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Modules, symmetric functions, comeinatorics
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Harnmmonics

Polynomials in n variagles killed By symmetric diff operators

My ={f(x): (02 +---+02)f(x) =0Va> 0}

Some harmonics in 3 variaerles

1 1 1
A=det |x1x x x3 2X1 — Xo — X3 1
SR

Ms

span {A, 2X1(X2—X3)—X22+X32, 2x2(x3 — x1) — x32 4 x12,X3—x1,x1—x27 1}



Harnmmonics

Polynomials in n variaegles killed By syvmetric dif$ operators

My ={f(x): (02 +---+02) f(x) =0Va> 0}

Some harmonics in 3 variaerles

1 1 1
A=det |xx x X3 2X1 — Xo — X3 1
X 3 4

M, is an S,-module

SP{A, 2xa(x2—x3) —x3+x3, 2xa(x3 — x1) — X3 + X2, x3—x1, xX1—X2, 1}

~_~
1—2 2—3 3—1

1—2 2—3 3—1




Harnmmonics

Polynomials in n variagles killed By symmetric dif$ operators

My ={f(x): (02 +---+02) f(x) =0Va> 0}

Some harmonics in 3 variaerles

1 1 1
A=det |xx x X3 2X1 — Xo — X3 1
X 3 4

lrreducieles are indexed By partitions
sp{A} ® sp{2xi(xa —x3) — x5 + X3, x; —2x2(x1 —X3) — X3 } B sp{x3—x1, x2—x3} B sp{1}
— ~——
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Harnmmonics

Polynomials in n variaegles killed By syvmetric dif$ operators

My ={f(x): (02 +---+02) f(x) =0Va> 0}

Some harmonics in 3 variaerles

1 1 1
A=det |xx x X3 2X1 — Xo — X3 1
X 3 4

lrreducieles are indexed By partitions
sp{A} ® sp{2xi(x2 — x3) e +X32, X2 —2x2(x1— X3) 7X32} @ sp{x3—x1,x2—x3} ®sp{l}
— ~——

" T S

what is the decomposition into irreducirles?




Symmetric functions

polynomials invariant under S,—action: o : z; > z,(;

not symmetric symmetric

Z1—Zp+23 Z1+2>+23

21222525:’ zlzzgzg’—i—zlzzg’zg’ +zi3222233+2152232§ —|—zi°’z25232—|—2132222§



Symmetric functions

polynomials invariant under S,—action: o : z; = z,(j

Not syvmetric syvmetric

syvmetrize a monomial

7377 — ABBAABBAREBARB A+ B A+ 4R

(5,3,2) =

Bases are indexed By partitions



Syvmmetric functions

polynomials invariant under S,—action: o : z; > z,(j

NOt syvmmetric symmetric

syvmetrize a monomial

2B b 2

3
212523 — 4

2252§’+zlzz§°’z§’ +21522zz§’+zfz§’z§ +2132§z32+zl322223

(5,3,2) =

Schur function rasis

Weyl symmetrize a monomial
21222 — 221273 + 21222 aF 21222 aF 21222 =4 22223 4 21232 aF 22232

b 1 : B f(2)



Harmonics Module

Polynomials in n variakles

My ={f(x): (02 +---+02)f(x) =0Va> 0}

sP{A} & sP{2x1(x2—x3) —x3 +X3, Xi —2xa(x1 —X3) — X3 } B sP{x3—x1,x2—x3} Bsp{1}
S—— S—~—
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Froeenius K/‘ irreduciele Y — sy




Harmonics Module

Polynomials in n variakles

My ={f(x): (02 +---+02)f(x) =0Va> 0}

sP{A} & sP{2x1(x2—x3) —x3 +X3, Xi —2xa(x1 —X3) — X3 } B sP{x3—x1,x2—x3} Bsp{1}
S—— S—~—

" T ST

Froeenius K/‘ irreduciele Y — sy

:E+ SHI+ SH]*'SDZD

What can we say aeout this syvmmetric function ?



The Frorenius imace

:E+ sEbJr sEbJrqID

Z122273 +z1z120+2021 Z3 —|—Z32221 +202121+2120 20+ 2021 20+ 2020 71 +Z32122+- ..

