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ABSTRACT. We show that a big Hankel operator on the standard Hardy
space of the polydiskDn, n > 1, cannot be compact unless it is the
zero operator. We also show that this result can be generalized to certain
Hankel operators defined on Hardy-Sobolev spaces of the polydisk.

1. INTRODUCTION

Let Dn be the polydisk inCn and letTn be the Shilov boundary ofDn.
The normalized Lebesgue measure onTn will be denoted bydσ. Thus for
f ∈ L1(Tn, dσ) andz = (eit1 , · · · , eitn) in Tn we have∫

Tn

f(z) dσ(z) =
1

(2π)n

∫ 2π

0

· · ·
∫ 2π

0

f(eit1 , · · · , eitn) dt1 · · · dtn.

The Hardy spaceH2 consists of holomorphic functionsf in Dn such that

‖f‖2 = sup
0<r<1

∫
Tn

|f(rz)|2 dσ(z) < ∞.

It is well known that for every functionf ∈ H2, the radial limit

lim
r→1−

f(rz)

exists for almost everyz ∈ Tn. If we denote the above radial limit by
f(z), then the Hardy spaceH2 can be regarded (isometrically) as a closed
subspace ofL2 = L2(Tn, dσ).

Every functionf ∈ L2 admits a Fourier expansion

f(z) =
∑

J

aJzJ , z ∈ Tn,

whereJ = (j1, · · · , jn) runs over alln-tuples of integers (not just nonneg-
ative integers) and

zJ = zj1
1 · · · zjn

n .
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The Fourier coefficients{aJ} of f ∈ L2 satisfy

‖f‖2 =
∑

J

|aJ |2 < ∞.

Moreover, a functionf ∈ L2 is the radial limit function of somef ∈ H2 if
and only ifaJ = 0 whenever at least one of thejk’s is negative. In particular,
the set of all monomials onTn form an orthonormal basis forL2, and the
set of all holomorphic monomials onTn form an orthonormal basis forH2.

WhenH2 is considered as a closed subspace of the Hilbert spaceL2,
there exists an orthogonal projection

P : L2 → H2.

It is well known that the orthogonal projection above admits the following
integral representation:

(1) Pf(z) =

∫
Tn

C(z, ζ)f(ζ) dσ(ζ), z ∈ Dn,

where

C(z, ζ) =
n∏

j=1

1

1− zjζj

is the Cauchy-Sz̈ego kernel ofDn. It is clear from a pointwise approxima-
tion argument that the domain of the integral operator in (1) can be extended
to L1(Tn, dσ), although the resulting holomorphic functionPf is generally
not inH2 whenf ∈ L1(Tn, dσ).

If f is a function inL2, we can densely define a linear operator

Hf : H2 → L2(Tn, dσ)

as follows:
Hf (g) = (I − P )(fg) = fg − P (fg).

In particular, the above definition makes sense for all polynomialsg which
form a dense subspace ofH2.

It is clear that iff is bounded, thenHf is a bounded linear operator from
H2 into L2 (from now on we shall simply say thatHf is bounded onH2).
But it is easy to see that there exist unbounded symbol functionsf in L2

such that the Hankel operatorHf extends to a bounded linear operator on
H2. For example, iff happens to be inH2, then it can be checked that
P (fg) = fg for all g ∈ H2, so the resulting Hankel operatorHf is the zero
operator, which is of course bounded onH2. On the other hand, ifHf = 0,
then

Hf (1) = f − P (f) = 0,

sof = P (f) ∈ H2. Therefore,Hf = 0 if and only if f ∈ H2.
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More generally, it was shown in [1] and [5] that, forf ∈ L2, the Hankel
operatorsHf andHf are simultaneously bounded onH2 if and only if f
belongs to a certain version of BMO (the so-called rectangular BMO) on
Tn.

