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Abstract

This paper develops econometric methods for inference and prediction in quantile regression
(QR) allowing for persistent predictors and possible heavy-tailed innovations. Conventional QR
econometric techniques lose their validity when predictors are highly persistent as is the case
in much of the empirical finance literature where typical predictors include variables such as
dividend-price and earnings-price ratios. I adopt and extend a recent methodology called IVX
filtering (Magdalinos and Phillips, 2009) that is designed to handle predictor variables with
various degrees of persistence. The proposed IVX-QR methods correct the distortion arising
from persistent predictors while preserving discriminatory power. The new estimator has a
mixed normal limit theory regardless of the degree of persistence in the multivariate predictors.
A new computationally attractive testing method for quantile predictability is suggested to
simplify implementation for applied work. IVX-QR inherits the robust properties of QR and
simulations confirm its substantial superiority over existing methods under thick-tailed errors.
The new methods are employed to examine predictability of US stock returns at various quantile
levels. The empirical findings confirm greater forecasting capability at quantiles away from the

median and suggest potentially improved forecast models for stock returns.
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1 Introduction

Predictive regression models are extensively used in empirical macroeconomics and finance. A
leading example is stock return regression where predictability has been a long standing puzzle.
Forward premium regressions and consumption growth regressions are other commonly occurring
forecast models that similarly present many empirical puzzles. A central econometric issue in all
these models is severe size distortion under the null arising from the presence of persistent pre-
dictors coupled with weak discriminatory power in detecting marginal levels of predictability. The
predictive mean regression literature explored and developed econometric methods for correcting
this distortion and validating inference. A recent review of this research is given in Phillips and
Lee (2012a, Section 2).

Quantile regression (QR) has emerged as a powerful tool for estimating conditional quantiles
since Koenker and Basset (1978). The method has attracted much attention in economics in view of
the importance of the entire response distribution in empirical models. Koenker (2005)’s monograph
provides an excellent overview of the field. QR methods are also attractive in predictive regression
because they enable practitioners to focus attention on the quantile structure of financial asset
return distribution and provide forecasts at each quantile. This focus permits significance testing
of predictors of individual quantiles of asset returns. Stylized facts of financial time series data such
as heavy tails and time varying volatility imply potentially greater predictability at quantiles other
than the median for financial data such as asset returns. Standard QR econometric techniques,
however, are not valid when predictors are highly persistent since predictive QR models share the
same econometric issues as their mean regression counterparts.

This paper addresses these issues by developing new methods of inference for predictive QR.
The limit theory I develop for ordinary QR with persistent regressors reveals the source of the
distortion to be greater under (i) stronger endogeneity, (ii) higher levels of persistence and (iii) more
extreme quantiles coupled with stronger tail dependence. To develop QR methods for correcting
the size distortion and conducting valid inference, I adopt a recent methodology called IVX filtering
developed in Magdalinos and Phillips (2009b). The idea of IVX filtering is to generate an instrument
of intermediate persistence by filtering a persistent and possibly endogenous regressor. The new
filtered IV succeeds in correcting size distortion arising from many different forms of predictor
persistence while maintaining good discriminatory power in conventional regression settings. I
extend the IVX filter idea to the QR framework and propose a new approach to inference which
we call IVX-QR.

The proposed IVX-QR estimator has an asymptotically mixed normal distribution in the pres-
ence of multiple persistent predictors. A computationally attractive testing method for quantile
predictability is developed to simplify implementation for applied work. Employing the new meth-
ods, I examine the empirical predictability of monthly stock returns in the S&P 500 index at various
quantile levels. In regressions with commonly used persistent predictors I find several quantile spe-
cific significant predictors. In particular, over the period of 1927-2005, significant evidence that

dividend-price and dividend-payout ratios have predictive ability for lower quantiles of stock returns



is provided by our quantile IVX regressions, while T-bill rate and default yields show predictive
ability over upper quantiles of subsequent returns. The book-to-market value ratio is shown to pre-
dict both lower and upper quantiles of stock returns during the same period. Notably, predictability
appears to be enhanced by using combinations of persistent predictors. IVX-QR corrections ensure
that the quantile predictability results are not spurious even in the presence of multiple persistent
predictors, suggesting the possibility of improved forecast models for stock returns. For example,
the combination of dividend-price ratio and T-bill rate, or the latter with book-to-market ratio are
shown to predict almost all stock return quantiles considered over the 1927-2005 period. The fore-
casting capability of the combination of book-to-market ratio and T-bill rate even remains strong
in the post-1952 data.

Closely related to this paper are recent studies that have investigated inference in QR with
financial time series. Xiao (2009) developed limit theory of QR in the presence of unit root regressors
and developed fully-modified methods based on Phillips and Hansen (1990). Cenesizoglu and
Timmermann (2008) introduced the predictive QR framework and found that commonly used
predictor variables affect lower, central and upper quantiles of stock returns differently. Maynard
et al. (2011) examined the issue of persistent regressor in predictive QR by extending the limit
theory of Xiao (2009) to a near-integrated regressor case. The last two papers can be classified into
predictive QR literature since they focused on the prediction of stock return quantiles from lagged
financial variables.

The new IVX-QR methods developed in this paper contribute to the predictive QR literature in
several aspects. First, the methods are uniformly valid over the most extensive range of predictor
persistence ever studied, from stationary predictors through to mildly explosive predictors. This
coverage conveniently encompasses existing results for unit root (Xiao, 2009) and near unit root
(Maynard et al., 2011) predictor cases. The uniform validity of the new methods allows for possible
misspecification in predictor persistence. Since the degree of persistence is always imprecisely
determined in practical work, uniformity is a significant empirical advantage. Second, the IVX-QR
methods validate inference under multiple persistent predictors while existing methods control test
size with a single persistent predictor. This feature improves realism in applied work and provides
potentially better forecast models since there are a variety of persistent predictors. Third, the
new method corrects size distortion while preserving substantial local power. This advantage is
critical in finding marginal levels of predictability in predictive QR with the desired size correction.
IVX-QR also maintains the inherent benefits of QR such as markedly superior performance under
thick-tailed errors and the capability of testing predictability at various quantile levels. All these
features make the technique well suited to empirical applications in finance and macroeconomics.

The paper is organized as follows. Section 2 introduces the model and extends the limit theory
of ordinary QR. Section 3 develops the new IVX-QR methods. Section 4 contains simulation results
and Section 5 illustrates the empirical examples. Section 6 concludes, while lemmas, proofs and

further technical arguments are given in the Appendix.



2 Model Framework and Existing Problems

2.1 Model and Assumptions

I first discuss the predictive mean regression model and then explain the predictive QR model. The

standard predictive mean regression model is

vt = By + Bizi—1 + uor with E (uoe| Fr—1) = 0, (2.1)

where (; is a K x 1 vector, F; is a natural filtration. A vector of predictors z;_; has the following

autoregressive form

xt = RpTi—1+ ug, (2.2)
C
R, = Ix+ —, for some a > 0,
na
where n is the sample size and C = diag (c1,ca,...,cx) represents persistence in the multiple

predictors of unknown degree. I allow for more general degrees of persistence in the predictors than

the existing literature. In particular, x; can belong to any of the following persistence categories:
(I0) stationary: a =0 and |1+ ¢;| < 1, Vi,

(MI) mildly integrated: o € (0,1) and ¢; € (—00,0), Vi,
(I1) local to unity and unit root: o =1 and ¢; € (—o0, x0), Vi,

(ME) mildly explosive: a € (0,1) and ¢; € (0,00), Vi.

For parsimonious characterization of the parameter space the (I1) specification above includes
both conventional integrated (C' = 0) and local to unity (C' € (—o0,00), C' # 0) specifications. The
innovation structure allows for linear process dependence for u,; and imposes a martingale difference

sequence (mds) condition for ug; following convention in the predictive regression literature:

uot mds (0, Eoo) s (2.3)
o0
Uyt = ZFﬁjgt*ja gt ~ mds (07 E)’ >0, F ||€1||2+l/ < oo, v >0,
j=0
0 e ) o
Foo = I, Y j|Fall <00, Folz) =D Fyjed and Fo(1) = Fyj >0,
=0 =0 =0
oo
Qo = D E(uartty ) = F(DEF(1)'.
h=—00

Under these conditions, the usual functional limit law holds (Phillips and Solo, 1992):

[ns| [ns|
1 1 Uoj Bon(8> B()(S) 200 EQJ;
- e = > = BM y 24
ﬁ; " ﬁg [ u] Bon(s) Ba(s a0 Qoo .



where B = (B}, B.,) is vector Brownian motion (BM). In this instance, the local to unity limit
law for case (I1) also holds (Phillips, 1987):

Zpr |
Jn

is Ornstein-Uhlenbeck (OU) process.

I now introduce a linear predictive QR model. Given the natural filtration F; = o{u; =

!/
<u0j, ufw> , J < t}, the predictive QR model is

= Jo(r), where J5(r) :/ e =)CAB, (s) (2.5)
0

Qy, (T|1Fi-1) = Bor + B1 21 (2.6)

where @y, (T|F;—1) is a conditional quantile of y; given the information F;_;
Pr(yr < Qy, (7|Ft-1) [Fr-1) =7 € (0,1). (2.7)

The model may be considered a generalization of the predictive regression model , as it
analyzes other quantile predictability as well as the central quantile of 3. Under the assumption
of symmetrically distributed errors, with 7 = 0.5 reduces to since Qy, (0.5|/F—1) =
E (y¢|Fi—1). Letting the QR innovation uosr := ys — Qy, (7|Fi—1) = ys — Bo.» — 51 ,%+—1, one obtains

yr = Bor+ B Te-1+ uotr (2.8)
= 5/7Xt—1 + Uotr,

where X;—; = (1,2}_,)’, and
Quy. (T1Fi-1) =0 (2.9)

from (2.7). In fact, (2.9) is the only moment condition so innovation with infinite mean or variance
is allowedl] The robustness of QR to thick-tailed errors enables better econometric inference than

mean regression for financial applications using heavy-tailed data. To see the relation of (2.1)) and
1’ recenter the innovation of l) as ugtr = UGt — F%l (1), then 1D follows, and

Yt = Bor + Blae—1 + uoer and By, = By + Fit (1),

which is the construction of Xiao (2009).
By defining a piecewise derivative of the loss function in the QR ¢, (u) = 7 — 1 (u < 0) (see

below), it is easy to show the QR “induced” innovation . (ugir) ~ mds (0,7 (1 — 7)), and the

'The functional CLT in holds under the finite second moment condition as in 7 and we will need a-
stable limit laws for infinite mean/variance innovation cases. To stay focused, I only consider limit theory with finite
variance innovations here but IVX-QR limit theory can be extended to the case of infinite mean/variance innovations,
as we will show in later work. The self-normalized IVX-QR estimator shows extremely good normal approximations
under infinite mean/variance errors in the simulation section.



following functional law holds

p ¥, (uotr) By_(r)
le ]:‘[BM

This functional law drives the main asymptotics below.

= BM (2.10)

Some regularity assumptions on the conditional density of ug. are imposed.

