λs̃γ,



The rule for  in s̃γ h̃α1
h̃α2

⋯h̃αℓ(α)
s̃λ

Theorem:  Let  and  be partitions and  any composition, λ γ α

h̃α1
h̃α2

⋯h̃αℓ(α)
s̃λ = ∑

γ

mγ
α,λs̃γ,

The coefficient  is equal to the number of  such that  is a lattice 
tableaux, and such that the entries of the tableaux are sets (no repeated entries). 

mγ
α,λ T ∈ MCTγ(λ, α) T



The rule for h̃μs̃λ
Theorem:  Let ,   and   be partitions λ μ γ

The coefficient  is equal to the number of   such that  is a lattice 

tableaux and whose entries are sets with at most one non-barred entry (and at most one 
barred entry). 

aγ
μ,λ T ∈ MTCγ(λ, μ) T

h̃μs̃λ = ∑
γ

aγ
μ,λs̃γ,



The rule for  in s̃γ s̃α1
s̃α2

⋯s̃αℓ(α)
s̃λ

Theorem:  Let  and  be partitions and  any composition, λ γ α

s̃α1
s̃α2

⋯s̃αℓ(α)
s̃λ = ∑

γ

rγ
α,λs̃γ,

The coefficient  is equal to the number of  such that  is a lattice 
tableaux, the entries of the tableaux are sets (no repeated entries) and only labels of sets 
of size greater than 1 are allowed in the first row. 

rγ
α,λ T ∈ MCTγ(λ, α) T



Final Remarks




