TMAT/AMAT 118 Practice Midterm 2

Name:

1. Given a function f: R — R and a € R, what does it mean for f to be
continuous at a?
Answer: It means that lim,_,, f(z) = f(a).

2. Let

Fla) = {1/33 ifr <3,

3x if x > 3.

At which points is f not continuous?
Answer: z =0 and z = 3.

3. Suppose f is continuous at a, and

lim f(z)=c.

r—at

What is f(a)?
Answer: f(a) = ¢, because f(a) = lim,_, f(x) = lim,_,+ f(z) =c.

4. Give the definition of the derivative of a function f at a point a, in two
different ways.
Answer:

) — tn 12 = 1)

T—a T —a h—0 h



5. Using the definition of the derivative and basic properties of limits, prove that
if f and g are both differentiable at a, then

(f+9)(a) = f'(a) + ¢'(a).
Answer:

(f(x) + g(x)) = (f(a) + g(a))

(f +9)(a) = lim

i [0 =@ 9(@) = sla)
~ lim f(z) : f(a) + lim 9(z) :9(“)
= f'(a) + ¢'(a).

6. Compute the derivative of f(z) = y/z directly from the definition of the
derivative. Do not use the power rule.

Answer:
= lim Ve —va

r—a T —a

V=@ T+

7;% Tr—a \/54—\/&
= lim ra
a=a (z —a)(VZ + Va)
P
m%a\/f—‘,—\/a
1

2/a’

7. Complete the following to give the product rule for derivatives: If f and g are
both functions which are differentiable everywhere, then (fg)' = ________.

Answer: (fg)' =gf' + fg'.

8. Find the first and second derivatives of f(z) = 323 + 222 + z.
Answer: f'(z) =922 +4x + 1, f’(z) = 18z + 4.

9. For f(x) as in the previous problem, find the slope of the tangent line to the
curve y = f(x) at (1,6).
Answer: The slope is f/(1) = 14.



10. What is the second derivative of f(z) = cosx?
Answer: f'(z) = —sinz, so f”(z) = —cosx.

11. What is the tenth derivative of f(z) = sinxz?

Answer: To solve this, note that the second derivative of sinz is -sin x.
Therefore, the fourth derivative of sinx is sinx. Thus, the (4k + 5)*" derivative of
sinx is equal to the j** derivative. Taking k = j = 2, we find that the 10th
derivative of sin z is equal to the second derivative of sinz. Thus the answer is
—sinz.

12. Complete the following to give the chain rule: If g is differentiable at @ and f
is differentiable at g(a), then (fog)'(a) = ..

Answer: (fog)'(a) = f'(g(a))g'(a).

13. What are the first and second derivatives of f(x) = tanx ?
Answer:

1
cos? x

= cos 2(z).

F(@) = sec*(x) =
Applying the chain rule and the power rule, we have that

2sinx 9
= 2tan x sec” x.

() = (=2)(cos 3 z)(—sinz) =

cos3 x

14. What is the derivative of f(z) = e5in32?
Answer: First compute: %[sin 3x] = 3cos 3z, by the chain rule. Then by the
chain rule again,

o d .
f(x) = es3” - [sin 3z] = 3537 cos 3.

15. What is the derivative of f(z) = (Inz)3?
Answer: Use the chain rule: f’(z) = 3(Inxz)?/x.

16. What is the derivative of f(z) = logg z?
Answer: For this question, I just want you to know the formula and use it:

f'(@) = 73



17. What is the derivative of f(z) = 2(=)?
Answer: use the chain rule and formula for derivatives of logarithmic
functions. f/(z) =5n2- 2" z4,

18. Find the derivative of a function y = f(x) defined implicitly by z? + 4y = 4.
Answer:

d 2 d 2
il Z (42 =
@) + o (4y?) =0
d
22+ 8y =0
dx
dy _ -z
de 4y’

19. What is the derivative of 25 3*? HINT: Use logarithmic differentiation.
Answer:

sin 3z

y=uw
Iny =sin3zlnz
1dy sin 3z

——= =3Ilnxzcos3x + .
y dx x

Multiplying both sides by y and plugging in y = 3% we find that

d ) .
S _ gsinse (3Inzcos 3z + sin 3z
dx

).



20. What is the derivative of (sin x)®**?
Answer: The solution strategy is similar to the last problem:

y = (sinx)°"*
Iny = coszIn(sinz)
1 dy coszT

= —sinzIn(sinx) + cos z—
Y dz sinx

= cosz cot x — sinzx In(sin x).
Multiplying both sides by y and plugging in (sin )%, we find that
dy

e (sinx)***®(cos z cot & — sinz In(sin x)).
T

21. Suppose the distance in miles traveled by a car after ¢ hours is given by
r(t) = 3t + v/t. Find expressions for the velocity v(t) and acceleration a(t) of the
car at time t.

Answer:

o(t) =1'(t) = 3+#

a(t) =r"(t) = v'(t)

22. Suppose I drop a ball from the top of a 200m tower. What is the velocity of
the ball just before it hits the ground? What is the acceleration? You may
assume that the distance r(t) in meters that the ball has dropped after ¢ seconds
is given by r(t) = 4.9¢2.

Answer: The time ¢¢ at which the ball hits the ground is the positive solution

_ 2 _ 10V/2
to 200 = 4.9t°. So ty = Vo

v(t) = 9.8t m/s, so a(t) = 9.8 m/s>.
Thus v(tf) = 20v/9.8 m/s and a(tf) = 9.8 m/s>.