Assumption 2.1 (i) The sequence of stationary conditional pdf {fuy,, t—1 (-)} evaluated at zero
satisfies a FCLT with a non-degenerate mean fy, (0) = E [fuy,, +—1 (0)] > 0,

[nr]
7= 3 Uonto1 (0) = fuo, (0) = By, (1),
t=1

(i1) For each t and T € (0,1), fup,, t—1 s bounded above with probability one around zero, i.e.,

| fuorr -1 (€)] < 00 w.p.1
where € can be arbitrarily close to zero.

Remark 2.1 Assumption 2.1-(i) is not restrictive considering that an mds structure is commonly
imposed on ug; (hence ug: ) in the predictive regression literature. Assumption 2.1-(ii) is a standard
technical condition used in the QR literature, enabling expansion of not everywhere differentiable

objective functions after smoothing with the conditional pdf fuq,. t—1-

2.2 Limit Theory Extension of Nonstationary Quantile Regression

This subsection extends the existing limit theory of ordinary QR. This extension is of some inde-
pendent interest and is useful in revealing the source of the problems that arise from persistent

regressors in QR. The ordinary QR estimator has the form:

n

~QR .

B = arg mﬁmZpT (ye — B'X¢-1) (2.11)
t=1

where p, (u) = u(T—1(u<0)), 7 € (0,1) is the asymmetric QR loss function. The notation
Xi—1 = (1,2}_4)" includes the intercept and the regressor z;_1 whose specification is given in (2.2)).

I employ different normalizing matrices according to the regressor persistence:

N for (10),

D, diag(\/ﬁ,nHTaIK) for (MI), (2.12)

diag(\/n,nlg) for (I1),
diag(y/n,n*Ry)  for (ME).



Using the Convexity Lemma (Pollard, 1990), as in Xiao (2009), I prove the next theorem that
encompasses the limit theory for the unit root case (Theorem 1 in Xiao; 2009), stationary local to
unity case (Proposition 2 in Maynard et al; 2011) and stationary case (Koenker, 2005). This paper
adds to the QR literature by extending that limit theory to the (MI) and (ME) cases.

Theorem 2.1

7(1-7) 1 0
N (O, @ | o Q;Il for (10),

T —T 1 0
N (o, o (0))2 » for (MI),

~QR ) vor 0 Va:x

Dy, r T Pr) = c
(5 B f (0)—1 1 f‘]x(r), B"l)r(l) fOT’ (I])
JIer) [ Ie(r) ey [ J(r)dBy, ’
MN |0, ;“;g;g : - ’ -1 for (ME),
\ O 0 (V)

where Viy = fooo erCmeeer'r" sz = fooo eiTCYCYéei’er?" and YC =N (0, fooo €7TCQmI€7TCd7“) .

2.3 Sources of Nonstandard Distortion and Correction Methods

Theorem 2.1 shows that the limit distribution in the (I1) case is nonstandard and nonpivotal.
To see the source of nonstandard distortion clearly, I further analyze the limit distribution of
the slope coefficient estimator. For simplicity, assume K = 1 and wuy; ~ mds (0,%,;), then it is

straightforward to show that
BPwERCEE
J (%)

where J¢ = JS(r) — fol JE(r)dr is the demeaned OU process. Using the orthogonal decomposition
of Brownian motion (Phillips, 1989) dBy,_ = dBy_. + (Eg;;) dB, we have

n (B = B1r) ~ fun, (0)

QR 1| [ JedBy_ . Yoo\ [JdB,
n(ﬁlﬂ' _ﬁl,r) NquT (O) ! f b < Or )f

J () Zow ) [ (J2)?

Note that:

= (e[



with By o = 7(1—7) =257 | and Xy, = E[1 (uorr < 0)uge] = E [1 (vor < Fiig (7)) . Now

assume a researcher uses the ordinary QR standard error:

—171/2
~QR T(1—7)
il = | (L) |
then with the standardized notation (1:5, Wz) = _1/2 (JC ), the t-ratio becomes:
= (B?f Bl 7')
B seBSr)
=2 1/2 =2 Y2 eaw
~ [1 - sz(ﬁ_T)} N(0,1) + [EMT(E_T)} Lo 172
/ ‘ [1(5)’] (2.13)
1/2
~1-ae?] Tz + A (D) nL0r(c)
—_—
standard inference nonstandard distortion

where Z and 7, r(c) stand for a standard normal distribution and the local unit root t-statistics,
respectively, and
A (1) = corr (1 (uoer < 0),ugt) # corr(uot, uzt) = ¢.

Remark 2.2 As the analytical expression shows, the nonstandard distortion becomes greater
with (i) smaller |c| and (ii) larger |A(7)|. Condition (i) is well known from mean predictive re-
gression literature where the distortion from the highly left-skewed feature of nyrr(c) with small |c|
has been studied. Condition (ii) is a special feature of nonstationary quantile regression, see Xiao
(2009) for strict unit root regressors. Note that:

(B (o <0 e\ (B[ (w0 < F! (7)) uar] |
Alr) = < Yopem(1—17) > - ( Ypem(1—7) ’

so the explicit source of distortion from persistence and nonlinear dependence is provided by this

analysis. The commonly used lower tail dependence measure is

-1 -1
AL = Tli%lJr P [uot < Fz;)l (7) |uat < Fz:zl (7')] = Tli%lJr = [1 (UOt . FUOT((?)_lT()uxt < (T))] .
Thus, \(T) is a measure of the dependence between the linear dependence (E |[upiuyz|) and tail
dependence (E [1 (uor < Fi (1)) 1 (uat < F,1(7))])- If we consider a lower quantile prediction,
such as T = 0.05 or 0.1, the distortion is more affected by tail dependence than by correlation. This
is consistent with the recent findings that a precise VaR estimation depends on the tail dependence
structure (e.g., Embrechts et al.,1997). The distortion stemming from the interaction between

persistence and tail dependence has not been properly addressed in the literature.



To correct the nonstandard distortion in , we may consider two solutions. The first is
to construct a confidence interval (CI) for ¢, such as Stock’s CI (1991), and correct the distortion
through an induced CI for 3 ;. This is the main idea of the Bonferroni methods, which are fre-
quently used in predictive mean regression (e.g., Cavanagh et al.,1995; Campbell and Yogo, 2006).
In predictive QR, Maynard et al. (2011) employed the same idea. For a single local to unity (I1)
predictor, these methods successfully correct the distortion, but lose their validity when predictor
persistence belongs to (MI) or (I0) spaces (Phillips, 2012)@ In addition, Bonferroni methods are
not applicable in the presence of multivariate nonstationary predictors (multiple ¢;’s). The second
solution to correct for nonstandard distortion, which this paper follows, is to use IVX filtering tech-
nique (Magdalinos and Phillips, 2009). Methods based on the IVX filtering technique are discussed
in the next section. The main advantages of these methods over (currently available) Bonferroni
methods are its uniform validity over a much wider range of predictor persistence including (I0)
through (ME) and applicability to multiple persistent predictors, as well as a single persistent

predictor.

3 IVX-QR Methods

It is convenient to transform the model (2.8]) to remove the explicit intercept term:
Yir = B1,Tt-1 + Uotr (3.1)

~QR
where yr 1= Yt —587 (1) = yt—Bor+0p (n_1/2) is the zero-intercept QR dependent variable. This
is analogous to the demeaning process in the predictive mean regression in preparation for tests of
~QR
the slope coefficient. Using the pre-estimated y/n-consistent estimation ,BUQJ (1) is asymptotically
. . . . ~IVXQR ~IVXQR .
innocuous (see Appendix 7.2). After estimating 3, ; , We may compute f3 for inference

on S, as well (see Appendix 7.3).

3.1 IVX Filtering

This subsection reviews a new filtering method, IVX filtering (Magdalinos and Phillips, 2009). The
idea can be explained by comparing it to commonly used filtering methods. For simplicity, first

assume z; belongs to (I1). Filtering persistent data z; to generate Z; can be described as
215 = thfl + A.’L‘t

with a filtering coefficient F' and first difference operator A.
When F = 0k then z; = Az and we simply take the first difference to remove the persistence
in x;. First differencing is the most common technique employed by applied researchers, and it

leads to the (I0) limit theory in Theorem 2.1. Thus, the standard normal (or chi square) inference is

>The Bonferroni methods based on a uniformly valid CI for ¢, rather than Stock’s CI, may provide validity over
(MI) or (I0) spaces. These extensions, however, have not been developed in the predictive regression literature yet.



achieved. The drawback to first differencing is the substantial loss of statistical power in detecting
predictability of x;—1 on y;. Taking the first difference of a regression equation makes both z;_1
and y; much noisier and finding the relationship between two noisy processes is a statistically
challenging task. In terms of convergence rate, the first difference reduces the n-rate (for the (I1)
case) to the \/n-rate (for the (I0) case), thereby seriously diminishing local power. At the cost of
this substantial loss, the first difference technique corrects the nonstandard distortion in (2.13]).

When F = I then Z; = x; so we may use level data without any filtering. The statistical
power is preserved in this way, since it is easy to detect if a persistent z;_; has a nonnegligible
explanatory power on noisy ;. This is clear from the n-rate of convergence of (I1) limit theory
(maximum rate efficiency) in Theorem 2.1. However, inference still suffers from the serious size
distortion in .

The main idea of IVX filtering is to filter x; to generate Z; with (MI) persistence - intermediate

between first differencing and the use of levels data. In particular, we choose F' = R,,, as follows:

C,
gt = anzt—l + Awta an = IK + ﬁv (32)

where 6 € (0,1), C, = c.Ig, c, <0and Zy) =0

The parameters § € (0,1) and ¢, < 0 are specified by the researcher. As is clear from the con-
struction, R,, is between Ox and Ix but closer to Ix especially for large n. This construction
is designed to preserve local power as far as possible while achieving the desirable size correction.
The Z; essentially belongs to an (MI) process so the limit theory of the (MI) case in Theorem 2.1
is obtained by using Z; as instruments. The IVX filtering exploits advantages both from using level
(power) and the first difference (size correction) of persistent data. It leads to the intermediate
signal strength n'3". At the cost of the slight reduction in convergence rate compared to the level
data, the filtering achieves the desired size correction. Simulation in Section 4 shows that this cost
is not substantial so we have comparable, and sometimes better local power to n-consistent testing

such as Q-test of Campbell and Yogo (2006). To summarize

Table 1: Comparisons of level, first differenced and IVX-filtered data

level first difference IVX filtering
Discriminatory power | Yes No Yes
Size correction No Yes Yes
Rate of convergence n Vn n's

Assume now that z; falls into one of three specifications: (10), (MI) and (I1). When z; belongs
o (I1), the IVX filtering reduces the persistence to (MI) as described above. If x; belongs to (MI)
or (10), the filtering maintains the original persistence. This is how we achieve the uniform validity

over the range of (I0)-(I1). This automatic adjustment applies to several persistent predictors

10



simultaneously, thereby accommodating multivariate persistent regressors. When z; belongs to
(ME), the IVX estimation becomes equivalent to OLS for the mean regression case (Phillips and
Lee, 2012b). The same principle works for QR, delivering uniformly valid inference in QR over
(1I0)-(ME) predictors (Proposition 3.1 and 3.2 below).

