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Kohnert diagrams &
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MAIN INGREDIENTS

Diagrams
X
X | X
X
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MAIN INGREDIENTS
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MAIN INGREDIENTS

Kohnert Moves
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MAIN INGREDIENTS
Set of Kohnert diagrams of D: KD(D)

X KD(D) <]

X | X | X
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KOHNERT POLYNOMIALS

b X X3 )
9 wt(D) = x1x5x3
X | X X3 ( ) 2
X X1
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KOHNERT POLYNOMIALS

D X X3 ) 5
9 wt(D) = x1x5x3
X | X X3 ( 2
X X1
x
Kp= > wi(T)= xixdxs + xtoxs + B + xbBx + X
TeKD(D)
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WHERE ARE THEY COMING FROM?

Composition i x] Demazure character
a=(0,2,1,2) KD(0,2,1,2) | r(a)
Partition TxTx Schur polynomial
A= (37271) KD(1,2,3) X | % S)\(X]_,...,Xn)
X
%]
Permutation KD(4213) Schubert polynomial
w = 4213 ET S
X
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ENUMERATIVE RESULTS

Question: Can we find a formula for |[KID(D)|?

First observations:
o Finding a formula for all D seems impossible.
o Even figuring out the parameters is complicated.
o First semester plan: Let's play around and see what we find.
> Felix had never done research before and has a very interesting
background.
» Etienne had done research before and was in my combinatorics
grad course.
> Fun for both of them because they ran a lot of experiments
with a program we wrote.
> They also enjoyed finding out some of the proofs, and
struggled with others.
» We got many ideas that we would like to explore.
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Row orF BOXES

X‘X X
] <]

2 2 2 2 2 1 2 2 0 2 1 1
B B
X x[x]x] x| x
X x | x x|
2 1 0 2 0 0 111 110

L. Colmenarejo

x
x[x] x| x [ x
100 00 0
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COLUMN OF BOXES

w ~ o
[x[x]x]
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COLUMN OF BOXES
5
4
2
1

x|
x|
x| 2

S

w ~ o
[x[x]x]
o
[x]x]

%]
-
X

X

EN
[x[x]

IS
[x]

NwW B
X
w

(SN
X
<[]
=N W

X

-
x]

-
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COLUMN OF BOXES

w A~ o
3] x]x]
[x[x]

(&
[x]x]

&

X

o
%]

H

%]
-
X

N W B

< [x[x]

w s

X

) IN

<] [x]
=N W

—= N
X
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BINOMIAL RESULTS

» Let D be a diagram with n boxes in total, all in row r. Then,
n+r-1
ko) - (")

» Let D be a diagram with only boxes in one column from row
ri to row rp, with r; < r. Then,

ko)I-(, 7 )

2—r1+1
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DIAGONAL
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DIAGONAL

x| |x | [x] x| [x]x]

x| x X | x| x

[x]

x [x[x x[x] ]x] x[x]x]x]

X

X XX X m xxm
X

XX
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ANTI-DIAGONAL

] =

[x]x] DxIx]x] x[x[x[x]
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ANTI-DIAGONAL

x

X

X

[x]x]

X

DeIx]x]

x[xx]x]
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ANTI-DIAGONAL
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RESULTS

» Let D be a diagonal diagram with n boxes. Then
[KD(D)| = n!.

» Let D be an anti-diagonal diagram with n boxes. Then

1 (2n
KD(D)| = —— =C,.
| ( )| n+1(n) "
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ROW WITH APPENDAGE

rv2 (%] [x] - [X]

o1 £
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OTHER EXPERIMENTS

Triangle 2n+ 1 boxes in total
? n
= IKD(D)| = 27n!
x x|
Checkered
(x| [x] [x] x x
x X x X X ‘
x x x| x x
X X X X x|
X x x ‘ x x
1,2, 6, 36, 373, 6380,... 1,2, 6, 41, 373, 8236, ...
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KOHNERT POSET (KD(D), <)
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KOHNERT POSET (KD(D), <)

D, < Dy, for D1, D, e KD(D), if D, can be formed from Dy by
applying Kohnert moves

|
AN X
| N/

<
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POSET RESULTS

Question: When does the poset KID(D) have a unique minimal
element?

IMin(ID(a))| =1 at least in the following cases:

» When D is a diagram for which all boxes are contained in
columns ¢c; < cp <---< ¢y and by > by > --- > b,, where b;
denotes the number of boxes in column ¢;.

» When D is a diagram which has at most one box in each
column.

» When D is a diagram associated to a composition a.

> In some cases when the diagram D has boxes in only two rows.

-
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TwO ROW CASE

» Let D be a diagram with all boxes in rows r; and r», where
rn <r. Then

|Col(D; )| +1, n>1;

Min(D)| =
|Min(D)| L -

L. Colmenarejo Kohnert diagrams & their poset structure  April 29, 2023 — AWM23 Albany



Motivation Enumerative Results Poset Structure
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CHECKERED
x| [x] [x] (x| [x]
x x x x x|
x x x| X x
x x x x x ‘
x x x ‘ X x
Ch'(5) CH?(5)

» For the checkered diagrams,

1, n even;

|Min(Ch1(n))| = |/\/lin(Ch2(n))] =

((n __1:;/2), n odd.
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RANKED POSETS

Question: When is the poset corresponding to D ranked?

L. Colmenarejo Kohnert diagrams & their poset structure  April 29, 2023 — AWM23 Albany



Motivation Enumerative Results Poset Structure
000000 00000000000 000080000

RANKED POSETS

Question: When is the poset corresponding to D ranked?
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RANKED POSETS

Question: When is the poset corresponding to D ranked?
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RANKED RESULTS

We have identified several subdiagrams for which we would
get the situation above, and so P(D) is not ranked.

Let D be a row/column diagram. Then P(D) is ranked only if

» D has all boxes in one column or
> all boxes except one are bottom justified in each column.

For diagrams with at most one box per column, P(D) is
always ranked.

For the two-row case, we have characterized when the poset is
ranked.

The poset corresponding to the checkered diagrams is ranked
if and only if 1 < n<4.
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Thank you!

iMuchas gracias!
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