(Z]_ —|— Vi) —|— Z3)3



The Frorenius imace

=E+ 5@34— SBj+m

Expar\ds@JrsEbJrﬂjer

212073+212120+ 222173+ 2320 21 +20 21 Z1 + 2120 20+ 22 21 Z2+ 20 2021 + 2321 Zo+ - -

(zn+ 22+ 23)3

Find Schur expansion

words (m+zntzmn)P= Z Fre B B

words wy waws
in1,2,3



The Frorenius imace

:E+ sEbJr sEbJrqID

Expar\dﬁ—i—saj—&-ﬂj-l-s[gj

Z122273 +z1z120+2021 Z3 —|—Z32221 +202121+2120 20+ 2021 20+ 2020 71 +Z32122+- ..

(Z]_ —|— Vi) —|— Z3)3

Find Schur expansion

words (z1+22+23)° = Z Zus Zwa Zws

words wywaws

taBleaux = 931 + + L
Wt



Modules, syymmetric functions, comeinatorics

S,-Module
M = Harmonie polynomials

SP{A} @ sp{2xqx2 —x3)—x3 +x3, x§ —2xa(xq —x3) x5} ® spxa —x1, 52 —x3} & sp{1}

: = & oD

[dentify symmetric function = Frorenius imaae
]:(M) = (21+22+Z3)3

Explore comrinatorics
words to Young tarleaux

(21+Z2+Z3)3_E aF T T



Quantum leap

Comeinatorics: Basic hyperaeometric series, g-counting
H+B+EH+EH - (+9+d+d+qd)
Geometry: g-deformation of cohomoloay

Physies: conformal and topoloaical Quantum field theory



Harnmoniecs Module

Polynomials in n variaegles

My ={f(x): (02 +---+02)f(x) =0Va> 0}

sp{A} EBSp{2X1(X2—X3)—X22+X§7 X12—2X2(X1 —X3)—X§} @ sp{xzs—x1,x2—x3} ®sp{l}
S — ~——

ﬁ
dearee 2. polynomials dearee | polynomials

what polynomial dearees occur for each irreducizle?




Harnmonics Module

Polynomials in n variaegles

M, ={f(x): (92 +---+02) f(x) = 0 Ya > 0}

sp{A} ® sp{2xi(xa —x3) — x5 + X3, X; —2x2(x1 —X3) — X3 } ® sp{x3—x1,x2—x3} Bsp{1}
E it g &

dearee 2 polynomials dearee | polynomials

Frorenius irreducigle — ¢ s,

—q3E+q29Eb+quj+qj:D



Harmonics Module

Polynomials in n variagles

My ={f(x): (02 +---+02)f(x) =0Va> 0}

sp{A} @Sp{2X1(X2—X3)—X22+X§7 X12—2X2(X1 —X3)—X§} @ sp{xzs—x1,x2—x3} ®sp{l}
: i oy

dearee 2. polynomials dearee | polynomials

Frorenius irreducigle — ¢ s,

- 3
Z qmv(w)ZWlZWZZW3: q + q2 & C/%ﬂ +

words w



Modules, syymmetric functions, comeinatorics

Graded S,-Module
M = Harmonie polynomials

sp{A} SBSP{2X1(X2—X3)—><§+X§, Xf —2x2(x1 —XJ)—Xg} @®sp{x3 —x1,x2—x3} ® sp{1}
2127 -+ At

: 2 & oo

l[dentify syvmetric function = g-Frorenius imace
F(M) = Hall-Littlewood polynomial

Explore comerinatories
words, Youna taeleaux, inv and cocharae statistic

Z qir\v(w)zW_q:”S% + q2 + q% iz

words w



Wwelll talk arout
Modules, symmetric functions, comeinatorics
Macdonald coes wild (1980’s)

Catalanimals, a series perspective



Macdonald initiates g, t—theory

Generalization of Selrera’s intearal led to g, t syvmmetric
functions

4 —4
_qlzf 5 + 9 21 73+ (t —7q)z12223

—4
qz223—|— 1

1

Macdonald prove the existence of a basis

— defined By orthoaonality
— specializing to Hall-Littlewoods
— conjectured to have certain positive expansion

(Garsia-modified) conjecture: g, t-sum of Schur functions

H2,1: qt—l—q%—&-t%—i—m



Garsia—-Haiman approach

= o El El —
) X1 Xn

sOoMme Mmodule of polynomials in x and y

sp{1} @ sp{xzs —x1,x1 — X2} Dsp{ys — y1,¥1 — ¥2} Dsp{xiy1 — xay2})
——" -
T Fh Fh H

) dearee O iny (1,0) )

2

Fop = t°¢"sm +t°¢'sy, + t'a'sy + thsﬁ

modified Macdonald polynomial



Two Ri-araded triloaies

harmonie polynomials in x

{F() : (82, +---+82) f(x) = 0Va > 0}

pY

polynomials in x and y
f(x,y) killed &y >°.920°

G Vi

!