3.2 IVX-QR Estimation and Limit Theory

I propose new IVX-QR methods that are based on the use of IVX filtered instruments. Since the
rate of convergence of IVX-QR will differ according to predictor persistence, I unify notation for

the data with the following embedded normalizations:

thl,n = B;lgt,1 and thl,n = D;lﬂﬁt,l. (33)
where
NI for (10),
Dn={ n"5"Ix for (MI) and (I1),
n(end) R for (ME),

and a A 6 = min (a, ). I also define the different asymptotic moment matrices for the (MI) and

(I1) cases in a unified way:

Vo VE = [° e Qppem@dr, when é € (0,a A1), (3.4)
e Vi = fooo e"C Qe Cdr, when a € (0,9). '
and
O Qe+ [dIEIEY, ifa=1,
\IIC$Z = _Cz_l {Q$$ + CVI$}7 if o € (67 ]-) 3 (35)

Vezr = Vaz ifCYE(O,(S).

Considering the conditional moment restriction Qy,,, (7|Fi—1) =0, or
E [T -1 (yt’r < ﬁLTIﬂ?t—l) ’-7:15—1] =0,

a natural procedure of estimating 3, ; using IVX filtering is to minimize the Lo-distance of the sum

of the empirical moment conditions that use IVX Z;_; from information set F;_1.

Definition 3.1 (IVX-QR estimation) The IVX-QR estimator /31,7' Jor By, is defined as

/
~TVXQR 1 (& "
51,7 = arg lélf 3 <z my (51)) Wh, (Z my (51)) ) (3.6)
! t=1 t=1
where Wy, is an arbitrary weighting matriz and
my (B1) = Z—1 (7 — 1 (yr < B1'w1-1)) = Ze—19; (uoer (By)) -

11



The minimization (3.6) leads to the following approximate FOC:
LR ~TVXQR\'
5 Zesa (7= 1 (e < (B7) 1) ) = 00 (37)
t=1

~IVXQR
The asymptotic theory of 35 ; 9 follows from this condition. The next theorem gives the limit

theory of the IVX-QR estimator under various degrees of predictor persistence.

Theorem 3.1 (IVX-QR limit theory)

T(1-7) /-1
N g?7 -);“07'(0)29$$> / fO?” (10)7
Do (A5 5, ) = { N (0 P Wk Vess (W5L)")  Jor (M) and (11),
7(1—7) ot -1
MN <0, F (Vi) > for (ME).

Unlike Theorem 2.1, the limit theory is (mixed) normal for all cases, and the limit variances
are easily estimated. The self-normalized estimator given in the following theorem provides a

convenient tool for unified inference across the (10), (MI), (I1) and (ME) cases.
Proposition 3.1 (Self-normalized IVX-QR) For (10), (MI), (I1) and (ME) predictors,

2
fuo, (0) (AIVXQR ~IVXQR
T(1—17)

B L) (0 (B ) = 2 ),

U B 4 o
where X'P;X = X'Z(2'7) 2'X = (Sip@0) (Siafo12) (Siae1,) and
fuor (0) is any consistent estimator for fu,. (O)

Using Proposition 3.1, we can test the linear hypothesis Ho : 3, = 6(1)’7 for any given ﬂ(l)r

More generally, consider a set of r linear hypotheses
HO . Hﬁl,‘l’ — hT

with a known r x K matrix H and a known vector h,. In this case the null test statistics are formed

as follows with the corresponding chi-square limit theory

f@i (HB{ZXQR . h7>' {H (X'Pyx)~" H’}il (HB{YTXQR - hT) — 2 (r).

3.3 IVX-QR Inference: Testing Quantile Predictability

Theorem 3.1 and Proposition 3.1 allow for testing of a general linear hypothesis with multiple

persistent predictors. When the number of parameter K is large, the procedure (3.6) may be

3The kernel density estimation with standard normal kernel functions and a bandwidth choice of Silvermann’s
rule is used in the simulation and empirical results below.

12



computationally demanding since the optimization of a nonconvex objective requires grid search
with several local optima. Considering that the usual hypothesis of interest in predictive regression
is the null of Ho : 8; , =0 (significant testing), I propose an alternative testing procedure that is

computationally attractive. Recall the DGP we impose is

/
Ytr = B1,Tt—1 + Uotr-

Based on the fact that z;_1 and Z;_1 are "close" to each other, we use ordinary QR on Z;_; to test

Hy : 81, = 0. Specifically, consider the simple QR regression procedure

n
~IVXQR . -
V1,7 QR — arg m,yanpT (ytT - ’7’1th1) .
t=1
We then have the following asymptotics of null test statistics:

Theorem 3.2 Under Hy : 3, =0,

N (0 o = ) for (10),
D (V¥R — 5, ) = N (0,7 V. x) for (MI) and (I1),
MN <0 fﬂi)r( >, (V )1> for (ME).

The above limit theory also holds under local alternatives of the form Hp : 3 ; = b:LJ with some

v > 0. We achieve asymptotic normality of the null test statistics simply by replacing the regressor
xt—1 with Z;_1. The final pivotal test statistics can be obtained by a similar self-normalization as

given in the next theorem.

Proposition 3.2 Under Hy : 3, , = 0,

— 2
e O 1098, (22) (159 -5 = )

for (10), (MI), (I1) and (ME) predictors.

Since QR algorithms are available in standard statistical software, Proposition 3.2 provides a
uniform inference tool that involves easy computation. If we want to test the predictability of a
specific subgroup among our predictors, say Ho : 811, = 812, = 0, then we could use the following

test statistics

fue (0)° (H@{KXQR)/ {H (Z’Z)_l H’} (Hﬁ{fﬁxQR) = x*(2)

T(1—1)
where H = Lo O (k-2) .
0 1 O1xx—2
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4 Simulation

In this section, I conduct simulations to observe the size and power performance of IVX-QR in-
ference methods. Theorems 3.1 and 3.2 show that a larger IVX persistence (0) leads to a more
efficient test, while a smaller & generally achieves better size corrections. Using simulations with
settings similar to those used in the existing predictive regression literature, I provide guidance for
the choice of § in applied work.

The following DGP is imposed:

y = Bor+ 5’177%—1 =+ Uot,r, (4.1)
Ty = g+ Rriq + uge.
where p, =0, R = Ix + % and
Uot ..
up = [ . ] ~ did Fy (0(k41)x15 D(K41)x (K+1)) - (4.2)
xt

The IVX is constructed as (3.2) and the inference uses Proposition 3.2. I normalize C, = -5k

and vary d to show performance according to varying IVX persistence.

4.1 Size and Power Performance with a Single Persistent Predictor

This subsection shows simulations with a single local to unity (K =1, o = 1) regressor. Although
IVX-QR methods allow testing for predictability at various quantile levels, I focus on the central
(median) quantile to compare its performance to that of existing mean predictability tests. In
particular, the IVX median test is compared to the methods of Campbell and Yogo (2006; CY-Q)
and Kostakis et al (2012; IVX-mean).

For the distribution F,, in , I first use a normal distribution with the variance

(21
o 1

with ¢ = —0.95. This value reflects the realistic error correlation in predictive regressions, such as
dividend-price ratio. It also has been frequently used in the literature, such as in Campbell and
Yogo (2006) and Jansson and Moreira (2006).

Tables 2 and 3 summarize the size performances of the IVX-QR and CY-Q tests. The empirical
size is calculated from the rejection frequency of a one-sided test of Ho : 81, = 0 versus Hj :
B1,, > 0 with 7 = 0.5. For simplicity, I set 3, = 0. Note that the CY-Q test uses the null of
H{ : By [y:] = B, = 0 instead of Hy defined above. The assumptions of conditional mean/median
zero y; under Hy and H|, are then exploited to compare these two different types of tests. The

introduction of estimated intercepts to relax this assumption is discussed in Appendix 7.5. The
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nominal size is 0.05 with 2,500 repetitions (.5).

Table 2: Finite sample sizes of IVX-QR and CY-Q tests (n = 100)

R=1 | R=098| R=09| R=08 | R=0.5 R=0

S=2500| ¢=0 c=—2 |¢c=—-10| ¢c=-20 | c=—-50 | ¢=—-100
6= IVXQR | IVXQR | IVXQR | IVX-QR | IVXQR | IVXQR
0.95 0.0724 0.0624 0.0564 0.0456 0.0492 0.0376
0.85 0.0552 0.0584 0.0468 0.0472 0.0412 0.0392
0.75 0.062 0.0572 0.0396 0.0456 0.048 0.0304
0.65 0.0608 0.0556 0.0428 0.0504 0.0324 0.0412
0.55 0.0444 0.0424 0.0456 0.0484 0.0544 0.0344
CY-Q 0.05 0.046 0.0608 0.0792 N/A N/A

It is evident from Table 2 that the size of IVX-QR is uniformly well controlled in the case of a
pure stationary predictor (R = 0) to a unit root predictor (R = 1), supporting one of the main
contributions of this paper. The CY-Q test also shows good size properties for (near) unit root
predictors (R € [0.9, 1]), but the performance decays for less persistent predictors. This is because
Stock’s (1991) CI for R is invalid for (near) stationary regressors, thereby affecting the Bonferroni
CT for 41} T also confirm the robustness of IVX-QR for various values of § € [0.55,0.95]. A similar
result holds with n = 200.

Table 3: Finite sample sizes of IVX-QR and CY-Q tests (n = 200)

R=1|R=099| R=095| R=09| R=05 | R=0

S=2500| ¢c=0 | c=-2 | ¢=-10 | c=-20 | ¢=—100 | ¢ = —200

§= |IVXQR | IVXQR | IVXQR | IVXQR | IVXQR | IVXQR
0.95 0.0664 | 0.0616 | 0.052 | 0.0492 | 0.0556 0.042
0.85 0.0716 | 0.0604 | 0.0548 | 0.0564 | 0.0444 | 0.0376
0.75 0.0552 | 0.0652 | 0.044 | 0.0504 | 0.0416 | 0.0388
0.65 0.0492 | 0.0492 | 0.0492 | 0.0432 | 0.0544 | 0.0416
0.55 0.0472 | 0.0472 | 0.0448 | 0.0484 | 0.0412 | 0.0388
CY-Q | 0.0492 | 0.0508 0.05 0.05 N/A N/A

To investigate power performances, I generate a sequence of local alternatives with Hg : 3y, = %
in for integer values b > 0 (7 = 0.5 is suppressed) and observe the performances of the IVX-
QR, IVX-mean, and CY-Q tests. For the distribution F,, I employ normal and t-distributions with
four to one (Cauchy) degrees of freedom. As expected, two mean predictability tests dominate
IVX-QR under normally distributed errors. For the finite sample performance of the IVX-mean
and CY-Q tests under normally distributed innovations, see Kostakis et al. (2012). I report the

power performances with t(4)-t(1) innovations to highlight possible improvements when using IVX-

4For a detailed explanation of this problem, the reader is referred to recent work by Phillips (2012).
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QR in cases of thick-tailed errors. It is widely known that financial asset returns have heavy-tailed
distributions (e.g., Cont, 2001). The ¢, = —5, 6 = 0.95 specification is employed because it
effectively controls the size. With sample size n = 200, I observe the cases of ¢ € {0, —2, —20, —40}
reflecting persistent predictors in practice.

