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Mode transition algebras and higher-level Zhu algebras Chiara Damiolini

What are we going to talk about?

Given a vertex operator algebra V one can associate various associative algebras
describing the representation theory of V-modules:

▶ Universal enveloping algebra U (V) = U =
⊕

ℓ∈Z Uℓ

▶ Zhu algebras Ad for d ∈ N

Ad =
V

Od(V)
∼=

U0

∑i∈N Ud+1+i ·U−d−1−i
=

U0

(U ·U≤−d−1)0
=

U0

(U≥d+1 ·U )0

New entry:

▶ Mode Transition Algebra A =
U

U ·U≤−1
⊗
U0

A0
U0
⊗ U

U≥1 ·U

A =
⊕

d,e∈N2
Ad,−e =

Ud

(U ·U≤−1)d
⊗
U0

A0 ⊗
U0

U−e

(U≥1 ·U )−e

Today’s goal: understand the relation between Ad and Ad = Ad,−d
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Understanding the Mode Transition Algebras Ad

Recall A0 =
U0

(U ·U≤−1)0
and A=

⊕
d,e∈N2

Ud

(U ·U≤−1)d
⊗
U0

A0 ⊗
U0

U−e

(U≥1 ·U )−e

Product structure of A

a ⋆ b = (w ⊗ a ⊗ x) ⋆ (y ⊗ b ⊗ z) =

x ⃝⋆ y :=


image in A0︷ ︸︸ ︷

[ x · y︸︷︷︸
product in U

]0 if deg(x) + deg(y) = 0︸ ︷︷ ︸
that is, whenever x·y∈U0

0 otherwise

x ⃝⋆ y :=


image in A0︷ ︸︸ ︷

[ x · y︸︷︷︸
product in U

]0 if deg(x) + deg(y) = 0︸ ︷︷ ︸
that is, whenever x·y∈U0

0 otherwise

x ⃝⋆ y :=


image in A0︷ ︸︸ ︷

[ x · y︸︷︷︸
product in U

]0 if deg(x) + deg(y) = 0︸ ︷︷ ︸
the element x · y belongs to U0

0 otherwise

x ⃝⋆ y :=


image in A0︷ ︸︸ ︷
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product in U

]0 if deg(x) + deg(y) = 0︸ ︷︷ ︸
the element x · y belongs to U0

0 otherwise

⇒ Ad,e ⋆Ae,f ⊆ Ad,f and Ad,e ⋆Ad′,e′ = 0 whenever e ̸= d′

(Ad,+, ⋆) is an associative algebra and (A0,+, ⋆) = (A0,+, ·)
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Example: Heisenberg Lie algebra h = HC[t, t−1]⊕ Ck

[Htn + αk, Htm + βk] = δn+m=0k deg(Htn) = −n U := U(h)/(k = 1)

▶ A0 =
U0

(U ·U≤−1)0
−→C[x], [H] 7→ x is a ring isomorphism

▶ Ad =
Ud

(U ·U≤−1)d
⊗
U0

A0 ⊗
U0

U−d

(U≥1 ·U )−d
has a basis over C[x] given by

{ϵl,r} with l and r partitions of d

satisfying

ϵl′,r ⋆ ϵl,r′ =

α(r)ϵl′,r′ if l = r

0 otherwise

with α(r) ∈ N≥1.

(Ad,+, ⋆) is isomorphic to the algebra of matrices Matp(d)(C[x])
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The map µd

Recall Ad =
U0

(U ·U≤−d−1)0
and Ad =

Ud

(U ·U≤−1)d
⊗
U0

A0 ⊗
U0

U−d

(U≥1 ·U )−d

We define the map µd : Ad → Ad as

µd(x ⊗ [u]0 ⊗ y) =

image in Ad︷ ︸︸ ︷
[ x · u · y︸ ︷︷ ︸
element of U0

]d

Proposition The image of µd equals the kernel of the
[D-Gibney-Krashen] canonical projection πd : Ad ↠ Ad−1.

ker(πd) =
(U ·U≤−d)0

(U ·U≤−d−1)0
and x · u · y ∈ Ud ·U−d
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Theorem [D–Gibney–Krashen]

If the algebra Ad is unital, then the short sequence

0 −→ Ad
µd−→ Ad

πd−→ Ad−1 −→ 0

is split exact and Ad = Ad−1 ×Ad (as rings).

