
AECO601 Macroeconomics I: Mid-Term Exam Fall 2020
You have 2 hours to return pdf’s of your handwritten answers. If you don’t have a tablet use paper and

scan. If you don’t have a scanner use a phone to photograph it. Make sure it is readable and all of the
answer is visible. You must work alone. You can use information from any source (class notes etc.) except
another person. Email the anser to me be 11:00am (Friday October 30th).

Overlapping generations with inside money differential land ownership

Time: discrete, infinite horizon, t = 1, 2, 3...

Demography: A mass Nt ≡ N0(1 + n)t of newborns enter in every period. Everyone lives for 2
periods, youth and old age except for the first generation of old people who live for period 1
only (in old age). Within the population there are two types of individual A and B who differ
according to their ownership of land. The share of Type A, land owners, in each generation
is φ. So the share of Type B in each generation is 1− φ.

Preferences: for the two-period lived generations born in and after period 1:

Ut(c
i
1,t, c

i
2,t+1) = u(ci1,t) + βu(c

i
2,t+1) i = A,B

where cis,t is consumption in period t and stage s of life for type i = A,B individuals. For the
initial old generation Ũ(ci2,1) = u(ci2,1) for i = A,B. The function u(.) is increasing , strictly
concave, limc→0 u′(c) =∞, and limc→∞ u′(c) = 0.

Endowments: Both Type A and Type B households get endowment e in their first period of
life only. Type A individuals also have have access to a technology called "land". With land
you put an amount of your current consumption goods, say x, into it (think of seeds) and
get back g(x) next period. Every generation of Type A households are born with access
to the same technology, g(.). The function g(.) is increasing, strictly concave, has g(0) = 0,
limx→0 g′(x) =∞, and limx→∞ g′(x) = 0.

Information: There is complete information with perfect foresight.

Solution concepts: We will look at the Planner’s problem and at competitive equilibrium with
inside money. For the competitive equilibrium, in each period there is a market for the
consumption good in terms of inside money (IOUs that are contracts to repay Rt+1 units of
the consumption good in period t+ 1 for every unit received in period t).

i. Write out and solve the Planner’s problem on the basis that She treats all generations and
households equally. Note: because the social welfare function sums the utility of all households
Type A’s utility will be weighted by φ and Type B’s by (1− φ).

max
{cA1,t,cA2,t,cB1,t,cB2,t,xt+1}∞t=1

φu(cA2,1)+(1−φ)u(cB2,1)
∞∑
t=1

φ
[
u(cA1,t) + βu(c

A
2,t+1)

]
+(1−φ)

[
u(cB1,t) + βu(c

B
2,t+1)

]
s.t. (1+n)e+φg(xt) = (1+n)φc

A
1,t+(1+n)(1−φ)cB1,t+φcA2,t+(1−φ)cB2,t+(1+n)φxt+1

Form the Lagrangian with λt as the co-state variable on the period t constraint, then:
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FOC’s:

cA2,1 : φu′(cA2,1) = φλ1

cB2,1 : (1− φ)u′(cB2,1) = (1− φ)λ1
cA1,t : φu′(cA1,t) = φλt(1 + n)

cB1,t : (1− φ)u′(cA1,t) = (1− φ)λt(1 + n)
cA2,t : φβu′(cA2,t) = φλt t ≥ 2
cB1,t : (1− φ)βu′(cA2,t) = (1− φ)λt t ≥ 2
xt : λtφg

′(xt) = λt−1φ(1 + n) t ≥ 2

Eliminating the co-state variables we get

u′(cA1,t) = βu′(cA2,t)(1 + n)

u′(cB1,t) = βu′(cB2,t)(1 + n)

ii. For the competitive equilibrium, write out and solve the problem faced by the members of
generation t. Use sit+1, for the savings in terms of inside money carried out in period t for
each type, i = A,B and use xt+1 for savings in terms of seeds as an input to g(.).

Type A: Budget constraints are

cA1,t = e− sAt+1 − xt+1
cA2,t+1 = Rt+1s

A
t+1 + g(xt+1)

Problem becomes:

max
sAt+1,xt+1

u(e− sAt+1 − xt+1) + βu(Rt+1sAt+1 + g(xt+1))

FOC:

sAt+1 : u′(cA1,t) = βu′(cA2,t+1)Rt+1

xt+1 : u′(cA1,t) = βu′(cA2,t+1)g
′(xt+1)

Type B: Budget constraints are

cB1,t = e− sBt+1
cB2,t+1 = Rt+1s

B
t+1

Problem becomes:
max
sBt+1

u(e− sBt+1) + βu(Rt+1sBt+1)

FOC:
sBt+1 : u′(cB1,t) = βu′(cB2,t+1)Rt+1

iii. Write down the market clearing conditions and define a competitive equilibrium.
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Goods: (1 + n)e+ φg(xt) =

(1 + n)φcA1,t + (1 + n)(1− φ)cB1,t + φcA2,t + (1− φ)cB2,t + (1 + n)φxt+1

Inside money: φsAt+1 + (1− φ)sBt+1 = 0

Definition: A competitive equilibrium is a allocation,
{
cA1,t, c

A
2,t, c

B
1,t, c

B
2,t, xt+1, s

B
t+1, s

A
t+1

}
and

sequence of prices, {Rt+1} such that: (i) given prices, the allocation solves the households’
problems (ii) markets clear

iv. Obtain a characterization of equilibrium as 2 equations in sAt+1, xt+1.

Substituting cA1,t, c
B
1,t, c

A
2,t+1, c

B
2,t+1 and s

B
t+1 out of the households’first-order conditions using

the budget constraints and inside money market clearing condition yields

u′(e− sAt+1 − xt+1) = βu′(Rt+1s
A
t+1 + g(xt+1))Rt+1

u′(e− sAt+1 − xt+1) = βu′(Rt+1s
A
t+1 + g(xt+1))g

′(xt+1)

u′(e− sBt+1) = βu′(Rt+1s
B
t+1)Rt+1.

Then as Rt+1 = g′(xt+1) we have

u′(e− sAt+1 − xt+1) = βu′(g′(xt+1)s
A
t+1 + g(xt+1))g

′(xt+1)

u′(e+ φ
1−φs

A
t+1) = βu′(− φ

1−φg
′(xt+1)s

A
t+1)g

′(xt+1).

v. Impose steady state and obtain a condition on g′(x) for which the competitive equilibrium
will be Pareto Optimal.

From the Planner’s solution in steady state we have g′(xp) = 1+ n where xp is the Planner’s
optimal steady-state seed planting. If the steady-state competitive equilibrium level of seed
planting is bigger than xp then the equilibrium will not be effi cient. Someone could eat more
in youth, not plant so much of their youth income in terms of seeds and make every one better
off. So the condition for the steady-state C.E. to be P.O. is g′(xp) ≥ 1 + n.

vi. Now let u(c) = ln(c). Obtain an expression for sA and sB in terms of model parameters.

We get

sB =
βe

1 + β
, sA = −(1− φ)βe

φ(1 + β)

vii. Can sA be larger than e (in absolute value)? Explain your answer.

Yes. The Type B households can only save by buying IOU’s from the Type A households. If
there are a lot of type B households (i.e. φ is small) the Type A households end up planting a
lot of seeds on behalf of many Type B households. They can issue more debt than their first
period income. Interestingly with log utility the Type B households save the same amount
regardless of φ. But their return, Rt+1 = g′(xt+1), will fall as φ falls and the Type As plant
more and more seeds. The type A households do very nicely out of this the Type Bs not so
well.
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