Figures 1-4 illustrate the results. For unit root (p = 1) and near unit root (p = 0.99) predictors,
the test performance rankings with t(3)-t(4) errors are mixed. IVX-QR performs best with mildly
persistent predictors, as shown by p = 0.9 and 0.8 in the simulation. For infinite variance (t(2))
and mean (t(1)) errors, IVX-QR shows the best performance across all scenarios.

Considering that much applied work also uses the intercept term in the regression, IVX-QR
with dequantiling, as in , is compared with the IVX-mean and CY-Q tests. Appendix 7.5
shows the results with the same ranking patterns as above.

In summary, IVX-QR testing with a single persistent predictor is competitive when we have
heavy-tailed errors and when the persistence of predictors is close to near stationary (mildly inte-
grated). Because we can obtain information on the tail properties of any given data and partial
information, albeit imperfect, on the persistence of predictors, one may decide which test is better
to use. All three tests perform well in terms of size and power except for the CY-Q test in cases
of mildly integrated predictors. Therefore, several valid methods can test the predictive ability of
a single persistent predictor on given financial asset returns. Note that, unlike the CY-Q test, the
IVX-mean and IVX-QR tests can employ multiple persistent predictors. In addition, the IVX-QR
test can analyze the predictability of other quantiles in addition to the median, providing greater
applicability for prediction tests. Size properties of IVX-QR. prediction tests on various quantiles

are analyzed in the next subsection.
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Figure 1: Power curves of IVX-QR, IVX-mean and CY-Q tests
c=0 (n=200, R=1) with t(4), t(3), t(2) and t(1) innovations.
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Figure 3: Power curves of IVX-QR, IVX-mean and CY-Q tests
c¢=—20 (n =200, R =0.9) with t(4), t(3), t(2) and t(1) innovations.
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4.2 Size Properties of Prediction Tests on Various Quantiles

Despite the vast literature on predictive mean regression, few studies have considered predicting
other quantile levels of financial returns, such as the tail or shoulder (for exceptions, see Maynard
et al., 2011; Cenesizoglu and Timmermann, 2008). This paper develops the first valid method to
test various quantile predictability of asset returns in the presence of multiple persistent predictors.
In this subsection, I focus on large sample performance (n = 700) to guarantee accurate density
estimation at the tails, e.g., the 5% quantile. Imprecise density estimation at extreme quantiles
with finite sample is a common problem in QR. Large sample sizes are not uncommon in financial
applications, and the empirical work in the next section corresponds to one of those applications.

The simulation environment used to test the size properties of various quantile predictions is
similar to the earlier subsection, but I now include the estimated intercept to mimic the common
practical work. Dequantiling in is therefore used for all IVX-QR simulations in this subsection.
The persistence parameter ¢; is selected from {0, —2,—5,—7,—70}. This set represents a set of
persistent predictors including R = 0.9 (MI) through R = 1 (unit root). Normal and t-distributions
are used for F, and the number of replications is 1000. All null test statistics use the same
hypothesis: Hp : 3, = 0 with a nominal size of 0.05. I use a cut-off rule of 8% for the reasonable
size results because 7-8% is the permissible empirical size level corresponding to a nominal 5% size
(see Campbell and Yogo, 2006). The results of these simulations are presented in Tables 4-8 below;
the size performances exceeding 8% are shown in bold.

I first investigate the size properties of ordinary QR methods. Table 4 below summarizes the size
properties of ordinary QR t-statistics in with a single persistent predictor when ¢ = —0.95.
The nonstandard distortion increases with more persistent predictors (smaller ¢). As Remark
2.2 suggests, the tail dependence structure of F;, significantly affects the magnitude of the size
distortion. For a ¢-distribution with stronger tail dependence (smaller degrees of freedom), more
severe size distortion arises at the tail than at the median, while the tendency does not impact
normally distributed errors (tail independent). The overall results indicate the invalidity of the
ordinary QR technique in the presence of persistent predictors.

The size performances of the IVX-QR methods with C, = —5 and § = 0.5 are reported in
Table 5. Under normally distributed errors, the size corrections are remarkable, confirming the
uniform validity of IVX-QR methods at various quantiles. For heavy-tailed errors with stronger
tail dependence, the results still hold in all but a few tail cases. Table 6 shows the results with
d = 0.6. In this case, we lose a few more unit root (¢ = 0) cases under stronger tail dependence.
Extensive simulation results indicate that the IVX-QR correction methods control sizes remarkably
well across all quantiles when ¢ is less than 0.7. When ¢ exceeds 0.7, the test tends to over-reject

at tails while maintaining good performances at inner quantileﬂ

®Simulation results with various choices of § are readily available upon request.
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Table 4: Size Performances(%) of Ordinary QR (n = 700, S = 1000)

Normally distributed errors

T = 0.06 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 0.95

c=0 14.5 13.5 15.0 15.5 16.3 17.8 17.0 16.3 16.0 13.1 14.5
c=-2 10.6 9.9 11.0 12,5 129 119 119 114 9.8 9.6 11.5
c=-b 87 8.1 83 84 7.7 94 89 98 75 11.0 10.6
c=—-7 9.7 9.2 7.4 6.3 7.4 6.2 6.2 7.1 7.4 7.8 9.5
c=-70 6.7 6.1 6.0 4.2 5.2 3.8 4.2 4.6 4.6 5.6 8.2

t(4) errors

T = 0.05 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 0.95

c=0 17.2 16.6 16.7 13.9 13.1 13.2 14.6 14.1 16.7 18.0 18.3
c=-2 13.0 134 11.0 9.9 9.8 9.7 8.1 10.5 13.8 12.8 16.3
c=-5 12.0 10.0 10.3 6.0 7.5 6.4 6.5 85 9.8 11.6 11.2
c=-7 10.5 104 8.3 6.8 5.7 6.7 5.6 81 &1 10.8 10.1
c=-70 10.0 6.7 6.9 4.8 4.1 4.6 4.7 4.3 6.1 6.0 10.1

t(3) errors

T = 0.05 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 0.95

c=0 18.1 17.0 13.5 12,5 123 11.5 11.9 129 144 17.1 17.6
c=-2 144 13.3 11.1 85 85 9.1 9.2 11.2 11.3 13.3 15.0
c=-5 11.8 11.5 8.1 9.1 6.6 8.1 7.4 6.5 8.4 114 12.9
c=-7 12,5 81 10.1 75 5.5 7.1 5.8 6.9 6.4 94 13.5
c=-70 10.0 8.9 5.4 4.8 5.5 3.6 4.2 4.7 6.5 7.8 9.3

t(2) errors

T = 0.06 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 0.95

c=0 20.3 16.1 11.3 11.1 9.1 85 85 104 12.3 14.2 16.2
c=-2 15.8 124 10.7 83 8.6 538 6.7 8.1 11.8 12.0 15.7
c=-5 13.0 9.0 6.7 6.2 5.4 5.4 4.7 6.5 8.4 12.9 13.7
c=-7 12.2 10.7 7.8 5.6 4.1 3.9 5.8 5.3 79 10.7 13.9
c=—-70 7.2 7.1 6.8 4.5 4.6 3.4 3.7 5.3 7.0 8.3 8.6
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Table 5: Size Performances(%) of IVX-QR with § = 0.5 (n = 700, S = 1000)

Normally distributed errors

T = 0.05 0.1 02 03 04 05 06 07 08 09 095

c=0 7.0 6.0 69 46 51 45 6.7 6.0 65 59 8.0
c=-2 T4 5.6 46 43 48 3.7 53 40 48 58 75
c=—-5 6.6 9.5 5.1 42 48 32 3.7 45 47 52 6.8
c=—7 5.9 5.6 45 49 36 34 37 41 H1 44 73
c=-70 4.9 48 46 40 31 34 37 41 39 48 7.1

c=-700 6.5 6.8 43 6.2 43 46 54 48 40 42 6.5

t(4) errors

T = 0.06 0.1 02 03 04 05 06 07 08 09 095

c=0 9.1 75 6.0 59 64 45 60 6.1 65 88 9.5
c= -2 7.4 56 40 3.7 34 38 55 50 49 6.0 9.8
c=—95 7.5 72 52 50 35 33 34 34 52 60 7.5
c=—7 6.5 76 56 49 33 38 48 46 58 48 6.8
c=-70 6.5 5.6 52 41 35 39 32 38 54 56 71

c=-700 8.0 76 48 54 49 39 39 38 66 57 78

t(3) errors

T = 0.06 0.1 02 03 04 05 06 07 08 09 095

c=0 9.8 10.2 78 64 52 51 48 48 6.7 76 11.1
c=—2 7.7 83 6.2 45 44 31 44 55 48 72 8.6
c= -5 6.5 70 6.0 46 3.7 41 35 3.0 52 6.0 6.5
c=—7 6.0 5.7 49 34 33 37 36 49 52 55 73
c=-70 7.2 73 61 41 40 28 44 55 50 6.1 5.2

c=-700 6.7 6.9 58 48 40 44 49 45 6.0 50 6.5

t(2) errors

T = 0.06 0.1 02 03 04 05 06 07 08 09 095

c=0 10.5 89 63 58 47 46 53 64 80 59 7.7
c=—2 7.9 59 6.1 33 45 39 32 41 72 65 5.6
c=—5 5.3 59 6.0 6.0 3.7 33 53 42 71 65 6.2
c=—7 6.8 64 64 38 33 41 43 37 60 84 73
c=-70 49 79 6.6 46 39 43 41 48 63 59 5.2

c=—-700 44 5.0 6.2 64 47 38 56 53 52 6.8 38
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Table 6: Size Performances(%) of IVX-QR with § = 0.6 (n = 700, S = 1000)