Nnot a Macdonald polynomial



Two Ri-araded triloaies

harmonie polynomials in x

{f(x) : (c’)j1 + .- +8j") f(x) =0Va> 0}
span of all partial derivatives of Vandermonde

Ve

Garsia—Haiman modules
polynomials in x and y
Vandermondes in x and y

1 {

Macdonald polynomials



Two Ri-araded triloaies

harmonie polynomials in x

{F() : (82, +---+82) f(x) = 0Va > 0}

pY

polynomials in x and y
f(x,y) killed &y >°.920°

G Vi

!

Nnot a Macdonald polynomial



Diagonal -Harmonics Module

Polynomials in 2 sets of variables

DH ,,:{ X,Y) Z@aabf(xy —OVa+b>0}

DHy = sp{x1 — x2,y1 — y2,1}

4 ¥ p¥
M=qq Ty T

What symmetric function is the Frogenius imace of DH,?



The Froeenius ivmaae of F(DH,)

F(DH2)=(q+t)sg+ sm « What is this?




The Froeenius ivmaae of F(DH,)

F(DH2)=(q+t)sg+ sm « What is this?

q
t = Hi1— H
(g+t)g + s : L=y g
define V to re a
Macdonald
eiaenoperator
1 1
513 = Hi1— Ho
t—q t—q

(Haiman'O2] F(DH,) = Vsya




TwoO scenarios

Bi-araded Module
Garsia—-Haiman Diagonal harmonics
M, = span of partials of A, DH, = polynomials killed By

differential operators

Sywvivetric function

F(M,) = modified Macdonald H,, F(DHnp) = Vsin
QUESTION: Z G S e L Z o
words w 7

Schur expansion

QUESTION: > g7t sy mpe(T > q"t"sn
7

tarleaux T



The Shuffle Conjecture HHLLUOS]

Vsin = Z area(r) Z qdinv(P)zP

P lagels 7

lattice path $rom (0, n) to (n,0) Below diagonal

1

3

LLT-polynomial 4
Lagellinas P 11

increase down vertical runs

(€21[(6V)

dinv(P) courntts inverted larels

=




The Shuffle Conjecture HHLLUOS]

Vsin = Z e a(m) Z qdlnv(P)z

P lagels m

lattice path $rom (0, n) to (n,0) Below diaaonal

counts s@uares arove T % \l
LLT-polynomial 4

Lagellinas P 11

increase down vertical runs

(€21[(6V)

dinv(P) courntts inverted larels

=




One Scenario

Blaraded Module (Garsia/Haiman92)

DH, = harmonics in 2n variagles

Symmetric functions = Frorenius imaae
F(DH,) = Vsin (Haiman'O2)

= > 0T (zq9) (Carlsson/Meliit!S)
Dyck paths

attach an LLT to each path, t-weicghted By its area

T i

Schur expansion
Good auestion!



Second scenario

Bi-araded Module (Garsia/Haiman92)

M,, =linear span of partial derivatives of A,

Symmetric function = Frogenius imaae

F(M,) = modified Macdonald polynomial  (Haiman'O2L)

= 1) g IR (i q) (HHLOS)

rigeoNsR

Schur expansion

&Good question!



