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Motivation 

• Many complex systems in nature and society can be 
described in terms of networks capturing the 
intricate web of connections 

– Identifying the building blocks (sub-groups /community) 
of the networks is crucial to the understanding of the 
structural and functional properties of networks. 

– Existing deterministic methods: discover disjoint 
communities. 

– However, most of the actual networks are made of highly 
overlapping and nested cohesive groups of nodes 



Disjoint Communities 

 



Overlapping Communities –  
Real networks 

 



Expected requirements for identifying 
communities 

• It cannot be too restrictive 

• It should be based on the density of links 

• It is required to be local 

• It should not yield any cut-node or cut-link 

• It should allow overlaps 



Definition of “Community” 

• There is no widely accepted definition of 
“community”. 

• Observation: A community consists of several 
complete subgraphs that tend to share many of 
their nodes. 

• Definition: A community is a union of all k-cliques 
that can be reached from each other through a 
series of adjacent k-cliques (adjacent means 
sharing k-1 nodes). 
– Members of a community can be reached through 

well-connected subsets of nodes. 
– Decreasing k would relax this definition. 



Example: k=4 

• The yellow 4-clique 
and the green one 
belong to the same 
community 



Demonstration 

• Three social networks 
– Scientific collaborators 

– Word associations 

– Protein interaction 

• Binary network: non-directional, dichotomized 
network (cut-off value: w*). 

• Adjust w* and k (typically between 3 and 6) to 
observe the resulting community structure 
– Goal: Finding a community structure that is as highly 

structured as possible 

 



Demonstration 

• Three social networks 
– Scientific collaborators  

• Each co-authored article contribute a value 1/(n-1) to the 
weight of the link between every pair of its n authors 

• K=6; w*=0.75 

– Word associations 
• The weight between each pair of words is the frequency that 

respondents associate them  

• K=4; w*=0.025 

– Protein interaction network 
• K=4 

 



Demonstration 

 



Cumulative distribution of community 
measurements: 

Size, Degree, Overlap size, Membership number 



Properties of communities in the three 
networks 
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Blockmodeling 

• Identifying structural patterns, determined by 
attributes possessed by actors, in a network. 

• It is unclear which attributes influence the 
relationship patterns. 

• These attributes may not have been measured 

Posteriori blockmodeling 



Purpose of this study 

• Propose a statistical approach (implemented in 
Stoknet) to a posteriori blockmodeling for 
digraphs and values digraphs 
– Vertices of the digraph are partitioned into several 

unobserved classes (subgroups). 
– The probability distribution of the relation between 

two vertices depends only on the classes to which 
they belong 

– The relations are independent conditionally on theses 
classes 

• Works well for graphs of up to at least 100 
vertices 



Stochastic blockmodeling 

• Based on observed relational structure  
Y= (yij) 1≤i≠j ≤n, identifying the attribute vector 

X=(x1, x2, … xn) that determines it. 

• The probability distribution of the relation yij 
depends on i and j through their attributes xi 
and xj. 

• xi in this article means the class/color/position 
of the vertex i 



Stochastic blockmodeling 

• The actors belonging to the same class C are 
called stochastically equivalent in the sense 
that the probabilities of the relationships with 
all other actors are the same for all actors in 
the same class. 



Proposed Approach 

• Relations can be directed 
• The vector of attribute X specifying the class 

structure is considered to be unobserved (latent). 
– Conditional on the vector X, the authors model Y 

through stochastic blockmodeling 

• Relations can have an arbitrary set of possible 
values 

• The number of classes is arbitrary 
• Different from some previous stochastic 

blockmodeling approaches that are based on p1 
model 



The proposed approach can model 
various kinds of graphs 

 



Proposed Approach 

• In this article the authors consider a set N of 
ordered pairs of vertices, with the vertices 
belonging to c class/colors and with a 
relational structure where the pair of relations 
from i to j and from j to i takes values in a 
finite A. 