Normally distributed errors

T = 0.056 0.1 02 03 04 05 06 07 08 09 095

c=0 7.0 78 89 6.7 67 68 85 79 82 72 8.9
c=-2 76 6.0 51 5.0 46 41 51 41 53 b7 72
c=-5 6.6 6.1 4.7 43 46 3.0 47 45 50 54 64
c=—7 7.1 59 49 53 41 40 41 44 47 49 6.5
c=-70 5.1 5.5 43 33 33 31 35 48 44 50 7.7

c=—-700 74 6.8 4.7 57 44 46 55 47 37 41 170

t(4) errors

T = 0.06 0.1 02 03 04 05 06 07 08 09 095

c=0 10.8 84 82 77 76 56 68 80 9.7 9.1 9.7
c=—2 8.0 6.7 58 44 44 48 54 62 63 65 10.3
c= -5 8.4 79 54 45 39 33 44 37 47 62 7.7
c=—7 7.5 81 55 50 25 40 48 48 62 55 74
c=-70 6.9 6.4 50 42 37 45 32 41 56 60 6.9

c=—700 8.0 72 49 56 47 41 37 41 6.7 60 7.7

t(3) errors

T = 0.05 0.1 02 03 04 05 06 07 08 09 095

c=0 10.6 114 94 71 71 72 56 7.7 7.7 9.1 10.7
c=—-2 9.1 76 6.0 58 48 39 49 54 57 78 8.2
c= -5 5.8 74 56 51 41 38 35 37 56 69 7.2
c=—7 8.2 6.5 51 42 43 42 35 43 57 50 78
c=—-70 76 74 58 32 40 31 46 46 52 58 6.7

c=-—700 7.0 6.8 55 39 39 43 53 44 65 53 6.5

t(2) errors

T = 0.05 0.1 02 03 04 05 06 07 08 09 095

c=0 135 9.7 73 66 56 52 65 76 9.7 74 8.8
c=—-2 8.1 6.6 66 44 43 39 31 47 86 79 55
c=—5 6.5 73 64 53 49 38 H4 47 71 76 7.1
c=—7 8.0 77 62 46 33 38 44 43 67 82 75
c=-70 5.1 72 6.1 45 41 35 39 48 68 6.0 6.5

c=—-700 3.8 51 56 6.2 48 39 65 54 57 68 41
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I now consider the predictive QR scenario with multiple persistent predictors (K = 2). This
scenario has rarely been explored but is highly relevant in empirical practice (e.g., dividend-price
ratio and Treasury bill rate). The bivariate predictor persistence (c1,cz) is again selected from
{0,—2,—5,—7,-70} and all other simulation settings are the same as before. For the innovation
structure, I borrow a calibration technique to avoid lengthy documentation. In the next section,
specification with two predictors of book-to-market ratio and Treasury bill rate is shown to predict
stock returns at various quantile levels from January 1952 to December 2005. To support the

empirical finding, the estimated correlation of the predictive QR application is used:

1 —-0.78 —-0.17
Y= -0.78 1 0.21
—-0.17 0.21 1

Table 7 shows the size properties of ordinary QR test statistics. The size distortion is larger
when there is more than one persistent predictor, which corroborates the benefits of the IVX-QR
method’s validating inference under multiple manifestations of predictor persistence. Table 8 shows
acceptable size results of the IVX-QR tests at various quantile levels. The size correction under
normally distributed errors works very well for most quantiles. Performances at tails are good
except for a few cases, and results at inner quantiles from 0.1 to 0.9 are satisfactory. Under strong
tail dependent innovations (t(4) or t(3) errors), the IVX-QR corrections for multiple persistent
predictors at 7 = 0.05 or 0.1 are partly acceptable. The IVX-QR correction result for these
extreme cases suggests a need for new methods to handle extremal quantiles. One promising
potential solution could be the use of a recent development in extremal QR limit theory (e.g.,
Chernozhukov, 2005; Chernozhukov and Fernandez-Val, 2012), but I leave this for future research.

In summary, IVX-QR methods demonstrate reliable size performances for all relevant specifica-
tions with single and multiple persistent predictors, except for a few extreme cases. The practical

benefits of IVX-QR inference will be illustrated through empirical examples in the next section.
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Table 7: Size Performances(%) of Ordinary QR (n = 700, S = 1000)

Normally distributed errors

T= 005 01 02 03 04 05 06 07 08 09 095
cp=c3=0 14.0 12.5 13.2 14.6 13.7 13.7 13.2 12.1 134 11.4 154
cp=—2,co=0 12,7 11.5 10.1 10.9 9.2 9.8 11.6 13.0 11.4 10.5 12.8
cg=—-95,c=-—0 13.5 104 9.0 8.1 9.6 6.9 8.1 8.5 8.0 10.1 13.2
c=—-T,ca=—-0 9.6 9.9 7.2 8.4 7.7 7.4 7.0 7.5 8.4 9.2 10.1
c1=-2,co=-2 11.3 104 9.3 9.2 9.5 10.5 9.6 8.8 10.1 104 12.6
c1=-95c=-2 10.5 9.5 8.1 8.5 6.4 7.2 9.3 9.9 7.9 9.9 114
c1=—-7,c=-2 12.7 109 8.5 6.3 6.7 5.6 7.7 6.8 7.5 9.8 11.9
c1=-95c=-5 10.2 9.0 7.8 6.8 7.0 87 81 8.5 8.0 9.1 11.1
c1=—-7,c2=-5 11.0 9.5 6.7 7.7 5.9 6.3 8.4 8.1 7.0 89 11.3
c1=—-T,c0=-7 10.1 7.6 6.9 6.7 6.3 7.8 82 8.1 6.6 8.4 11.0
t(4) errors
T= 005 01 02 03 04 05 06 07 08 09 095
c1=cCy = 21.8 16.0 14.2 10.5 11.6 9.6 11.3 124 123 15.2 19.2
cg=—-2,co=0 154 12.5 10.2 8.1 8.6 9.7 9.6 9.2 10.3 12.8 16.4
c1=-95c=-0 15.1 123 8.9 8.8 7.6 6.7 7.6 7.6 9.8 12.0 14.1
c=—-T,co=—-0 13.5 12.2 8.2 6.7 5.3 6.1 6.7 7.5 8.2 124 17.3
c1=-2,co=-2 17.6 129 9.8 8.5 7.8 7.4 87 82 10.5 13.2 18.2
cp=-9c=-2 13.5 11.8 8.8 6.0 6.4 8.1 7.8 8.8 8.5 11.1 14.7
c1=—-7,c0=-2 15.2 11.1 6.7 7.9 6.5 6.0 6.8 7.1 94 10.8 13.3
cg1=-95c=-5 155 11.5 9.9 7.2 5.7 5.6 6.0 7.9 8.6 10.7 16.4
c1=—-7,c2=-5 14.2 11.4 8.6 5.9 6.0 6.7 7.5 8.6 9.1 10.1 13.3
c1=—-T,c0=-7 14.7 11.1 9.9 7.3 4.7 5.1 5.8 7.7 7.5 9.6 15.9
t(3) errors

T= 0.05 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 0.95
cp=c2=0 21.1 16.3 13.0 11.4 8.7 9.0 9.4 10.6 12.3 14.4 19.5
cg=—-2,co=0 209 124 12,5 9.1 8.1 7.3 8.6 8.6 11.0 15.7 18.5
c1=-5,c=-0 171 129 9.3 7.2 7.4 6.4 6.8 7.5 9.8 13.9 17.9
c=—-T,cc=-0 173 11.9 8.3 7.3 4.5 5.9 5.6 6.9 8.4 12.7 14.6
c1=-2,c0=-2 19.0 14.0 9.8 9.0 6.8 6.1 7.8 9.7 10.8 11.9 18.1
cgp=-9c=-2 194 123 8.8 6.9 7.5 5.5 6.8 6.6 10.3 15.3 15.5
c1=—-7,c2=-2 16.0 12.5 8.2 7.0 6.0 6.2 6.4 75 10.0 12.5 17.2
cg=-950c=-5 15.0 12.1 6.6 7.4 6.3 5.8 5.3 81 9.2 89 17.0
c1=—-7,c2=-5 16.9 11.2 8.8 6.8 6.3 5.1 5.8 5.3 9.4 14.7 14.5
cg=—-7,¢c=—-7 14.4 11.7 6.3 6.7 6.4 4.9 4.6 7.3 8.6 9.4 16.6
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Table 8: Size Performances(%) of IVX-QR with § = 0.5 (n = 700, S = 1000)

Normally distributed errors

T = 0.06 0.1 02 03 04 05 06 07 08 09 0.95

cp=cy=0 10.8 84 80 78 64 65 70 63 80 6.1 10.4
c1=-2,c2=0 103 79 66 39 52 50 56 54 56 6.8 7.6
ci=-5c=-0 99 83 65 48 45 52 54 42 53 66 104
c=—-7,c2=—-0 9.8 4.7 50 49 53 50 52 53 47 6.6 7.6
c1=—-2,c0=-2 8.0 5.8 55 47 53 54 49 41 78 43 8.5
c1=-5c=-2 8.6 6.3 50 33 44 39 39 35 39 6.6 6.8
co=—-T,c2c=-2 87 69 60 39 35 39 44 50 41 47 7.5
c1=-9,c=-5 73 53 46 48 44 53 46 38 7.1 5.6 8.4
c1=—-7,c2=-5 7.7 6.1 45 32 46 40 3.7 33 45 68 5.9
c1=—-T7T,¢c=-7 6.7 5.7 47 49 40 46 42 39 63 49 8.0

t(4) errors

T = 0.06 0.1 02 03 04 05 06 07 08 09 0.95

cp=cy=0 16.5 13.0 80 69 6.0 52 6.7 80 64 11.6 13.9
c1=-2,c0=0 11.9 9.0 75 59 48 51 46 56 6.7 88 13.1
c1=-5c=-0 123 80 69 49 53 35 53 51 63 9.0 11.2
c=—-T,¢co0=—-0 109 114 75 57 46 46 50 51 56 83 11.8
c1 co=-2 13.7 10.1 66 41 38 38 43 52 54 79 11.5
c1=-5,cc=-2 103 80 64 41 40 40 46 47 51 8.0 9.6
ci=—-7,c2c=-2 107 79 59 35 30 30 38 54 57 77 10.7
c1=-5,co=-5 11.7 89 55 39 40 40 43 48 50 74 9.5
c1=—17,c 9.5 75 59 41 38 3.0 39 47 48 8.0 9.5
cg=—-7T,co=-7 10.8 85 56 31 3.7 3.7 43 45 50 6.3 9.2

t(3) errors

Il
|
N

I
[
o

T = 0.06 0.1 02 03 04 05 06 07 08 09 0.95

cp=cp=0 15.0 124 79 74 62 74 63 76 7.1 10.5 14.1
c1=—-2,c0=0 154 9.6 88 43 63 44 43 70 73 123 13
c1=-5c=-0 11.0 11.7 66 65 41 45 41 67 72 9.1 14.1
c=—-T,¢c0=-0 109 10.7 66 51 3.6 3.7 49 4.7 6.7 9.7 9.7
c1=—-2,c0=-2 11.5 9.3 57 45 41 48 42 52 54 9.0 9.2
c1=-b5,co=-2 127 88 64 34 51 33 37 59 59 9.8 10.5
c1=—-7,c2=-2 11.7 106 54 62 36 39 40 65 70 74 11.8
c1=-5,co=-5 11.4 77 49 42 36 43 3.7 43 52 79 8.5
cg=—-7,c2=-5 106 80 6.8 40 52 36 33 57 60 10.5 9.5
cg=—-T,co=-7 11.4 65 48 41 32 35 34 40 55 74 7.5
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5 Quantile Predictability of Stock Returns

It is often standard practice in finance literature to test stock return predictability using various
economic and financial state variables as predictors. There is considerable disagreement in the
empirical literature as to the predictability of stock returns when using a predictive mean regression
framework (e.g., Campbell and Thompson, 2007; Goyal and Welch, 2007). In this section, I briefly
discuss the empirical rationale for predictive QR, which makes this approach attractive for stock
return regressions. I then use the IVX-QR procedure to examine stock return predictability at

various quantile levels with commonly used persistent predictors.