Other q, t-frameworks

Buildina on F(DH,) = Vsi»
Loehr-Warrinaton (2008)

Vsy =+ Z t2re2(™) | I T, (z;q)

7 = nested paths
Of lenaths from A

attach an LLT to each nest of paths,
t-weighted By the sum Of areas of each path in a8 nest

2
L
P=p L
SABEIE
1 9
3
5
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What we're aonna do ricght here is Qo
Rack

Schur function sy = o(z?) is ogtained By symmetrizing a
Mmonomial with

f(z)
o(f(z)) = wl —+-"——
2 (H,-<j(1—zj/z,-)>

Hall-Littlewood polynomials (just g)
LLT polynomials (just q)

Macdonald polynomials

Vs, (includes Vsin)
V-Hall-Littlewood



Catalan functions

g-ify Schur function definition s(z) = o(z")

Catalan function
for Dyck path T,

z/\
Hxx(z; q) = pol (0 (1_[(1)@(1‘72/21)))

= set of roots arove Dyck path

E =7 (12,3 )% determines denominator terms



r = =833 A=(1,1,1)

Hx\(z; q) = pol (U ((1 E q21/223122)2(213_ q21/23>)

Series expand
21223+ q22z3+ G Rz3/70 + 922 + ¢ Z + Pzt

Apply o | 1 A 4 | +

0_(zlll) 0 fin q20_(z300) +q0‘(2210) 4L q20'(2300) e q30_(257171)

straightening

every o(z") is +o(z") for some weaskly decreasing ), Oor zero



r = =833 A=(1,1,1)

Hx\(z; q) = pol (” ((1 E q21/223122)2(213_ q21/23>>

Series expand

21223+ q22z3+ G Rz3/70 + 922 + ¢ Z + Pzt
Ay o | . ] Il | !

0_(zlll) 0 —q20(2300) +q0‘(2210) 4L q20'(2300) e q30_(257171)
straiahtening

every o(z") is +o(z") for some weaskly decreasing ), Oor zero

pol(sy) =0 when A\, <0

S111 + gsa



What are Catalan functions?

For Dyck path 7w and partition ),

ZA
i\ <U (H(i,j)eRw(l = qzi/zj)>>

Hall-Littlewood polynomials
- g-Schur positive

pararolic Hall-Littlewoods

- Schur positivity souaht since (Broer’992)

- arystals, ricaed configurations, katarolism, higher
cohomoloay vanishing, ete

(Haiman-Panyshev) in ceneral,

- conjectured to Be g-Schur positive

- araded Euler characteristics of vector sundles on the
flac variety



Side hustle: Schurert calculus

Theorem. [Blasiak-M-Pun]

k-Schur functions are Catalan functions
all Catalan functions are g-Schur positive

sf\k)(x; q) = pol (0‘ (H#)) for R, =

(iyery (1—aZi/Z)

At g=1:
represent Schugert classes for H*(Grs,)

3-point Gromov-Witten invariants (genus O) arise as
coefficients in k—Schur expansion of Catalan functions

An adaptation [Blasiak-M-Seelinaer] supports Quantum
K—theory with new advances By [lkeda-lwao-Naitol



Another one parameter family

Hall-Littlewood polynomial = a Catalan function

Z qir\v(w)zw e s—taircase,(l")(Z; q)

words w

LLT polynomials

LLT Z qdlr\\/(P) z
laeelling P
1
3
4
Larellinas P i X
increase down vertical runs 5
dinv(P) countts inverted larels 2 1\\
1
6
AN




Another one parameter case

Hall-Littlewood polynomials

Fq(M,) = pol (o-(

Mot eem)

LLT polynomials (Haiman-Grojnowski)

LLT,(z;q) = pol (” (W))

for non-symmertric Hall-Littlewood polynomials
E, = (—q)"" T,z and their duals

enailed their proof of Schur positivity



H’s time to mind your t's and ¢'s!

experiment with adding t to Hall-Littlewood formula

# = pol (0' <(1 = qzl/zzl)izl — t21/22))>

sage: s(H)
sace: (q +t)sg+ so



H’s time to mind your t's and ¢'s!

experiment with adding t to Hall-Littlewood formula

# = pol (0' <(1 = qzl/zzl)izl — t21/22))>

sage: s(H)
sace: (q +t)sg+ so

DHy = sp{x1 — x2,y1 — y2,1}

Ve 3 pY
Vsz2=q g + tlsa =F Eog



Series for diagonal harmonies

polynomial part of

o 21" 2Zp Hi+1<j(1 -9 tz,-/zj)
[Lic;(1=qz/z)(1 - tz/z)




Series for diagonal harmonies

polynomial part of

o (Zl T Zp Hi+1<j(1 —qtz/z)

polynomial part of

3 gt ((WO(Fﬁ(z; 9)Ea(z:9) q))>

Hi<j(1 —qzi/z)




