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What are we going to talk about?

Given a vertex operator algebra V one can associate various associative algebras
describing the representation theory of V-modules:

Universal enveloping algebra % (V) = % = @ycz %

Zhu algebras A; ford e N

A; = v ~ U U Uy
T 04(V) T LienZaiiyi-Ug 1 (U WU<q1)o  (Usarn-U)o

The algebras A; are not easy to compute!
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describing the representation theory of V-modules:

Universal enveloping algebra % (V) = % = @ycz %

Zhu algebras A; ford e N
Vo o U U Uo

Ag

T 04V) T e Yaisi Ug 1 (% U<_q-1)0  (Usay1- U)o
New entry:

Mode transition algebras and higher-level Zhu algebras Chiara Damiolini




What are we going to talk about?

Given a vertex operator algebra V one can associate various associative algebras
describing the representation theory of V-modules:

Universal enveloping algebra % (V) = % = @ycz %

Zhu algebras A; ford e N
Vo o U U Uo

Ag

T 04V) T e Yaisi Ug 1 (% “U<_q-1)0 - (Usq11-U )o
New entry:

Mode Transition Algebra 2

Mode transition algebras and higher-level Zhu algebras Chiara Damiolini



What are we going to talk about?

Given a vertex operator algebra V one can associate various associative algebras
describing the representation theory of V-modules:

Universal enveloping algebra % (V) = % = @ycz %

Zhu algebras A; ford e N
Vo o U U Uo

A = = = =
T 04(V) T LienZaiiyi-Ug 1 (U WU<q1)o  (Usarn-U)o
New entry:
Mode Transition Algebra A = “ QR Ay &
& U U iy Cw Uor U

Mode transition algebras and higher-level Zhu algebras Chiara Damiolini



What are we going to talk about?
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What are we going to talk about?

Given a vertex operator algebra V one can associate various associative algebras
describing the representation theory of V-modules:

Universal enveloping algebra % (V) = % = @ycz %

Zhu algebras A; ford e N
Vo o U U Uo

A = = = =
T 04(V) T LienZaiiyi-Ug 1 (U WU<q1)o  (Usarn-U)o
New entry:
Mode Transition Algebra A = “ QR Ay &
& U U iy Cw Uor U
%d %73