Corollary:
Addabbo–Barron’s
conjecture is true!

For every left A0-module M, the ⋆-action of Ad on

Key 1:
(U )d

(U ·U≤−1)d
⊗U0 M factors through µd.

a ∈ ker(µd) ⇒ a acts trivially on
(U )d

(U ·U≤−1)d
⊗U0

(
A0 ⊗

U0

U−d

(U≥1 ·U )−d

)
= Ad

⇒ a ⋆ b = 0 for every b ∈ Ad ⇒ if b = 1Ad , then a = 0.

1Ad and 1Ad − 1Ad are orthogonal central idempotents of Ad

⇒ Ad = Ad(1Ad)× Ad(1Ad − 1Ad)
∼= Ad × Ad−1
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Final remarks

▶ The sequence

0 → Ad → Ad → Ad−1 → 0

can be exact also if Ad is not unital e.g. V = Virc

▶ If Ad(V) have strong units for every d ∈ N and V is C2-cofinite,
then sheaves of conformal blocks arising from V-modules
are locally free sheaves on the moduli space of nodal curves.

• V is rational ⇒ Ad(V) has strong units for every d ∈ N

• W(p) does not have strong units

Thanks!



Mode transition algebras and higher-level Zhu algebras Chiara Damiolini

Final remarks

▶ The sequence

0 → Ad → Ad → Ad−1 → 0

can be exact also if Ad is not unital e.g. V = Virc

▶ If Ad(V) have strong units for every d ∈ N and V is C2-cofinite,
then sheaves of conformal blocks arising from V-modules
are locally free sheaves on the moduli space of nodal curves.

• V is rational ⇒ Ad(V) has strong units for every d ∈ N

• W(p) does not have strong units

Thanks!



Mode transition algebras and higher-level Zhu algebras Chiara Damiolini

Final remarks

▶ The sequence

0 → Ad → Ad → Ad−1 → 0

can be exact also if Ad is not unital e.g. V = Virc

▶ If Ad(V) have strong units for every d ∈ N and V is C2-cofinite,
then sheaves of conformal blocks arising from V-modules
are locally free sheaves on the moduli space of nodal curves.

• V is rational ⇒ Ad(V) has strong units for every d ∈ N

• W(p) does not have strong units

Thanks!



Mode transition algebras and higher-level Zhu algebras Chiara Damiolini

Final remarks

▶ The sequence

0 → Ad → Ad → Ad−1 → 0

can be exact also if Ad is not unital e.g. V = Virc

▶ If Ad(V) have strong units for every d ∈ N and V is C2-cofinite,
then sheaves of conformal blocks arising from V-modules
are locally free sheaves on the moduli space of nodal curves.

• V is rational ⇒ Ad(V) has strong units for every d ∈ N

• W(p) does not have strong units

Thanks!



Mode transition algebras and higher-level Zhu algebras Chiara Damiolini

Final remarks

▶ The sequence

0 → Ad → Ad → Ad−1 → 0

can be exact also if Ad is not unital e.g. V = Virc

▶ If Ad(V) have strong units for every d ∈ N and V is C2-cofinite,
then sheaves of conformal blocks arising from V-modules
are locally free sheaves on the moduli space of nodal curves.

• V is rational ⇒ Ad(V) has strong units for every d ∈ N

• W(p) does not have strong units

Thanks!



Mode transition algebras and higher-level Zhu algebras Chiara Damiolini

Final remarks

▶ The sequence

0 → Ad → Ad → Ad−1 → 0

can be exact also if Ad is not unital e.g. V = Virc

▶ If Ad(V) have strong units for every d ∈ N and V is C2-cofinite,
then sheaves of conformal blocks arising from V-modules
are locally free sheaves on the moduli space of nodal curves.

• V is rational ⇒ Ad(V) has strong units for every d ∈ N

• W(p) does not have strong units

Thanks!