• N, C, and A are fixed and the relational 
structure (y, x) is stochastic, in which y is 
observed and x is latent. 



Proposed Approach 

• Goal: 

 

 

 



 



Example: Kapferer’s tailor shop 

• n: 39 workers 

• Two types of relationships: 

– Work-related (non-directional) 

– Friendship (directed) 



Posterior (Observed) relations 

• Possible relations from one vertex to another: 

 

 

 

• 8 possible dyadic relations 



Posterior (Observed) relations 

 



Measuring the adequacy of the 
obtained class structure 

• Iy: The structure is more satisfactory when this 
parameter is smaller 

• Hx: If Hx is small, then it is relatively clear for 
every pair of vertices whether the vertices are 
in the same classer different class 



 



Probabilities of relations across classes 
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Basic Concepts  

 Complex systems described as networks with 
complexity 

 - composed of nonidentical elements with diverse and 
nonlocal interactions 

 -  especially when its characteristics cannot be 
predicted priorly.  

 

 Networks consists of  two main components;  

 - Vertices: the elements of the system 

 - Edges: the Interactions between vertices 

 

 

 



In neuroscience, vertices are the nerve cells and the 

edges are axons. 

 

  



In social science, the vertices are individuals or 

organizations and the edges are the social interactions 

between them. (e.g., friendship, information flow, and 

etc.) 

  



Scale-Free Power-Law Distribution 

 Large networks have a common feature of “scale-free 

power-law distribution.” 

 

 This feature is generated by two generic mechanisms: 

 - Growth: networks expand continuously by the 

addition of new vertices.    

 -  Preferential Attachment: new vertices attach 

preferentially to sites that are already well-connected.  



Scale-Free Power-Law Distribution 

 Mathematical Explanation 

 

          P(k) ~ k-γ , 

 

 - Scale-free: the distribution of local connectivity of 
large-scale networks is free of scale, following a power 
law for large k with an exponent γ  between 2.1 and 4. 

 

 - Power-law: the probability that any node was connected 
to k other nodes is proportional to 1/kn ;the value of n for 
incoming link is approximately 2.  

 

 



Scale-Free Power-Law Distribution 

 Expressed in words, 

 

 - Scale-free: some vertices (hubs) have a seemingly unlimited 
number of links and no node is typical of the others. 

 

 - Power-law: a new node is twice as likely to link to an 
existing node that has twice as many connections as its 
neighbor.  

 

    * why n=2, not 3 or 4? If the mechanism is faster than linear 
(for example, a new node is four times as likely to link to an 
existing node that has twice as many connections), the network 
is trapped in “winner take all” scenarios.   

 

 



Scale-Free Power-Law Distribution 

 Expressed by an image, 

 

  

 

Green: new vertex  

Red: existing vertices 



Random Distribution: ER theory and SW theory 

 Erdos and Renvi (ER) model 

 

   P(k) = e-λλk/k!  where,  

 

 Watts and Strogatz (WS) model:   

 

 
 

Following a Poisson  distribution: bell-shaped 
distribution 

Assuming 1) the fixed number of vertices (N) and 2) 
random and uniform connection of two vertices 

 

 

 

 



Scale-Free Power-Law Distribution  

                                           vs Random Distribution  

- Random networks, which resemble the U.S, highway system, consist of 

nodes with randomly placed connections. In such systems, a plot of the 

distribution of node linkages will follow a bell-shaped curve, with most nodes 

having approximately the same number of links.  

- In contrast, scale-free networks, which resemble the U.S. airline system, 

contain hub nodes (red) with a very high number of links. In such networks, 

the distribution of node linkages follows a power law in that most nodes have 

just a few connections and some have a tremendous number of links. In that 

sense, the system has NO scale.  