In the case whenn = 1, it is a classical theorem of Nehari (see [6] for ex-
ample) that the Hankel operatorHf can be extended to a bounded operator
on H2 if and only if there exists a bounded functiong such thatHf = Hg.
Combining this with the earlier remark about zero Hankel operators, we see
thatHf is bounded if and only iff = g + h, whereg ∈ H2 andh ∈ L∞.
It was shown in [1][2] [4] that a direct analogue of Nehari’s result does not
hold for higher dimensions. Namely, whenn > 1, there exist functions
f ∈ L2 such thatHf is bounded onH2 but no decompsition of the form
f = g + h, whereg ∈ H2 andh ∈ L∞, is possible. So in higher di-
mensions, Nehari’s theorem fails in the sense that there are more bounded
Hankel operators than those induced by bounded symbols.

In the case whenn = 1 again, it is a classical theorem of Hartman (see [6]
again) that the Hankel operatorHf can be extended to a compact operator
on H2 if and only if f = g + h, whereg ∈ H2 andh is continuous on
T. The purpose of this note is to show that Hartman’s theorem fails in
higher dimensions, but in a completely different way. It’s not that we get
more compact Hankel operators than those induced by continuous symbols.
Instead, there exist no compact Hankel operators at all onH2 in dimensions
greater than1.

We mention in passing that it was shown in [3] that there exists no non-
constant holomorphic symbol functionf such that the corresponding Han-
kel operatorHf defined on the Bergman space of the polydiskDn, n > 1, is
compact. But in that context, there exist a lot of nontrivial compact Hankel
operators on the Bergman space ofDn whose symbols are not conjugate
holomorphic. The surprise for the Hardy space case is that even for general
symbols, the Hankel operatorHf cannot be compact unless it is the zero
operator.

This research was completed while Ahern and Zhu visited the Univer-
sitd́e Provence in Marseille in June 2006. We wish to thank CMI-Marseille
for their support.

2. THE ACTION OF ROTATIONS

The key idea of our analysis is to study the action of rotations on the
spaceL2 = L2(Tn, dσ). Thus for anyζ = (ζ1, · · · , ζn) ∈ Tn we define an
operator

Uζ : L2(Tn, dσ) → L2(Tn, dσ)
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by
Uζ(f)(z1, · · · , zn) = f(ζ1z1, · · · , ζnzn).

It is obvious thatUζ is a unitary operator onL2. We are going to callUζ the
operator of rotation byζ. It is easy to check thatU∗

ζ = Uζ , soU∗
ζ is just the

operator of rotation byζ. In particular,H2 is invariant under the actions of
Uζ andU∗

ζ . In other words,H2 is a reducing subspace for the operatorsUζ ,
so eachUζ commutes with the Cauchy-Szëgo projectionP that is used in
the definition of Hankel operators.

Lemma 1. If f ∈ L2 andHf is a bounded Hankel operator onH2, then

UζHfU
∗
ζ = HUζf

for everyζ ∈ Tn.

Proof. This is a simple consequence of the definition of Hankel operators
and the fact that eachUζ commutes with the projectionP . �

The following result shows that the unitary actions ofUζ on Hankel op-
erators is continuous in the strong operator topology.

Lemma 2. Supposef ∈ L2 and Hf is bounded onH2. Then for every
g ∈ H2, the mappingζ 7→ HUζf (g) is continuous fromTn to L2.

Proof. Fix η ∈ Tn. Forζ → η in Tn we consider

HUζf −HUηf = UζHfU
∗
ζ − UηHfU

∗
η

= UζHf (U
∗
ζ − U∗

η ) + (Uζ − Uη)HfU
∗
η

= UζHf (Uζ − Uη) + (Uζ − Uη)HfUη.

If g ∈ H2, then

‖(HUζf −HUηf )(g)‖ ≤ ‖Hf‖‖(Uζ − Uη)g‖+ ‖(Uζ − Uη)HfUηg‖.

If aJ are the Fourier coefficients ofg, then

‖(Uζ − Uη)g‖2 =
∑
J≥0

|aJ |2|ζJ − ηJ |2,

whereJ = (j1, · · · , jn) is ann-tuple of integers,J ≥ 0 means that each of
its components is nonnegative, andζJ = ζj1

1 · · · ζjn
n . Since∑

J≥0

|aJ |2 < ∞, |ζJ − ηJ |2 ≤ 4,

an application of the dominated convergence theorem shows that

lim
ζ→η

‖(Uζ − Uη)g‖2 = 0.
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Similarly, using the Fourier expansion of the functionHfUηg (recall thatη
is fixed) inL2, we can show that

lim
ζ→η

‖(Uζ − Uη)HfUηg‖2 = 0.

