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1. COURSE DESCRIPTION

Finite-dimensional Lie algebras and Lie groups have been studied for
over a hundred years from several different points of view. Original tools
developed by S. Lie were purely analytic and geometric. In fact, Lie groups
were introduced in order to study symmetries of differential equations. A
Lie group is a differentiable manifold along with a group structure such
that the multiplication and inversion maps are smooth. Its space of left-
invariant vector fields, equipped with the bracket operation, has a Lie alge-
bra structure. Many questions in Lie theory can be studied by transferring
them to the Lie algebra, where we can use powerful tools of linear algebra.

In this course, we study Lie algebras from a purely algebraic point of
view, working primarily with finite-dimensional Lie algebras over an alge-
braically closed field. The aim of the course is to explore the structure of
finite-dimensional simple Lie algebras (e.g.. Lie algebras of n× n matrices
of trace zero) and to study their representations. More precisely, we will
cover the following topics:

• Basic concepts (linear algebra, modules and representations)
• Solvable and nilpotent Lie algebras
• Universal enveloping algebra
• Semisimple Lie algebras, root systems
• Highest weight theory, Category O
• Weyl Character Formula, Bernstein-Gelfand-Gelfand resolution
• (time permitting) Affine Kac-Moody Lie algebras

Lie algebras (and Lie groups) have many important applications in var-
ious branches of mathematics including: differential geometry and topol-
ogy, symmetries of differential equations, mathematical physics, number
theory, operator theory, and modern combinatorics. We shall see applica-
tions in each of these fields.

Literature:
(i) R. Carter, Lie Algebras of Finite and Affine Type (Cambridge Studies in
Advanced Mathematics), 2005.
(ii) J. Humphreys, Introduction to Lie algebras and representation theory, Vol.
9. Springer Science & Business Media, 2012.

Prerequisites: graduate abstract algebra, some exposure to representa-
tion theory (optional).

Grading: Homework (80%) and in-class participation/attendance (20%).
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