A = Aj e =————— QAR ———
d,eeeBNZ ¢ U U)a w0 ° w0 Us1-U)—e

Today’s goal: understand the relation between Aj and 43 = 23 _4

Mode transition algebras and higher-level Zhu algebras Chiara Damiolini




Understanding the Mode Transition Algebras 214

% and A= & K ® Ag ® Y-

Recall Ag= ———— S — . %me
T (U< 1)o deeN2 (W - U<1)a w6 (U1 U )—e

Mode transition algebras and higher-level Zhu algebras Chiara Damiolini




Understanding the Mode Transition Algebras 214

% and A= & K ® Ag ® Y-

Recall Ag= ———— S — . %me
T (U< 1)o deeN2 (W - U<1)a w6 (U1 U )—e

Product structure of A

Mode transition algebras and higher-level Zhu algebras Chiara Damiolini




Understanding the Mode Transition Algebras 214

% and A= & K ® Ag ® Y-

Recall Ag= ———— S — . %me
T (U< 1)o deeN2 (W - U<1)a w6 (U1 U )—e

Product structure of A

axb =

Mode transition algebras and higher-level Zhu algebras Chiara Damiolini




Understanding the Mode Transition Algebras 214

% and A= & K ® Ag ® Y-

Recall Ag= ———— S — . %me
T (U< 1)o deeN2 (W - U<1)a w6 (U1 U )—e

Product structure of A

axb=WRaeXx) x yRb®3) =

Mode transition algebras and higher-level Zhu algebras Chiara Damiolini




Understanding the Mode Transition Algebras 214

% and A= & K ® Ag ® Y-

Recall Ag= ———— S — . %me
T (U< 1)o deeN2 (W - U<1)a w6 (U1 U )—e

Product structure of A

axb=WRaeX) * bRz =wRa-(X®y) b3z

Mode transition algebras and higher-level Zhu algebras Chiara Damiolini



Understanding the Mode Transition Algebras 214

% and A= & K ® Ag ® Y-

Recall Ag= ———— S — . %me
T (U< 1)o deeN2 (W - U<1)a w6 (U1 U )—e

Product structure of A

axb=WRaRX)* bRz =wRa-(X®y) b3z
—_——
product in Ag

Mode transition algebras and higher-level Zhu algebras Chiara Damiolini




Understanding the Mode Transition Algebras 214

% and A= & K ® Ag ® Y-

Recall Ag= ———— S — . %me
T (U< 1)o deeN2 (W - U<1)a w6 (U1 U )—e

Product structure of A

axb=WRaRX)* bRz =wRa-(X®y) b3z
—_——
product in Ag

=l
®
<

I

Mode transition algebras and higher-level Zhu algebras Chiara Damiolini




Understanding the Mode Transition Algebras 214

% and A= & K ® Ag ® Y-

Recall Ag= ———— S — . %me
T (U< 1)o deeN2 (W - U<1)a w6 (U1 U )—e

Product structure of A

axb=WRaRX)* bRz =wRa-(X®y) b3z
—_——
product in Ag

Xy
yi= ~—
product in %

=
®

Mode transition algebras and higher-level Zhu algebras Chiara Damiolini




Understanding the Mode Transition Algebras 214

% and A= & K ® Ag ® Y-

Recall Ag= ———— S — . %me
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Product structure of A

axb=WRaRX)* bRz =wRa-(X®y) b3z
—_——
product in Ag
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“% and A= @ K ® Ay ® Y-e

Recall Ag= ———— _ %d . %me
0 (% : ‘%g—l)o d,ecIN2 (% '%S—l)d % U (%21 ’ %)fe

Product structure of A

axb=WRaRX)* bRz =wRa-(X®y) b3z
—_——
product in Ag

image in Ag
——~ .
o [ x¥y o if  deg(x)+deg(y) =0
X®Y = ~ ~~
product in % the element x - y belongs to %
0 otherwise

= AgexWer CAqr and Ay, x Ay = 0 whenever e # d’

(A4, +, ) is an associative algebra and (2o, +, %) = (Ao, +, *)
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Example: Heisenberg Lie algebra h = HC[t,t~!] ® Ck

[Ht" + ak, Ht™ + Bk] = 6pt+m—ok deg(Ht") = —n w =U(h)/(k=1)
Ao = @ 221)0 »Clx], [H]—x is a ring isomorphism
A1 =A@ Clx] [Barron-Vander Werf-Yang]
Az = A; & Maty(Clx]) [Addabbo-Barron]

Conjecture [Addabbo-Barron]:  Ag = Ag_1 @© Mat,4)(C[x]).
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[Ht" + ak, Ht™ + Bk] = 6pt+m—ok deg(Ht") = —n w =U(h)/(k=1)
Ao = @ 221)0 »Clx], [H]—x is a ring isomorphism
- _ "4 , .
Ag = @ ), g/i Ao ;;X; 1 W) has a basis over C|x| given by

{€er.} with [and ¢ partitions of d
d=7 [ = [2]5] v = [1]3]3]
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Example: Heisenberg Lie algebra h = HC[t,t~!] ® Ck

[Ht" + ak, Ht™ + Bk] = 6pt+m—ok deg(Ht") = —n w =U(h)/(k=1)
Ao = @ 221)0 »Clx], [H]—x is a ring isomorphism
Ag = % ®Ap ® #d has a basis over C[x] given by

(U - U<r)am o (U1 U)-d
{€er.} with [and ¢ partitions of d

satisfying d=7  [=[25]  ¢=[1[3[3]

€, = Ht > -Ht 2®1®Ht' - H3 - H
IX('C)G[/ N if [=1¢
6[/,13 * 6[,1?/ = ’

0 otherwise

with a(r) € N>j.