This proves that
lim
ζ→η

‖HUζf (g)−HUηf (g)‖ = 0,

as desired. �

Corollary 3. If f ∈ L2 andHf is bounded onH2, then for anyg ∈ H2 the
mappingζ 7→ ‖HUζf (g)‖ is a continuous function fromTn to [0,∞).

3. THE MAIN RESULT

We need the following special case before we can prove the main result.

Lemma 4. Supposen > 1 and

f(z) = zJ = zj1
1 zj2

2 · · · zjn
n

is a non-holomorphic monomial onTn. ThenHf is not compact onH2.

Proof. Sincef is not holomorphic, at least one of thejk’s must be negative.
Without loss of generality we may assume that the exponentj1 is negative.
If g is any function inH2 that is independent of the first variablez1, then

fg = z
|j1|
1 h(z2, · · · , zn)

for some functionh, and it follows from the product structure of the Cauchy-
Sz̈ego projection thatP (fg) = 0. So for suchg we have

Hfg = fg, ‖Hfg‖ = ‖g‖.
The space of functionsg ∈ H2 that is independent ofz1 is infinite dimen-
sional, andHf acts on this space isometrically. SoHf cannot be com-
pact. �

We can now prove the main result of the paper.

Theorem 5. Supposef ∈ L2(Tn, dσ) andn > 1. If Hf is compact onH2,
thenHf = 0, that is,f ∈ H2.

Proof. Suppose
f(z) =

∑
J

aJzJ

is the Fourier expansion off on Tn, whereJ = (j1, · · · , jn) runs over all
n-tuples of integers. Fix anyJ such thataJ 6= 0 and writefJ = aJzJ . It is
easy to see that

fJ(z) =

∫
Tn

(Uζf)(z) ζ
J
dσ(ζ).
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An application of Fubini’s theorem shows that

〈HfJ
(g), h〉 =

∫
Tn

〈HUζf (g), h〉 ζJ
dσ(ζ),

whereg ∈ H2 andh ∈ L2. For the careful reader, this should be done in
two steps: first check the identity forg ∈ H∞(Tn) andh ∈ L∞(Tn), which
are dense subspaces ofH2 andL2 respectively, then obtain the general case
by an approximation argument.

If h is a unit vector inL2, then we have

|〈HfJ
(g), h〉| ≤

∫
Tn

|〈HUζf (g), h〉| dσ(ζ)

≤
∫

Tn

‖HUζf (g)‖ dσ(ζ).

Here we used Lemma 2 and Corollary 3 to make sure that all integrals above
are well-defined. Taking the supremum on the left-hand side of the above
inequality over all unit vectorsh, we obtain

(2) ‖HfJ
(g)‖ ≤

∫
Tn

‖HUζf (g)‖ dσ(ζ),

whereg is any function inH2.
SinceHf is compact, it follows from Lemma 1 that each Hankel operator

HUζf is compact. If{gk} is any sequence inH2 that converges to0 weakly,
then the compactness ofHUζf implies that

(3) lim
k→∞

‖HUζf (gk)‖ = 0.

Every weakly convergent sequence inH2 is bounded, and the Hankel opera-
torsHUζf are uniformly bounded. Therefore, we can find a positive constant
C such that

‖HUζf (gk)‖ ≤ C

for all k and allζ. In view of (2), (3), and the theorem of dominated con-
vergence, we conclude that

lim
k→∞

‖HfJ
(gk)‖ = 0.

Since{gk} is arbitrary, we have shown thatHfJ
is compact.

Now fJ is a nonzero monomial onTn. We deduce from Lemma 4 and
the compactness ofHfJ

thatfJ must be a holomorphic monomial. ButfJ

was an arbitrary term in the Fourier expansion off , so the functionf must
be holomorphic. This completes the proof of the theorem. �



COMPACT HANKEL OPERATORS 7

4. A GENERALIZATION

In this section we show that our main result can be extended to a more
general class of Hankel type operators.

Fix a real weight parameterα and define a weightedL2 space on the unit
circleT as follows.