Series for diagonal harmonics

N

\

3 2 ‘ £ I \
e B L EENEED
e

= Z 22T (z;q)

I

BB I Y
(zl oz [[ia(1 - qtz,-/zj))

Hi<j (1-tz/z)

BRMXDIRABY A Y

Z garea(B/c) ((WO(Fﬁ(Z; q)Ea(Z; q)))




Unstraichtened Series ldentity

Theorem

Hi+1<j(1 —qtz/z) _ Z

Z1 - Z flalWo(Fﬁ(Z;Q)Ea(Z;Q))

"L tz/z)

31,...,817120

where /D) = (1, a1+1,...,a1+ 1) and a = (al, R ,a/_1,0).

Proo$: Cauchy ldentity

H'<J( tqzl_y_j
’— t‘ |E 1
BT Z (z:g7)FRa(y: q)



Series for an entire g, t-Basis?

Vsin is the polynomial part of

e 21" 2Zp Hi+1<j(1 —qtz/z)
[Iic;(1—qzi/z)(1 - tzi/z)

Loehr-Warrington Conjecture [LW'08]

Vsy = Z t2e2(™) [ 1T, (z; q)

nest of paths
determined By A




Catalanimals

Vsin Is the polynomial part of

N ZIRReT] Hi+1<j(1 — qtzi/z)
[L;(1-qz/z)(1-tz/z)

Def. For 3 sets of roots Ry, Ry, R: and an intecer vector A,

2 Iijer, (1 —atzi/z)
H(i,j)eRq(l = 92/z) 1 jer (1 — tzi/Z)

H(th, I?q7 Rt, A) =0 (

even monomial positivity not aaranteed

o(z12023(1—qtz1/23)) = 6(212023—qtZ2 25) = (1-2qt)z1 2023 —qtz2 20+ - -



Catalanimals

Vsin is the polynomial part of

- (Zl ozl (1 - qtzi/%’))

[Iic;(1—qzi/z)(1—tzi/z)

Def. For 3 sets of roots Ry, Ry, R and an intecer vector A,

[Liper,(t —azi/z) [ jyer (1 — tzi/Z)

H(th, I'?q7 Rt, )\) =0 (

Is there a catalanimal H so pol(H) = Vs, ?



Loehr-Warrinaton Conjecture

Schur catalanimal

o 2" jyer, (1 — qtzi/z)
H(i,j)eRq(l = azi/Z) 1 jer (1 —t2i/Z)

Theorem (Blasiak,Haiman,M.,Pun,Seelinger)

Vsi= > LT (z,q)

nested paths 7
Of shape A\

LLT Series

o [ (wo(Fs(z: 9)Ea(z: 9))
Hi<j(1 - qzi/ )




LLT Catalanimals

H = H(Rgt, Ry, Re; \) where pol(H) = V(LLT,(z; q))

Ry \ Ry = pPairs of BOxes in the same diagonal,
Ry \ R: = the attacking pairs,

D R: \ Rqt = pairs on adjacent diagonals,

B R = all other pairs,

A, as a filling of v




Macanimals

LLT catalanimals

H = H(Rgt, Ry, Re; ) where pol(H) = V(LLT,(z; q))

Hu(z:q,t) = Y t™WLLT,(2;q)

g TGS (T (2: q))
Theorem (Blasiak-Haiman-M.-Pun-Seelinger)

(i J)ERqe

_ qarlll(bi)+1 tfleg(bi)zl./zj) H (1 - th,/ZJ)
e 0= azi/z) I jyer, (1 - tz/2) )

H, = po|0'<21---zn !




What now?

revisit g, t-symmetric theory with macanimals and Schur
catalanimals in hand

Schur positivity

explore new families of syvmetric functions arising
£rom catalanimals

develop theory around Schur positive series
Conjecture
For any partition u and intecer s > 0,

H 1 aun(b +1 —leg(bi)zi/zj) H (1—thi/Zj)

H;, = polo| (= zp)° () ER* (/)€ Rqe
L — 1" <4n) ——— 1~ 7/« N\t Y
! Hi<j ( - qz,-/z,-) H(i.j)eRt (1 - tz;/zj-)

is Schur positive.

thank you!