5.1 Empirical Motivation: Why Predictive QR?

To understand the empirical motivation for predictive QR, I begin with some selected stylized facts
on financial assets. Cont (2001) notes that financial asset returns often have (i) conditional heavy
tails, (ii) time-varying volatility, and (iii) asymmetric distributions. In stock return prediction tests,
these stylized facts may motivate the use of QR, as now discussed.

To illustrate I consider a simple model for an asset return y;:
Yt = y—q + 0t—1E¢ with gt ~ iid FE, (51)

so that p,_; and o;—; signify the location (mean) and scale (volatility) conditional on F;_y. If
we assume E (g¢|F;—1) = 0, then E (y;|Fi—1) = p;—; and the predictive mean regression model
uses [t;_1 = By + B1x4—1 with predictor z;_;. Inconclusive empirical results from mean regressions
suggest that the magnitude of 3, is small with most predictors x;_;. Now also assume a stochastic
volatility model: o;_1 = 0g + 012¢—1. If a predictor z;_1 significantly influences the volatility of
stock returns g, as many economic factors do, then #; # 0. In fact, the conditional variance
often shows a greater systematic (or cyclical) variation than the conditional mean of stock returns,

suggesting that |61| > |8;]. The predictive QR now reduces to

Qy, (T|Fi-1) = Bo + B1wi-1+ (00 + 0174-1) Qc, (T) = By r + By r 711

where

BO,T = 60 + HOQ& (T) and 61,7’ = ﬁl + elQEt (T) .

When ¢; is close to symmetric, 8; . ~ ; with 7 = 0.5. When f; is small, such as for a near-
martingale stock return, 3y, =~ 61Q, (7) and the absolute value of 3, . increases as 7 — 0 (or
7 — 1). This tendency may explain why the location (mean/median) of stock returns is more
difficult to predict than other statistical measures, such as the scale (dispersion). Even when [ is
not negligible, the magnitude of 6,Q., (7) would help in finding the predictability. Note also that
when &; ~ iid t (v) in , the absolute value of 3 ; with 7 # 0.5 increases as v decreases. The
location of stock return predictability varies depending on the magnitude and sign of (3, 61), but

QR can effectively locate it. Therefore, QR provides forecasts on stock return quantiles where the
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actual predictability is more likely to exist. This illustrates the rationale for using QR to predict
stock returns with thick tails (smaller v) and cyclical movements in conditional volatility (non-zero
01).

Lastly, consider an asymmetrically distributed &; in with |Qe, (7)| > |Qs, (1 —7)| for a
7 < 0.5. In this case, predictor variables with nonneglible (3;, 1) may predict lower quantiles of
stock returns better than upper quantiles. These asymmetric predictable patterns and quantile-
specific predictors can be detected through predictive QR.

Although the above example is stylized, we clearly see the advantages of QR in a stock return
regression framework. Many of the results hypothesized above are confirmed in the empirical results

below.

5.2 Empirical Results: IVX-QR Testing

I now show empirical results of stock return prediction tests using IVX-QR. Excess stock returns
are measured by the difference between the S&P 500 index including dividends and the one month
treasury bill rate. I focus on eight persistent predictors: dividend price (d/p), earnings price (e/p),
book to market (b/m) ratios, net equity expansion (ntis), dividend payout ratio (d/e), T-bill rate
(tbl), default yield spread (dfy), term spread (¢ms) and various combinations of the above variables.
The full sample period is January 1927 to December 2005. These data sets are standard and
have been extensively used in the predictive regression literature. Cenesizoglu and Timmermann
(2008) and Maynard et al., (2011) recently used the same data set in a QR frameworkﬂ Following

Cenesizoglu and Timmermann (2008), I classify the predictors into three categories.
e Valuation ratios

— dividend-price ratio (d/p)
— earnings-price ratio (e/p)

— book-to-market ratio (b/m)
e Bond yield measures

— three-month T-bill rate (tbl)
— term spread (tms)

— default yield (dfy)
e Corporate finance variables

— dividend-payout ratio (d/e)

°T would like to thank Yini Wang for providing the data set. For detailed constructions and economic foundations
of the data set, see Goyal and Welch (2007). Note that Maynard et al. (2011) and Cenesizoglu and Timmermann
(2008) also considered stationary predictors other than the eight persistent predictors I use.
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— net equity expansion (ntis)

I employ the IVX-QR methods to illustrate the benefits of these new methods. In particular,
I first investigate the quantile predictability of stock returns using individual predictors and then
analyze the improved predictive ability of various combinations of predictors. This application both
complements and supplements the mean predictive regressions. There will be more applications of
quantile-specific predictors that are useful for asset pricing and portfolio decisions-making.

The null test statistics in Proposition 3.2 is used with IVX filtering parameters § = 0.5 and
C, = —5Ik because the specification showed uniformly good size properties for both single and
multiple persistent predictors in the earlier section. Table 5 below reports the univariate regression
results, where p-values (%) are rounded to one decimal place for exposition. The results shown in

bold imply the rejection of the null hypothesis of no predictability at 5% level.

Table 5: p-values(%) of quantile prediction tests (1927:01-2005:12)
Univariate regressions with each of the eight predictors: d/p, d/e, b/m, tbl, dfy, ntis, e/p, tms

7= 005 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 0.95
d/p | 1.0* 0.1* 0.3*% 141 76.0 503 17.6 0.5* 6.4 9.6 1.8*
d/e | 0.0* 0.0* 0.0* 0.4* 1.8*% 164 59.5 49.8 89.7 58 0.3*
b/m | 0.2* 0.0% 0.1* 0.4* 225 833 56.0 2.8% 6.2 0.8% 1.7*
tbl | 46.0 50.3 106 11.7 3.6* 123 6.0 19.9 3.9*% 0.6* 0.3*
dfy | 33.6 66.3 985 898 53.5 56 3.0* 0.1* 0.0* 0.0* O0.1%*
e/p | 75.3 89.8 421 514 96.5 712 89.7 472 55.7 33.0 326
ntis | 23.0 96.7 241 13.2 101 738 71.6 741 659 948 32.5
tms | 41.8 15.6 82.5 68.2 26.6 36.7 14.6 581 232 13.0 16.3

The result is roughly consistent with the results of Maynard et al. (2011) and Cenesizoglu and
Timmermann (2008). I find significant upper quantile predictive ability for the tbl and dfy, and
lower quantile predictive power for the d/e. Evidence of both lower and upper quantile predictability
from b/m is also similar. One notable difference is the evidence of predictability at lower quantiles
with d/p. Overall, I find little evidence of predictability at the median. The results confirm many
hypothesized empirical results in the earlier section - the weak predictability at the mean/median
of stock returns, the stronger forecasting capability at quantiles away from the median and several
quantile specific (lower, upper or both quantiles) predictors .

For multivariate regression applications, I use selective predictor combinations for illustrative
purposes. The selection scheme is as follows: First, I choose significant predictors from univariate
regression results (d/p, d/e, b/m, tbl, and dfy in this instance). Second, I classify the chosen
predictors into three groups - group L, group B and group U. Group L corresponds to the group
with significant lower-quantile predictors, and so on for the other groups. I select one predictor

from each group to produce a bivariate predictor.
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e Group of lower quantile predictors (Group L): d/p and d/e
e Both upper and lower quantile predictor (Group B): b/m

e Group of upper quantile predictors (Group U): tbl and dfy

Finally, I choose predictor combinations exhibiting little evidence of comovement between the
predictors. Although evidence of comovement between predictors does not completely reduce the
appeal of the combinations; we may prefer less-comoving systems for better forecast modelsﬂ

I employ two diagnostic tests to observe evidence of comovement between persistent predictors:
(i) the correlation of z;_1, and (ii) the cointegration tests between z;_;. The two measures will
provide evidence of comovement between all (I0)-(ME) predictors (see Appendix 7.6). I find little
evidence of comovement between (d/p, tbl), (d/e, dfy), (d/e, b/m), (tbl, bm) and (dfy, b/m).

The above selection scheme is used primarily for illustrative purposes, and I do not rule out the
possibility of significant results from other combination&ﬂ However, it is partly justifiable from a
theoretical perspective. For example, both d/p and b/m are ratios measuring undervaluation in the
stock market and are thus positively correlated to subsequent returns, while tbl is a macro variable
that may have different predictive patterns. If we choose between (d/p, b/m) and (tbl, b/m), the
above economic rational recommends (tbl, b/m) because it shares fewer common characteristics.
Diagnostic tests indicate strong comoving evidence between d/p and b/m but not between tbl
and b/m, corresponding with the economic foundation. Similar arguments hold for the group of
corporate finance variables measuring managerial financing activity. Managers’ timing of issuing
equity precedes falling stock prices, indicating negative correlation with stock returns.

From Table 6 below, I confirm that many predictors are jointly significant at various quantiles
with much stronger evidences than univariate regressions. Many existing studies only considered
a single persistent predictor when they considered the spurious predictability from the size distor-
tion. The results below illustrate the possibility of better forecast models with multiple persistent
predictors that are not subject to spurious forecasts. We can proceed with more than two predictor

models in a similar way.

"Phillips (1995) provided robust inference methods in cointegrating mean regression models with possibly comoving
persistent regressors (FM-VAR regressions). Introducing the robust feature into the current framework (allowing
nonsingular Qz, in ) will be left for future research.

8Results for other combinations are readily available upon request.
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Table 6: p-values(%) of quantile prediction tests (1927:01-2005:12)
Multivariate regressions with two predictors among d/p, d/e, tbl, dfy and b/m

= 005 01 02 03 04 05 06 07 08 09 095
d/p, thl | 0.4% 0.1* 0.8% 2.4* 1.0%* 7.6 86 0.0*% 1.2* 1.0%¥ 0.0*
d/e, thl | 0.0¥ 0.0* 0.0* 0.2*% 0.1* 0.7* 68 366 6.0 0.0%¥ 0.0*
dfe, dfy | 13.4 3.6% 130 202 330 11.0 2.6* 0.2* 0.0% 0.5*% 0.2*
d/e, b/m | 0.0¥ 0.0* 0.0* 0.1% 1.2* 57.2 40.6 163 2.1% 0.0%* 0.0*
tbl, b/m | 0.6% 0.0% 0.2*% 2.7% 6.0 4.6* 0.6* 0.6* 0.1% 0.2* 2.9%
dfy, b/m | 0.9% 0.2* 0.9%* 94 125 14.6 19.1 0.1* 0.1*¥ 0.0% 0.3*

I run the same analysis for post-1952 data. Many papers have reported that the stock return
predictability becomes much weaker from January 1952 to December 2005 (see Campbell and Yogo,
2006; Kostakis et al. 2012). Papers have often argued that the disappearance of predictability was
likely due to structural change or improved market efficiency. Table 7 below shows much weaker
predictability evidences, but meaningful differences to mean predictive regressions still exist. For
example, Campbell and Yogo (2006) reported the predictive ability of the tbl during this sub-period,
while Kostakis et al., (2012) concluded that the predictability from the variable disappears. I find
significant results from tbl at various quantiles, which might explain the conflicts between the mean

regression results and provide empirical evidence for a resolution to the debate.

