
TOPICS IN ALGEBRA - LIE ALGEBRAS AND THEIR REPRESENTATIONS

AMAT 820-0001 (10043)

FALL 2016

Instructor. Cristian Lenart, ES-116A, 2-4635, clenart@albany.edu

Class meets MWF 9:20am–10:15am, ES-153.

This course is intended as an introduction to the theory of Lie groups and Lie algebras. The founder
of Lie theory was the mathematician Sophus Lie (1842-1899), who, more than one hundred years ago,
said about his work: “I am certain, absolutely certain that... these theories will be recognized as
fundamental at some point in the future”. We know now that he was absolutely right, since the notions
of Lie groups and Lie algebras are in the vocabulary of every mathematician and physicist today. Lie’s
theories are indispensable tools for understanding the physical laws of nature. Important advances have
been made since Lie’s work, through a better understanding of the subtle interplay between algebra,
geometry, and combinatorics related to Lie theory; some of these connections will be discussed in this
course. Furthermore, a considerable amount of recent work is devoted to the theory of quantum groups,
which are certain deformations connected to Lie groups. Quantum groups are related to other recent
developments in mathematics and theoretical physics. However, they will not be discussed in this course.

We will also discuss the representation theory of Lie groups. Representation theory is a fundamental
tool for studying group symmetry – geometric, analytic, or algebraic – by means of linear algebra. More
precisely, representation theory studies the way in which a given group may act on vector spaces, so
group elements are represented as matrices. We are mostly interested in irreducible representations,
which are the building blocks for the construction of all representations of a given group. The main
questions in representation theory are related to: (1) the construction of irreducible representations; (2)
the calculation of certain algebraic invariants of these; (3) the decomposition of other representations
into irreducibles. The origins of representation theory are mostly in the work of F. Frobenius, H. Weyl, I.
Schur, and A. Young, about a century ago; Weyl’s work, for instance, is a milestone in the representation
theory of Lie groups.

Tentative syllabus. Basic notions in Lie theory. Nilpotent and solvable Lie algebras. Semisimple
Lie algebras and the Cartan decomposition. The root system and the Weyl group. Classification of finite-
dimensional complex simple Lie algebras. The classical simple Lie algebras. The universal enveloping
algebra. Induced modules. Irreducible modules for the semisimple Lie algebras. Character formulas
(Weyl, Freudenthal).

Prerequisites: Linear algebra (including eigenvalues, bilinear forms, Euclidean spaces, and tensor
products of vector spaces), and some acquaintance with the methods of abstract algebra. Some acquain-
tance with topology would be helpful during the last part of this class, but is not required. No knowledge
of representation theory is required.

Evaluation: This will be done based on solutions to problem sets that will be assigned periodically.
Problems assigned during one week will be collected at the end of the following week.

Textbooks: Excerpts from the following books will be used (in order of importance):

• Alexander Kirillov Jr, An Introduction to Lie Groups and Lie Algebras, Cambridge Studies Adv.
Math. 113, Cambridge Univ. Press, 2008, ISBN-10: 0521889693, ISBN-13: 978-0521889698

• W. Fulton & J. Harris, Representation Theory. A First Course, Springer (Graduate Texts in
Mathematics), 1991, ISBN 0-387-97495-4, 3-540-97495-4.

• James Humphreys, Introduction to Lie Algebras and Representation Theory, Springer (Graduate
Texts in Mathematics), 1994, ISBN: 0387900535.

• R. Carter, Lie algebras of finite and affine type, Cambridge Studies in Advanced Mathematics,
96, Cambridge University Press, 2005, ISBN 0-521-85138-6.
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Office hours. My office hours are in ES 116 as follows: on Monday between 1:35pm–2:35pm, on
Wednesday between 10:20am–11:20am, and on Friday between 11:20am–12:20pm. You need to make
reasonable attempts at the homework problems before asking for any hints.

Academic integrity. Plagiarism will result in failing the class; this includes the situation when
two virtually identical papers are identified. See the relevant section in the Graduate Bulletin for more
information.

Incomplete grades, absences, and make-ups. Late homework is accepted for half credit. An
incomplete in the class is only given in exceptional circumstances, which are documented. Attendance
is required as part of your grade; you may miss 3 classes with no effect on your grade, but any absence
after that (except for emergencies, required appointments or other comparable situations) will make
your grade drop by a “notch” (for instance, from B to B−).