L2,α(T) =

{
∞∑

k=−∞

akz
k :

∞∑
k=−∞

(|k|+ 1)α|ak|2 < ∞

}
.

In general, elements inL2,α(T) should be thought of as formal power series
or as distributions. In particular, algebraic operations inL2,α(T) will be
performed in the sense of formal power series or distributions. In the case
whenα ≥ 0, the spaceL2,α(T) is indeed a space of functions onT.

Three special cases are worth mentioning. First, ifα = 0, L2,α(T) be-
comes the standardL2 space of the unit circle with respect to Lebesgue
measure. Second, ifα = 1, thenL2,α(T) is the diagonal Besov spaceB2.
Equivalently,f ∈ L2,1(T) if and only if the Cauchy transforms off andf̄
both belong to the Dirichlet space. Finally, ifα = −1, thenL2,−1(T) can
be thought of as the boundary distributions of harmonic Bergman functions.
Here we say that a harmonic functionh in the unit disk is in the Bergman
space if ∫

D
|h(z)|2 dA(z) < ∞,

wheredA is area measure onD.
It is clear thatL2,α(T) is a Hilbert space with the following inner product:

〈f, g〉α =
∞∑

k=−∞

(|k|+ 1)αak bk,

where

f(z) =
∞∑

k=−∞

akz
k, g(z) =

∞∑
k=−∞

bkz
k,

are elements inL2,α(T). The coefficients{ak} associated with an element
f ∈ L2,α(T) will be called the Fourier coefficients off . From now on
elements ofL2,α(T) will be called functions as well.

Let H2,α(T) denote the closed subspace ofL2,α(T) consisting of func-
tions whose Fourier coefficients{ak} satisfyak = 0 for all k < 0. In-
tuitively, H2,α(T) is the subspace ofL2,α(T) consisting of “analytic func-
tions”. Obviously,H2,α(T) is a closed subspace ofL2,α(T).

Let
Pα : L2,α(T) → H2,α(T)
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denote the orthogonal projection. Given a symbol functionϕ ∈ L2,α(T) we
define two operators

Tϕ : H2,α(T) → H2,α(T)

and
Hϕ : H2,α(T) → L2,α(T)

as follows:

Tϕ(f) = Pα(ϕf), Hϕ(f) = (I − Pα)(ϕf),

whereI is the identity operator onL2,α(T).
These operators will be called Toeplitz and Hankel operators respectively,

and they are at least densely defined. For example, iff is a finite power
series, then bothTϕ(f) andHϕ(f) are well defined. It is easy to see that
the set of all finite power series is dense inL2,α(T), and the set of all finite
analytic power series is dense inH2,α(T).

A natural and fundamental problem is to determine the symbol functions
ϕ such that the operatorsTϕ and/orHϕ are bounded or compact. Before we
turn out attention to the polydisk, we mention two elementary examples be-
low and will cite two known results concerning the boundedness of Toeplitz
and Hankel operators onH2,α(T).

First, if ϕ itself has a finite power series, then it is easy to check that
both Tϕ andHϕ are bounded. Actually,Hϕ is compact in this case; see
Corollary 9. Second, ifϕ ∈ H2,α(T), thenHϕ = 0, and so is bounded. On
the other hand, ifHϕ = 0, then

Hϕ(1) = ϕ− Pα(ϕ) = 0,

so thatϕ = Pα(ϕ) belongs toH2,α(T). ThusHϕ = 0 if and only if ϕ ∈
H2,α(T).

It turns out that the most interesting case is when0 < α < 1. In this case,
the spacesH2,α(T) are between the Hardy spaceH2(T) and the classical
Dirichlet space, so elements inH2,α(T) are analytic functions in the unit
disk. Moreover, it is easy to see that an analytic functionf in D belongs to
H2,α(T) if and only if∫

D
|f ′(z)|2(1− |z|2)1−α dA(z) < ∞.

Such spaces are usually called Dirichlet type spaces and they have been
studied extensively in recent years. For example, closely related (but differ-
ently defined) Hankel and Toeplitz operators on Dirichlet type spaces are
studied in [7][9][11]. We warn the reader that the spaceL2,α defined here
differs in an essential way from the spaceL2,α defined in [7].

