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Research
• 135 publications
• >1750 citations
• 96 coauthors
Mentoring
• 22 PhDs supervised
• Hundreds of young 

mathematicians mentored

Service
• Past President of AWM
• AMS Central Section Secretary
• Editor of J. Algebra, Comm. 

Algebra, Alg. and Number 
Theory, AMS Surveys and 
Monographs, and others

• Many AMS and NSF committees, 
MSRI board of directors, NSF and   
NSERC grant panels
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Jordan Algebras

A Jordan algebra (in char 6= 2) is a nonassociative unital algebra J
satisfying

x • y = y • x
x2 • (y • x) = (x2 • y) • x

for all x, y ∈ J .

Every unital associative algebra A admits a Jordan structure A+,
with product a • b = 1

2(ab+ ba). Jordan subalgebras of A+ are
called special Jordan algebras. Almost all simple Jordan algebras
are special.
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Tits-Kantor-Koecher Construction

TKK functor : Jordan algs −→ Lie algs
J 7−→ (sl(2)⊗ J)⊕ {J, J},

where {J, J} := (J ⊗ J)/〈a⊗ b+ b⊗ a, a⊗ bc+ b⊗ ca+ c⊗ ab〉,
with Lie bracket

[x⊗ a, y ⊗ b] = [x, y]⊗ ab+ (x|y){a, b}
[{a, b}, x⊗ c] = x⊗ 1

2(b, c, a)

[{a, b}, {c, d}] = 1
2{(b, c, a), d}+ 1

2{c, (b, d, a)},

Every A1-graded Lie algebra is a central quotient of some TKK(J).
Jacobson used variants of this idea to construct E6, E7, E8.
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Crossing the Jordan

Jordan definition

A subspace B of a special Jordan algebra J ⊆ A+ is an inner ideal
if xax ∈ B for all a ∈ J and x ∈ B. For example, any 1-sided ideal
of A is an inner ideal of A+.

Benkart thesis

A subspace B of a Lie algebra L is an inner ideal if [B, [B,L]] ⊆ B.

For example, Span

{(
0 1
0 0

)}
⊆ sl(2) is an inner ideal.
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Benkart, expanding on thesis

Benkart ’77

Several original ideas:

1. Classification of minimal inner ideals in Lie algebras in terms of
ad-nilpotent elements.

2. Use of ad-nilpotent elements to find Jordan algs and their
modules inside inner artinian Lie algs.

3. First steps toward classification of fin dim simple Lie algs in
char > 5.
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Mary Ellen Rudin G.B., Mary Ellen, Jessica Millar



Root systems

g fin dim simple Lie alg over C (e.g. g = sl(n))
h ⊂ g Cartan subalg (e.g. h=diagonal matrices in sl(n))

Then g = h⊕
⊕
α∈∆

gα, with

gα = {x ∈ g : [h, x] = α(h)x for all h ∈ h}
∆ = {α ∈ h∗ \ 0 : gα 6= 0} the root system of (g, h)

dim h = the rank of g.

{Iso classes of f.d. simple Lie algs/C} 1−1←→ {irred root systems}

Classification of irred root systems:An, Bn, Cn, Dn+ 5 exceptionals
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Kostrikin-Shafarevich Conjecture

K-S Conjecture ’66

Restricted fin-dim simple Lie algs / alg closed field F of char p > 3
are classical type or Cartan type.

Classical type: mod p reduction of An, Bn, Cn, Dn, exceptionals

Cartan type: W (m) = Der(F[x1, . . . , xm]/〈xp1, . . . , x
p
m〉) and its

simple subalgs S(m), H(m),K(m)

Block-Wilson ’84

K-S is true in char > 7.
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Classification in characteristic p

Benkart-Osborne ’84

K-S holds for unrestricted rank 1 Lie algs in char > 7 if we
enlarge the truncated current alg using more divided powers

Premet-Strade-Wilson ’04

For alg closed F of char > 3, the f.d. simple Lie algs are those of
classical, Cartan, or Melikyan type (only in char 5).

Missing piece: Recognition Thm

Classification of associated gradeds based on filtrations on simple
Lie algs. Kac conjectured and gave partial proof (1970); complete
proof written down by Benkart-Gregory-Premet ’09.
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Weight Lifting

Definition

Let h be a Cartan subalgebra of a fin dim simple Lie alg g over C.
A g-module M is a (g, h)-weight module if M =

⊕
λ∈h∗ Mλ, and

Mλ = {m ∈M : h.m = λ(h)m for all h ∈ h} is fin dim for all λ.

Fernando thesis ’83, TAMS ’90

All simple weight modules M are obtained by parabolic induction:
M is the (unique) simple quotient of U(g)⊗U(p) N for some
parabolic subalg p ⊇ h and simple weight p-module N . Can
assume N is cuspidal, i.e. dimNλ is constant for all λ ∈ suppN .
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Classification of Weight Modules

Benkart-Britten-Lemire ’97

Infinite-dimensional cuspidal modules occur only for types A and C.
When Nλ ≤ 1 for all λ, these modules come from modules for
Weyl algebras.

Mathieu ’00

Classification of simple weight modules for fin dim reductive Lie
algebras by classifying cuspidals in types A and C.
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Georgia and Paula Benkart, Dan Britten, Frank Lemire & families



Classification of root-graded Lie algebras

L Lie alg / C containing f.d. simple Lie alg g, Cartan h ⊂ g, and
∆ = ∆(g, h)

Then L is called a ∆-graded Lie algebra if
1. L =

⊕
µ∈∆∪{0} Lµ, where Lµ is h-weight space;

2. L0 =
∑

µ∈∆[Lµ, L−µ].

If L is ∆-graded, it decomposes into fin dim simple g-submodules:

L = (g⊗A)⊕ (V ⊗B)⊕D,

where g is adjoint module, V is little adjoint module (hi wt is
highest short root), D is a trivial module.
The possibilities for A, B, D and multiplication between
components generalize TKK to other nonassoc algs.
Proof. Type-by-type: Berman-Moody ’92, Benkart-Zelmanov ’96,
Neher ’96, Allison-Benkart-Gao ’02, Benkart-Smirnov ’03.
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Alberto Elduque, Consuelo Martinez, G.B., Santos Gonzalez, 
Seok-Jin Kang, Dongho Moon



PhD Students







Classical Schur-Weyl Duality

V = Cr
GLr(C) y V ⊗n diagonal action
V ⊗n x Sn permutation of tensor factors

The Sn-action generates EndGLr(C)(V
⊗n);

the GLr(C)-action generates EndSn(V ⊗n).

Commuting actions decompose V ⊗n into sums of simples for Sn
and GLr(C).
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Generalized Schur-Weyl Duals

GLr(C) ←→ C[Sn] Symmetric gp alg (∼1900)⋃ ⋂
Or(C) ←→ Bn(r) Brauer algebra (∼1930)⋃ ⋂
Sr ←→ Pn(r) Partition algebra (∼1990)

Georgia+Chakrabarti, Halverson, Leduc, Lee, Stroomer ’94

Determined the Schur-Weyl dual of GLr(C) y V ⊗m ⊗ (V ∗)⊗n,
now called the walled Brauer algebra.

Numerous further variations/generalizations by Georgia, together
with many other younger collaborators, notably with Tom
Halverson.
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BIRS 2011                                                                       Leeds 2019

BIRS 2016



We will miss you Georgia!