Mode transition algebras and higher-level Zhu algebras Chiara Damiolini



Example: Heisenberg Lie algebra h = HC[t,t~!] ® Ck

[Ht" + ak, Ht™ + Bk] = 6pt+m—ok deg(Ht") = —n w =U(h)/(k=1)
Ao = @ 221)0 »Clx], [H]—x is a ring isomorphism
Ag = % ®Ap ® #d has a basis over C[x] given by

(U - U<—1)qg my — w (U1 U )_q
{€er.} with [and ¢ partitions of d
satisfying d=7  [=[25]  ¢=[1[3[3]

€, = Ht > -Ht 2®1®Ht' - H3 - H
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. Erx €Ly = 25 (S
0 otherwise o= (20 eu

with a(r) € N>j.
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[Ht" + ak, Ht™ + Bk] = 6pt+m—ok deg(Ht") = —n w =U(h)/(k=1)
Ao = @ 221)0 »Clx], [H]—x is a ring isomorphism
Ag = % ®Ap ® #d has a basis over C[x] given by

(% -U<r)am " w (U1 )
{€er.} with [and ¢ partitions of d
satisfying d=7  [=[2[5] v = [1[3[3]
e =Ht°-Ht2®1®Ht!'-He*-H
(X(t)e[/’t/ ifl=r¢
€[/,*€[,/— ) I ,— (2.5 o
T 0 otherwise Crix e = (2-5) €vy
. €Uy * €y = (1 -3-3)(2!)61%/
with a(r) € N>j.
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Example: Heisenberg Lie algebra h = HC[t,t~!] ® Ck

[Ht" + ak, Ht™ + Bk] = 6pt+m—ok deg(Ht") = —n w =U(h)/(k=1)
Ao = @ 221)0 »Clx], [H]—x is a ring isomorphism
Ag = % ®Ap ® #d has a basis over C[x] given by

(U - U<—1)qg my — w (U1 U )_q
{er.} with ['and v partitions of d
satisfying d=7  [=[25]  ¢=[1[3[3]

€, = Ht > -Ht 2®1®Ht' - H3 - H
Oé(t)e[/ N if [=¢
6[/,1? * 6[,1?/ = ’

. Erx €Ly = 25 (S
0 otherwise # = (2 5)eu:

. €rekee =(1-3:-3)(2)epy
with a(r) € N>j.

(g, +, %) is isomorphic to the algebra of matrices Mat,4) (C[x])
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The map ug4

U

Yy U4
= A
@ )y g

Recall A,; = . %-d
I (U - U<)amy — U (U1~ U )_g

Mode transition algebras and higher-level Zhu algebras Chiara Damiolini




The map ug4

U

Uy U_q4
. S —
@ %310 and 2, @A ®

Recall A,; = . %-d
I (U - U<)amy — U (U1~ U )_g

We define the map p4: g — Aq as

Mode transition algebras and higher-level Zhu algebras Chiara Damiolini




The map ug4

U

Uy U_q4
. S —
@ %310 and 2, @A ®

Recall A;= __%-d
‘ (U - U<)aw — u (U1 U)-a
We define the map p4: g — Aq as

image in A4

——f—
(X @ ufo®@y)= [ x-u-y lg

element of %

Mode transition algebras and higher-level Zhu algebras Chiara Damiolini




The map ug4

U

Uy U_q4
. S —
@ %310 and 2, @A ®

Recall A;= __%-d
‘ (U - U<)aw — u (U1 U)-a
We define the map p4: A3 — A4 as

image in A4

——f—
(X @ ufo®@y)= [ x-u-y lg

element of %

Proposition The image of j14 equals the kernel of the
[D-Gibney-Krashen] canonical projection 73: Ag — Ag_1-
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The map ug4

U

Uy U_q4
. S —
@ %310 and 2, @A ®

Recall A, = (Y )
d (U - U<1)am, w0 (U1 U)—q

We define the map p4: A3 — A4 as

image in A4

——f—
(X @ ufo®@y)= [ x-u-y lg

element of %

Proposition The image of j14 equals the kernel of the
[D-Gibney-Krashen] canonical projection 73: Ag — Ag_1-

(U - Ue_g)o

k U Ue—g 1o
ot er(7q) (U - W<_q_1)0

and X-U-YE U -U_q
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Theorem [D-Gibney—Krashen]

Mode transition algebras and higher-level Zhu algebras Chiara Damiolini




Theorem [D-Gibney—Krashen]

Corollary:
Addabbo-Barron’s
conjecture is true!

Mode transition algebras and higher-level Zhu algebras Chiara Damiolini




Theorem [D-Gibney—Krashen]

Corollary:
Addabbo-Barron’s
conjecture is true!