Table 7: p-values(%) of quantile prediction tests (1952:01-2005:12)
Univariate regressions with each of the eight predictors: d/p, d/e, b/m, tbl, dfy, ntis, e/p, tms

7= 005 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 0.95
d/p | 75.6 73.0 578 304 8.1 84.6 1.4* 0.1* 157 76.1 19.8
d/e | 75.5 93.1 759 69.8 64.6 493 80.3 228 926 50.2 57.8
b/m | 0.1* 0.0% 7.0 2.4% 7.1 48.7 685 186 33.2 206 19.0
thl | 37.8 7.3 0.1* 0.3* 0.1* 3.1* 1.1* 6.9 5.4 0.5% 1.1%*
dfy | 146 325 76.7 621 16.8 8.6 13.9 1.8% 0.2* 3.1* 15.1
e/p | 59.2 820 70.7 51.8 409 2.5*% 236 1.4* 988 80.8 6.6
ntis | 57.6 8.2 28.6 435 522 12.1 9.3 221 185 213 8.0
tms | 67.5 888 263 670 255 10.1 280 226 30.1 159 5.7

I proceed to models with two predictors using the earlier selection scheme. From the same
diagnostic tests, I find little evidence of comovement between (b/m, tbl) and (tbl, dfy). From
Table 8 below, we see new empirical support for stock return forecast models for post-1952 periods,

using (b/m, tbl) or (tbl, dfy). It turns out that the combination of one valuation ratio (b/m) and
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a macro variable (tbl), or the latter with a measure of default risk (dfy), provide a potentially
improved forecast model for stock returns. IVX-QR corrections ensure that the predictability
results are not spurious despite the multiple persistent predictors. We may continue to the model

with these three factors.

Table 8: p-values(%) of quantile prediction tests (1952:01-2005:12), 6 = 0.5
Multivariate regressions with two predictors among b/m, d/p, dfy, e/p and tbl
T = 0.05 0.1 0.2 0.3 04 0.5 0.6 0.7 0.8 0.9 0.95
b/m, tbl ‘ 0.0* 0.0* 5.2 1.1* 0.6* 2.2* 1.1* 1.5* 1.3* 0.0* 2.6*
dfy, bl | 17.1 363 3.8% 0.5% 1.2* 0.4% 0.2% 0.8% 1.6% 2.6* 7.5

To summarize the empirical findings, I show that commonly used persistent predictors have
greater predictive capability at some specific quantiles of stock returns, where the predictability
from a given predictor tends to locate at lower or upper quantiles of stock returns but disappears at
the median. A partial answer to the empirical puzzle of stock return mean/median predictability
may be provided by the results. The significant predictors for specific quantiles of stock returns
can play important roles in risk management and portfolio decision applications. I also find that,
by employing some combination of persistent variables as predictors, the forecasting capability
at most quantiles can be substantially enhanced relative to a model with a single predictor. The
predictive ability of a specific combination, such as T-bill rate (¢bl) and book-to-market ratio (b/m),
remains high even during the post-1952 period. The improved in-sample quantile forecast results
are not spurious because the IVX-QR methods control the size distortion (type I error) arising from
multiple manifestations of predictor persistence. This finding is new in the literature, suggesting

the potential for improved stock return forecast models.

6 Conclusion

This paper develops a new theory of inference for quantile regression (QR). I propose methods of
robust inference which involve the use of QR with filtered instruments that lead to a new procedure
called IVX-QR. These new methods accommodate multiple persistent predictors and they have
uniform validity under various degrees of persistence. Both properties offer great advantages for
empirical research in predictive regression where the evidence for multiple significant predictors
with uncertain degrees of persistence is overwhelming.

In our empirical application of these methods, the tests confirm that commonly used persistent
predictors have significant in-sample forecasting capability at specific quantiles, mostly away from
the median. Stock return forecast models based on quantile-specific predictors may be used for
portfolio optimization problem of a risk-averse investor, who considers the conditional distribution

of future excess returns based on some information set in the current period. This application
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corresponds to a common practice in financial economics, see, e.g., Cenesizoglu and Timmermann
(2008, Section 5.1). In risk management applications, some significant lower quantile predictors
of stock returns play a role in estimating the expected loss at a given probability (quantile) level.
Finding significant stock return quantile predictors among potential candidates precedes all these
practical applications. The IVX-QR methods allow the investigator to cope with quantile specific
predictability of stock returns without exposing the outcomes to spurious effects from multiple
persistent predictor. The enhanced predictive ability from combinations of persistent predictors
at most quantiles suggests there is scope for further improvement in a wider class of time series
forecasting applications.

Several directions of future research are of interest. One is out-of-sample forecasting based on the
IVX-QR methods. Explicit use of IVX-QR forecasts in portfolio decision making and risk analysis
can be also studied. Further guidance on the determination of the IVX persistence choice parameter
(0) is important. It is possible, for instance, to use (partial) information on predictor persistence
and quantile specific characteristics such as the degree of tail dependence in this selection. Finally,
with regard to the asymptotics, improved IVX-QR inference at extreme quantiles, especially under

strong persistence and tail dependence, may be possible using extremal QR limit theory.
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7 Appendix

Some proofs directly come from the existing papers, such as Magdalinos and Phillips (2012a,b;
MP, and MPy, respectively), and Phillips and Lee (2012b: PLy).

7.1 Proofs for Section 2.2

~QR
The following lemma provides the asymptotics of the processes driving the limit theory of ,B? in
@-11).

Lemma 7.1 1.

n
GY, =D, Y Xy 11, (uorr) = G,
t=1

where (
N (0,7(1 —7) (1) Q(; ) for (10),
N <0,7(1 a0 ) for (MI),
G = 0 Vi
i, for (10
MN [0,7(1 —7) ! VO . for (ME).

with Vyg = [7° e"C Qe Cdr, Vi = I e "CYeY,e "Ydr and Yo = N (0, I e Qe Cdr) .

2.
ME = DS fu o (0) Xt Xy Dy = M
where -

fuor )| QO for (10),
. Fur O] for (M),

B, — N\
Fro- (0 [ e IJ%’SE)(Q(T)’] for (11
Fuor <o>[(1) 0 for (ME).

and convergence in probability holds for (10) and (MI) cases.

Proof. All proofs for (I0) cases are standard so omitted, see e.g., Koenker (2005, Theorem 4.1).
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1. For (I1) case, from ([2.10)),

n i n
Gep=Dp' Y Xeath, (uorr) = | | \/ﬁnZt:1 V- (orr) ] = ljd)(l)
t=1 7 2t Te—1¥7 (totr) J ()
For (MI) case,
& LG w (uOtT) 1 0
DS X, (wor) = | VT —N(0r1-r ,
tz:; ' 1,¢ ( o ) %Tathl xt—ﬂ/)T (UOtT) ( ) sz

where V., := fooo "¢ Qe dr since

[ T(1-7) 11+;) D1 T ]
;(11:%7) D1 Te-1 % Yo 1T

1 0
0 Vi

n
D'y E [@DT (uotr)” Xt71X£_1|7t71} D!
t=1

— Pr(1—1)

using the result of MP,, :

E 7y = O,(1) and 1+a§ T 17 —P V.

+
n2 t=1

Therefore, the stability condition for MGCLT is established. The conditional Lindeberg condition
is easy to show since 1. (ugsr) is mds, so is omitted.
Now for (ME) case,

n 1 n
I = T 1 0
DS X () = | | vn 2zt O Lore) ] — MN [0, r(1-1)| =
t=1 niaREn Zt:l xt—le (UOtr) Vxx

where V,, := I e " OYeYle "%dr and Yo = N (0, I e Qe "Cdr) as in MP,. The proof is
similar to (MI) case so is omitted.
2. For (I1) case,

n
Mg . = D" fupeu1(0) Xe 1 X[ D!
% Z?:l fUOtmt—l (0) T%% Z?:l fUOtnt—l (0) x:‘fl
7%% St fuoert=1 (0) i1 22 31 fugert—1 (0) Zm1Z_4

Fuor (0) Fuor (0) [ JE(r)
| fuor (0) [IE(P)  fuo, (0) [ JE(r)JE(r) |
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where, from the standard FCLT and CMT (Phillips, 1987),

S furi 1 @y = S o1 (0) = Fugy (0) 3y + fuoy (0) 5 S,
2 =1 nz t=1 nz t=1
— (71 1 1 & (fugrt—1(0) = fup, (0) (@1
— quT (0) 1 - + T 0tT, (0F
> () my e ()
n o/ 1 1
= fup, (0) L) =40, (== | = fuo, (0) [ JE(r).
> (%) o (75) /

Other elements can be shown similarly, hence omitted.
For (MI) case, using the same method and the fact n=1/2=* 3"  #! | = 0,(1) again,

n
MBIT,n = D;Iquotr,t—l (O)Xt—le{—legl
t=1

% Z?:l qutTyt*]- (O) TLI%% Z?:l fumr,tfl (O) 332—1 P quT (0) 0
g 2t Juorr=1 (0) 1 s 00y fuorr -1 (0) o124 0 fuo, (0) Viu

(ME) case will be shown in the exact same way,

n
Mg . = D' fuprs1(0) X a X[ D,
t=1
B L3 fuoert—1 (0) n%ﬁ Yot Juger -1 (0) zp_( Ry™
i n%ﬁRE” St fuoert=1 (0) i1 = RS0 fugert—1 (0) m—1@_ Ry"
— fU‘OT (0) O B
0 qu‘r (0) Vxx

]

Proof of Theorem 2.1. As in Xiao (2009, Proof of Theorem 1), we can linearize in terms
of an arbitrary centred quantity D, * (BT . BT) using Knight’s identity (Knight, 1989). Note that
is a convex minimization problem. Using the convexity lemma (Pollard, 1991) we can take
the distributional limit (or probability limit in the expanded probability space) of the linearized
2.11)) first, and then minimize to get D,,* (B?R - 67). It directly leads to:

D (A =) = (ME,) " Gt op(1),

and the results of Theorem 2.1 follow from Lemma 7.1. m
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7.2 Dequantiling Problem

I show the dequantiled dependent variable in (3.1)) asymptotically does not cause any problem in
the IVX-QR implementation. This is a special feature of IVX instrumentation. To see this, first
consider the ordinary nonstationary quantile regression, if we use the pre-estimated /n-consistent

estimator BO,T?
1o 1o ~
- > wiat, (vt — Bor — Brswio1) — - > may, (yt — Bor— 51,7%—1)
t=1 t=1
1o ~
= > {1 (worr <Bor— o) — 1 (worr 0)},
"=
and by taking conditional expectation E;_1 (-):
1« ~
= Zl‘tflEtfl {1 <u0tr <Bor— 50,T) — 1 (ugsr < 0)}
t=1

1 ~ 1<
~ e 53w (o = Bor) =0 (W ;wH) = 0,(1),

hence the effect of replacing 3 ; by /Bo,r is still present in the limit.
On the other hand, in the IVX-QR procedure, from (3.7)):

Z Zy1, (g — Bor — Brr2i-1) — Z Zy v, (yt - BOJ - /31,7«’1315—1)
t=1 t=1

= > Ze1 {1 (worr < Bor = Bor) — 1 (e 0) (7.1)
t=1

Assume « = 1 for simplicity, since other cases will be similar. By taking conditional expectation
Et—l ()

1 ~
- 1+6 Z Zt*lEt*l {1 (uOtT < /BO,T - BO,T) -1 (UOt‘r < 0)}
noz o4
1 n ~ 1 n
~  fu, (0) T1t8 th_l (BO’T B BO’T) =0 148 th—l = op(1),
no2 =1 n2 3

since >0 1 Z1 = O (n%‘M) from the signal strength of mildly integrated process (MP,), so
n~AH/D 5 4 = 0, (n~179/2) = 0,(1). Now it is easy to show the predictable quadratic

variation is degenerate, i.e.,

1 o _ 1 . .
—5 Z;Et—l (2-12,1CF) < (W ZZt—lZ£1> sup Ey—1 (¢7) = 0,(1),
t—

t=1
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where
Ct =1 (UOtT < 6077- - /80,7—) -1 (uOtT < 0)

using the consistency of BOJ. Therefore lb is 0p(1) and using the pre-estimated /n-consistent

estimator Bo,r does not have any problem in the IVX-QR implementation.