 



Scale-Free Power-Law Distribution  

                                           vs Random Distribution  



Scale-Free Power-Law Distribution  

                                           vs Random Distribution  

 “Interestingly, one of the largest hubs in the 

mathematics community is Erdos himself, who 

wrote more than 1,400 papers with no fewer 

than 500 co-authors (Barabasi and Bonabeau, 

2003, p. 54)” 



Characteristics of Scale-Free Power-Law Distribution  

 Nodes are not constant in networks.  

 All nodes are not equal; the richer get richer. 

 

  Amazing robustness against accidental failures; 
random removal of nodes will take out mainly the 
small ones. 
 

But, vulnerability to attacks; due to a high reliance on 
hubs, the removal of just a few key hubs can splinter 
the system into tiny group of hopelessly isolated 
small nodes.  



Characteristics of Scale-Free Power-Law Distribution  



Potential Implications and Limitations 

                               of the Scale-Free Power-Law Model 

 Implications 

 - Practically, how to build computer networks with scale-
free architectures that are highly resistant to accidental 
failure; how to maximize effectiveness of marketing 
strategies for new product with limited resources.    

 

 - Theoretically, regarding blockmodeling,   

 1) Society is fragmented into clusters of individuals 
having similar characteristics (e.g., income or interests) 

 2) Such tightly interlinked clusters of nodes are connected 
into larger, less cohesive groups.   



Potential Implications and Limitations 

                               of the Scale-Free Power-Law Model 

 Limitations 

  

 - Numerous exceptions exist. (e.g., the highway system and power 
grid in the U.S.)  

 

 - Other significant parameters merit attention, too.  

 

 e.g., the diameter or path length of a network;  

             the costs of creating and maintaining a link to a given node;  

             the power of kinship; and 

         considering not just the number of connections a person has  
but also the frequency and duration of contact for those links 

 

 - Scale-Free Power-Law model ignores the details of individual 
links and nodes in a complex network 
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Introduction 

 The extensive use of  SNA in natural and social sciences 

 

 Many deterministic and probabilistic clustering methods seek 
specific structures in networks 

 ; the analysis of affiliation networks.  

 

 Partitioning  the vertices into disjoint clusters ignores the reality 
in which a lot of objects typically belong to multiple groups or 
communities  

 

  On the other hand, a set of clustering techniques look for 
“disassortative mixing” in which vertices mostly connect to vertices 
of different classes 

 ; the analysis of bipartite networks.    

 

 

 

 



Clustering Models for Mixing Structure  

 Stochastic Block Model (SBM) e.g., Nowicki and Snijders (2001)  

 Assumes that each vertex belongs to a latent class among Q classes. 

 Uses a Q×Q connectivity matrix Π to describe the connection 

probability  

 No assumption on Π allows a very flexible model 

 

 An algorithmic approach based on small complete sub-graphs  e.g., Palla et 

al. (2005) 

 Defines A k-clique community as a union of all k-cliques. 

 Locates all cliques first and then identifies the communities using a 

clique-clique overlap matrix.  

 Suggests a global criterion which looks for a community structure as 

highy connected as possible, in order to select the optimal value of k.   

 

 

 



Clustering Models for Mixing Structure  

 Mixed Membership Stochastic Block model (MMSB) 
e.g., Airoldi et al. (2008) 

 Capture partial membership in the form of attribute-specific 

mixtures by using variational techniques.  

 Use a Q×Q matrix of connection probabilities similar to the Π 

matrix in SBM. 

 Depending on its relations with other vertices, each vertex can 

belong to different classes. 

 However, a single pair of ties between vertex i and j is not 

affected by all the other class memberships of  i and j toward 

other vertices in the network.  

 
 

 

 



Overlapping Stochastic Block Model (OSBM) 

 Allow each vertex to belong to multiple classes.  