&/‘ For every left Ap-module M, the x-action of 2(; on
(% )a
(% - U<-1)a

®a, M factors through p.

Mode transition algebras and higher-level Zhu algebras Chiara Damiolini




Theorem [D-Gibney—Krashen]

Corollary:
Addabbo-Barron’s
conjecture is true!

&/‘ For every left Ap-module M, the x-action of 2(; on
(% )a
(% - U<-1)a

®a, M factors through p.

a € ker(pq)

Mode transition algebras and higher-level Zhu algebras Chiara Damiolini




Theorem [D-Gibney—Krashen]

Corollary:
Addabbo-Barron’s
conjecture is true!

&/‘ For every left Ap-module M, the x-action of 2(; on
(% )a
(% - U<-1)a

®a, M factors through p.

a € ker(pg) = aacts trivially on __#a__ R | Ao ® %4 ) A,
(% - U<—1)q
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Theorem [D-Gibney—Krashen]

If the algebra 2l is unital, then the short sequence Corollary:

0 — 2y i, Ag d, Aj_1 — 0 Addabbo-Barron’s

. . . conjecture is true!
is split exact and Ay = Ag_1 X 4 (as rings). )

&A For every left Ap-module M, the x-action of 2(; on
(%)a
@ 1) ®a, M factors through 4.

a € ker(ug) = aacts trivially on (#)a ] P <A0 g}@ (%—d> = Ay
d 0

(% - U< U1+ U)-a
= axb=0foreveryb € 2y
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Theorem [D-Gibney—Krashen]

If the algebra 21, is unital, then the short sequence

7T,
0— A 15 A 5 A 1 —0

is split exact and Ay = Ag_1 X 4 (as rings).

&/* For every left Ap-module M, the x-action of 2(; on
(%)a

@ 1) ®a, M factors through 4.

(% )4

Corollary:
Addabbo-Barron’s
conjecture is true!

N U_q
N7 g A T, o\ =
a € ker(ug) = aacts trivially on X W) S < 0 %?) ( > 2

= axb=O0foreverybec®y; = ifb=1y,thena=0.
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Theorem [D-Gibney—Krashen]

If the algebra 2l is unital, then the short sequence Corollary:

0 — 2y i, Ag d, Aj_1 — 0 Addabbo-Barron’s

. . . conjecture is true!
is split exact and Ay = Ag_1 X 4 (as rings). )

&A For every left Ap-module M, the x-action of 2(; on
(%)a

@ 1) ®a, M factors through 4.

a € ker(ug) = aacts trivially on (#)a ] P <A0 g}@ (%—d> = Ay
d 0

(% - U< U1+ U)-d
= axb=O0foreverybec®y; = ifb=1y,thena=0.

&/ 19, and 15, — 19, are orthogonal central idempotents of A4

= Aq=Aq(1ly,) X Ag(la, — 1a,)
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Theorem [D-Gibney—Krashen]

If the algebra 2l is unital, then the short sequence Corollary:

0 — 2y i, Ag d, Aj_1 — 0 Addabbo-Barron’s

. . . conjecture is true!
is split exact and Ay = Ag_1 X 4 (as rings). )

&A For every left Ap-module M, the x-action of 2(; on
(%)a

@ 1) ®a, M factors through 4.

a € ker(ug) = aacts trivially on (#)a ] P <A0 g}@ (%—d> = Ay
d 0

(% - U< U1+ U)-d
= axb=O0foreverybec®y; = ifb=1y,thena=0.

&/ 19, and 15, — 19, are orthogonal central idempotents of A4

= Ag=Aq(la,) x Ag(1a, — lay) = ™Ag X Agq
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are locally free sheaves on the moduli space of nodal curves.
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Final remarks

The sequence
0—-A3—A;—A;-1—0

can be exact also if 2(; is not unital e.g. V = Vir,

If 24(V) have strong units for every d € IN and V is Cy-cofinite,
then sheaves of conformal blocks arising from V-modules
are locally free sheaves on the moduli space of nodal curves.

e Visrational = 24(V) has strong units for every d € N
e )V(p) does not have strong units

Thanks!
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