A class of spaces introduced by Wu (see [9][10][11]), the analog of
BMOA in the context of Dirichlet spaces, play an important role in all these



COMPACT HANKEL OPERATORS 9

studies. More specifically, for anyα ∈ (0, 1) let Wα denote the space of an-
alytic functionsf in D with the property that there exists a positive constant
C = Cf such that∫

D
|g(z)|2|f ′(z)|2(1− |z|2)1−α dA(z) ≤ C‖g‖2

α

for all g ∈ H2,α(T), where‖g‖α is the norm ofg in H2,α(T). In other
words, an analytic functionf in D belongs toWα if and only if the measure

dµ(z) = |f ′(z)|2(1− |z|2)1−α dA(z)

is a Carleson measure for the Dirichlet type spaceH2,α(T). Geometric
conditions in terms of a certain capacity are obtained in [8] and [12] that
characterize Carleson measures for Dirichlet type spaces. Note that our
usage of the parameterα is different from that in the papers cited above.

The following result can be found in [12]. See [13] as well.

Proposition 6. Supposeϕ ∈ H2,α(T) and0 < α < 1. Then the following
conditions are equivalent.

(a) The functionϕ is a pointwise multiplier ofH2,α(T).
(b) The Toeplitz operatorTϕ is bounded onH2,α(T).
(c) The functionϕ belongs toH∞ ∩Wα

If ϕ is analytic, then it is easy to check that our Hankel operatorHϕ is
bounded onH2,α(T) if and only if there exists a positive constantC such
that

|〈ϕ, fg〉α| ≤ C‖f‖α‖g‖α

for all analytic polynomialsf andg. It can be checked that this condition is
also equivalent to the boundedness of the small Hankel operatorhϕ defined
in [7].

For a general symbolϕ ∈ L2,α(T) we can use the projectionPα to write
ϕ = ϕ1 + ϕ2, where eachϕk ∈ H2,α(T). SinceHϕ1 = 0, the following
result follows from [7], although the definition of Hankel operators in the
two instances are completely different.

Proposition 7. Supposeϕ ∈ L2,α(T) and0 < α < 1. Then the following
conditions are equivalent.

(a) The operatorHϕ is bounded onH2,α(T).
(b) The functionPα(ϕ) is in Wα.
(c) The measure

|∂ϕ|2(1− |z|2)1−α dA(z)

is a Carleson measure forH2,α(T).



10 PATRICK AHERN, EL HASSAN YOUSSFI, AND KEHE ZHU

As a consequence, the two Hankel operatorsHϕ andHϕ are both bounded
if and only if the measure

|∇ϕ(z)|2(1− |z|2)1−α dA(z)

is a Carleson measure forH2,α(T). Similar results can be proved for the
compactness of Hankel operators using vanishing Carleson measures. We
leave the details to the interested reader.

More generally, for any fixed weight parameterα and any positive integer
n > 1, we consider the space

L2,α(Tn) = L2,α(T)⊗ · · · ⊗ L2,α(T)

and its holomorphic subspace

H2,α(Tn) = H2,α(T)⊗ · · · ⊗H2,α(T).

For simplicity of notation letP = Pα,n denote the orthogonal projection

P : L2,α(Tn) → H2,α(Tn).

Given a symbol functionϕ ∈ L2,α(Tn), we can use the projectionP to
(densely) define a Toeplitz operator

Tϕ : H2,α(Tn) → H2,α(Tn)

and a Hankel operator

Hϕ : H2,α(Tn) → L2,α(Tn)

just as before. Although we do not have a characterization of symbolsϕ
that induce bounded Hankel operators onH2,α(Tn), we can determine the
symbolsϕ that induce compact Hankel operators onH2,α(Tn) whenn > 1.

Theorem 8. Supposen > 1 andϕ ∈ L2,α(Tn). Then the following condi-
tions are equivalent.

(a) Hϕ is compact onH2,α(Tn).
(b) ϕ ∈ H2,α(Tn).
(c) Hϕ = 0.

Proof. We have already shown how to prove the equivalence of (b) and (c),
and it is trivial that (c) implies (a). So it suffices for us to show that (a)
implies (b). Since this part of the proof is similar to that of Theorem 5, we
will be a little sketchy and leave the routine details to the interested reader.