 A latent vector Zi can have all its components set to 

zero 
 

 

 

 Vertex i and j have their own Q-dimensional real 

vectors 
 

 



Overlapping Stochastic Block Model (OSBM) 

 U is a Q-dimensional real vector of vertex i 

; the overall capacity of i to connect to other vertices 

 

 V is a Q-dimensional real vector of vertex j  

; the global tendency of j to receive an edge 

 

U and V are related to the sender/receiver effects in 

the Latent Cluster Random Effects Model (UCREM) 



Overlapping Stochastic Block Model (OSBM) 



Overlapping Stochastic Block Model (OSBM) 

 

 

 
 

 



Experiments_Simulations 



Experiments_Simulations 

 OSBM is more flexible and can take the random nature of 
the network into account.  
 The edges are assumed to be drawn randomly, and depending on 

the vertices’ connection profiles, OSBM deciphers whether or 
not they are likely to belong to the same class.  

 

 MMSB retrieves the clusters well but often misclassifies 
some of the overlaps, while SBM cannot retrieve any of 
the overlapping clusters.  

 

 Cfinder has fewer outliers than MMSB and OSBM and is 
slightly more stable when looking for overlapping 
community structures in networks.  However, it cannot 
retrieve classes with low intra connection probabilities.   

 

 
 

 



Experiments with Real Data:  

                                     French Political Blogosphere 

 Consider the French political blogosphere network; a 

subset of political blogs, generated by one day snap 

shot.  

 

 Vertices: 196 Hostnames (Blogs) 

 Edges: 2864 hyperlinks between the blogs 

 Clusters (posterior ): UMP (french “republican”), UDF (“moderate” 

party), liberal party (supporters of economic-liberalism), and 

SP(french “democrat”) ; Q=4 

  

 

 
 

 



Experiments with Real Data:  

                                     French Political Blogosphere 

 The clusters they found are highly homogeneous and 

correspond to the well-known political parties.  

 Nine overlaps; three blogs associate to UMP belong to both 

UMP and UDF. It is a expected result in that two political 

parties are known to have some relational ties. 

  

 

 

 
 

 



Experiments with Real Data:  

                                     French Political Blogosphere 

 CFinder could not uncover any k-clique community, that is, a 

union of fully connected sub-graphs of size k, containing these 

sub-clusters.  
 

 Even when they retrieved the overlaps uncovered by OSBM 

algorithm, using Cfinder, it did not classify 95 blogs.  
 

 MMSB retrieved the similar clusters as OSBM. However, 

cluster 4 is less homogeneous in MMSB than in OSBM. 
 

  SBM led the similar clusters as OSBM too. However, because 

it does not allow each vertex to belong to multiple clusters, it 

misses a lot of information in the network.  

 

 

 
 

 



Experiments with Real Data:  

        Saccharomyces Cerevisiae Transcription Network 

 Consider yeast transcriptional regulatory network 

described in Milo et al. (2002) 

 

 Vertices: 197 operons 

 Edges: 303 regulatory relationships   

 Clusters (posterior ):  6 clusters  

  

 

 
 

 



Experiments with Real Data:  

                                     French Political Blogosphere 

 Operons in bold are vertices classified in two clusters. 

The clusters they found correspond to well-known biological 

functions.  

Two sets of overlapping clusters, that is, {(cluster 2, cluster 

4), (cluster 4, cluster 6)}, are found.  

 

 

 



Experiments with Real Data:  

                                     French Political Blogosphere 

 Very poor results with CFinder; the network contains 

only one 3-clique and for k>3 no operon was 

classified.  

 

 MMSB and SMB retrieved six clusters found by 

OSBM. However, MMSB did not uncover any 

overlap in the yeast transcriptional regulatory 

network.   

 

 
 

 



Conclusion 

 OSBM is a method to retrieve overlapping clusters in 
networks, which shows stable outcomes; based on global 
and local variational techniques. 

 

 Since no assumption is made on the matrix W and vectors 
U and V used to characterize the connection probabilities, 
OSBM can take very different topological structures into 
account.  

 

 However, the issue of the development of a model 
selection criterion to estimate the number of classes 
automatically from the topology should be studied more.  
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