Suppose
ϕ(z) =

∑
J

aJzJ

is the Fourier expansion ofϕ, wherez ∈ Tn andJ = (j1, · · · , jn) runs over
all n-tuples of integers. The very definition ofL2,α(Tn) ensures that each
element of it has such a Fourier expansion. IfHϕ is compact onH2,α(Tn),
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then using the unitary actions induced by rotations onTn we can show that
HϕJ

is compact onH2,α(Tn), whereϕJ(z) = aJzJ is an arbitrary nonzero
term in the Fourier expansion ofϕ. The desired result then follows from the
first corollary to the proposition below. �

Proposition 9. Supposen ≥ 1 andϕ(z) = zm is a monomial (not neces-
sarily holomorphic) onTn. Then the operatorT = H∗

ϕHϕ is diagonal with
respect to the natural basis{zJ/‖zJ‖ : J ≥ 0} of H2,α(Tn). Moreover, if
the eigenvalue ofT corresponding to the eigenvectorzJ is denoted byλJ ,
thenλJ = 0 wheneverm + J ≥ 0, and

λJ =
n∏

k=1

(
|mk + jk|+ 1

jk + 1

)α

whenever some component ofm + J is negative.

Proof. We first show that the operator

T = H∗
ϕHϕ : H2,α(Tn) → H2,α(Tn)

is diagonal with respect to the natural basis ofH2,α(Tn). For any holomor-
phic monomialzJ onTn, we have

Hϕ(zJ) = zm+J − P (zm+J).

There are two cases to consider: ifm + J ≥ 0 (meaning that each of the
components of then-tuplem + J is nonnegative), then

Hϕ(zJ) = zm+J − zm+J = 0;

if at least one component ofm + J is negative, then

P (zm+J) = 0, Hϕ(zJ) = zm+J .

In particular, for any two different holomorphic monomialszJ andzJ ′ we
always have

〈Hϕ(zJ), Hϕ(zJ ′)〉 = 0.

Equivalently,〈T (zJ), zJ ′〉 = 0 wheneverJ 6= J ′. Therefore,T is a diagonal
operator with respect to the natural basis ofH2,α(Tn).

For any holomorphiczJ we write T (zJ) = λJzJ . If we take the inner
product with the vectorzJ on both sides of this equation, the result is

‖Hϕ(zJ)‖2 = λJ‖zJ‖2.

It follows thatλJ = 0 wheneverm + J ≥ 0, and

λJ =
‖zm+J‖2

‖zJ‖2
=

n∏
k=1

(
|mk + jk|+ 1

jk + 1

)α

whenever some component ofm + J is negative. �
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Corollary 10. If n > 1 andϕ(z) = zm is not holomorphic onTn, thenHϕ

is not compact onH2,α(Tn).

Proof. Without loss of generality we may assume thatm1 < 0. We consider
monomials of the formzj

2. By Proposition 9 above, the eigenvalues ofT =
H∗

ϕHϕ corresponding to the eigenvectorszj
2 are given by

λj =

[
|m2 + j|+ 1

j + 1

]α ∏
k 6=2

(|mk|+ 1)α.

Regardless of the values ofα andm, we always have

lim
j→∞

λj = 1.

This shows that the operatorT cannot be compact, because the eigenvalues
of a compact operator must converge to zero. �

Corollary 11. Supposen = 1 and ϕ(z) = zm is a monomial onT. If
m ≥ 0, thenHϕ = 0; if m < 0, thenHϕ is a finite rank operator whose
rank equals|m|.

Once again, we mention that for generalα andn > 1, we do not have
a characterization of symbolsf ∈ L2,α(Tn) such thatHf is bounded on
H2,α(Tn).
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RUE F-JOLIOT-CURIE, 13453 MARSEILLE CEDEX 13, FRANCE

E-mail address: youssfi@gyptis.univ-mrs.fr

ZHU: DEPARTMENT OF MATHEMATICS, STATE UNIVERSITY OF NEW YORK, AL-
BANY, NY 12222, USA

E-mail address: kzhu@math.albany.edu