7.3 Intercept Inference
Assume « = 1 for simplicity. Define

~TVX—QR,

Bor = arg I%ianT (yt - Bir Tt—1 — 50) )
0

then it is easy to show

n -1 n n
(BS,VTX_QR - BO,T) = [Z fuotq—,t—l (O)] {Z%(Wtr) + (,@iVTX_QR - Bl,T) Z fuop,—,t—l (0) th_l}
t=1 t=1 t=1

hence

-1

s (~IVX—QR 115 /~IVX—QR - 1 —
nd (Bo, ' =Bos) = nF (B, =8i) fu (O) (sz> [an O +op1)
t=1 t=1
145 [(~IVX—-QR
~ N2 (5177_ _61,T>/JJCZ'
~TVX—QR ~IVX—QR
Therefore, joint mixed normal limit theory for {ng (50,7 QF _ ﬂ077> ,n12ﬂ (51’7 QF _ ﬁ177)}

is available and inference is possible through the self-normalization.

7.4 Proofs of IVX-QR Asymptotics: Section 3.2 and 3.3

When z;_; belongs to (I0) or (ME), the limit theory for IVX-QR estimator ,Bi‘iXQR is identical to
that of the ordinary QR estimator Bl,r in Theorem 2.1. For (I0), (MI) and (I1) cases in general,
Z;—1 reduces the persistence of z;—; when x;_; is more persistent than z;_1 (0 < «). If 241 is
less persistent than Z;—1 (6 > «) or z;—1 is (I0), then original persistence of z;_1 is maintained,
hence the ordinary QR limit theory is achieved. When z;_; is (ME), the limit theory is somewhat
different. The remainder term of IVX dominates the asymptotics, a point on which Phillips and
Lee (2012b) provided details in the mean regression framework. I confirm the same results in QR
here.

The following lemma provides probability and distributional limit of processes driving the as-
ymptotic behavior of IVX-QR estimators for (10), (MI) and (I1) cases.
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Lemma 7.2 1.

N (0,7(1 = 7)Qz) for (10),

GT,n = ;Ztl,n¢T (UOtT) = GT = { N(O,T(l — T)‘/(;J:z) f07h (MI) and (11)7 .

n

7 7 Juor (0) Qaz, for (10),

My n ::quotq—,t—l (0) Zt-1,n 241 =P M, { uor (0) Qaz (10)
t=1

fuor (0) Vegz.  for (MI) and (I1),

fuo, (0) gz, for (10),

Mg , = Uorr L— 0) Z,_ nX’fn:>M =
brs t;f‘”’t 1(0) ZianXoy, br { Fuor (0) Wegs, for (MI) and (I1),

Proof. 1. (i) For (MI) and (I1) cases with 0 < § < min(ce,1), from MP;, (Proposition A2 and

lemma 3.1)

n n

1 ~ 1 C
5 > A, (o) = o Y s (o) + s — D M1 (toer)
n2 =1 2 =1 ne TS
1 n
= 15 Z 2107 (Uotr) + op(1)
2 =1
then G, = > 11 & + 0p(1) where
n n 1
> b =D —ra a1y (torr) -
t=1 t=1T 2
The Stability condition for MGCLT is easy to show:
n 1 n
ZE [Eninal Fer] =7 (1 —7) YT Z zo1zp =P T(1= 1)V
t=1 t=1
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For any € > 0

S [lnl L(nell > ) 1Fi1]

t=1
a I 146

= B [l 1 (o, (o) > en'S ) 17
t=1

a1 (167t > en ) ics] + 32 B [160al1 (a1l > en ) 1734]
t=1 t=1

- (nﬂé > uzm?) B [l (o)1 (167 (uour) 2 > n? ) |71
t=1

1 <« 5
+ (W > llz-al? 1 (el > 62n1+2)> B ([, (uor)| 1Fi1 |
t=1

2 2
1 ( >en1_g>>T(I—T)

confirming the conditional Lindeberg condition. Thus, from MGCLT (Hall and Heyde, 1980):

(]
<

= op(1) + (i Z

t=1
= op(1),

Zt—1 Zt—1
)

n2

5
nz2

Grn=N(0,71-7)V}Y).

(ii) For (MI) and (I1) cases with « € (0, ), again from MP; (Proposition A2 and lemma 3.5)

I & 1 <
T1ia Z Zi—19; (uotr) = T ita Z z1—19; (uotr) + op(1),
nz 4= nz o4

and by the similar procedure above,

n

1
GT,TL = Z ﬁxt—lwr (u0t7—> = N (077(1 - T)V:c:c) .

t=1T 2

(iii) If 24— belongs to (I0), using Lemma A.2 in Kostakis et al. (2012), it is easy to show that

G = \/15 ; 5 (o) = ;ﬁ ; To105. (o) + 0p(1) = N (0,7(1 = 7)0a) .
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2. (i) For (MI) and (I1) cases with 0 < § < min(a, 1), note that
n _ _ 1 n

My = Y fuoeri1(0) ZeanZi_y = pyEw > fuori—1(0) 2%y
t=1 t=1

1 <
= Z Juorrt—1 (0) ze—12;_1 + 0p(1) (from MP,, lemma 3.1-(iii))
t=1

1 < 1 <
= Juo, (0) <n]_+5 Zzt—12£1> + ni+s Z (fuoirt—1(0) = fug, (0)) ze-121_1 + 0p(1)
t=1 t=1

= " fuo, (0) V2%

where we used Assumption 2.1-(i) and the result sup, (Zﬁs—/;) = Op(1) from MP, so that

hence

,nl]-_"_é' Z (qut‘rvt_l (0) - quT (O>) Zt_lz?’f*l
2 =1
. qutTa —1 (0) B quT <0) Z -1 Z —1 /
- tzl( t Vn > (nt5/2) (nt5/2> = 0p(1),

1 «— , 1
ni+s ; (Fuoert-1(0) = fuo, (0)) ze-12; 1 = Op(%) = op(1).

(ii) For (MI) and (I1) cases with a € (0,0),

n n
- - 1 B 5
My n = Z Juoer -1 (0) thl,nzé_l,n = nlta Z Juoer -1 (0) thlzzlt—l
t=1 t=1

1 n
= e qumf,t—l (0) z4—17;_1 + 0p(1) (from MP,, lemma 3.5-(ii))
t=1

1 n
= fuo. (0) (nHa Z fuoir t—1(0) 93t—lu”¢f:—1>
t=1

+% 3 <f % — fuo <o>> (222) (2=1) + o)

(iii) If x;—;1 belongs to (I0), using Lemma A.2 in Kostakis et al. (2012) again,

1< . 1
My n = n Z Fuoirt-1(0) 2124 = n Z Fuoir -1 (0) Te-124_1 + 0p(1) =7 fuy, (0)
t=1 t=1
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3. (i) For (MI) and (I1) cases with 0 < § < min(c, 1),

n

Mﬁ‘rvn = Z qut‘ryt_l (0) Zt_Ln 1;—1,n
t=1
1 < 1 &
= i Z Juoer -1 (0) 221241 = fug, (0) {nl*‘; Z Ztlm;_l} + 0p(1) as earlier,
t=1 t=1

1 <« cle & .
= fuo, (0) {nH‘S Zzt_la:;/,l ~ o ita th_lxgl} + 0p(1) (from MP,, lemma 3.1-(ii))
t=1 t=1

. { fuor (0){=C ([ dB,JE + Quy) — CTC ([ JETE)),  ifa=1

fUOT (0) {_C,;lQmm_C,;lCV:m}, fo<a<l
_ Fuor (0) [~CH Qo + [dBLJE +C [JICY],  ifa=1 L e
N Fuor (0) [~C {Q + OVia}] fscact | Jwr ) Te

and using the fact dJS = dB, + CJS from Ito calculus:

/ dB,J¢ +C / JEJO = / dJeJe.

(i) For (MI) and (I1) cases with « € (0, 9),

n
Mg = D furi1(0) ZanX{_1,
t=1

1 i 1 . _
- nlta Z fuozr,tfl (O) thlm:ﬁ—l = quT (O) {n1+a Z Ztll‘;g_l} + Op(l) as earlier,
t=1

t=1
1 n
= fuo, (0) {n1+a th_lxé,l + op(l)} + 0p(1) (from MP,, lemma 3.5-(ii))

t=1
= fuoT (0) Vi

(iii) If 41— belongs to (10), using Lemma A.2 in Kostakis et al. (2012) again,

1 < _ 1<
My n = D Fuoeri1(0) Zerw_y = - D Fuoer -1 (0) @12y + 0p(1) = fug, (0) Qg
t=1 t=1

To prove Theorem 3.1, T introduce a version of empirical process. Let e € RX and

n

G (6) = 5 3 51 {6y (0t — €01) — Bua [, (uorr — 1)}
n 2 4=

I focus (MI) and (I1) cases here and assume 0 < § < min(«, 1) for documentation purpose; the case

of @ € (0,0) will be analogous with n~"5" hence omitted. (I0) case is again standard, so omitted.
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Proof for (ME) predictors will be discussed below (Lemma 7.4).

The stronger normalizer n—% (than n_%) stabilizes the stronger signal strength of Z;_; and
x¢—1, and the conditional expectation F;_j [-] (rather than unconditional expectation) avoids the
nonstationarity problem. Thus, the stochastic equicontinuity proof of Bickel (1975) with iid re-
gressors can be modified accordingly. In fact, Z;_; and v, satisfy condition G and Cj of Bickel
(1975) respectively, hence the analogy of Lemma 4.1 of the paper will hold here. For completeness,
I provide the modified proof.

Lemma 7.3 For a generic constant C > 0,

sup {nGn (&) = G (O] : el < C} — 0,(1)

n 2

Proof. WLOG, we assume K = 1. I use the following standard argument:

sup |Gy (€) — Gn (0)]
{le/<n-+9726)
= sSup |G (€) — G (0)]
U {ldsn-0+972¢(c;)}
G=1,...,J
~ max sp (G () — G (0)

I=hesd \ {lel<n=049)/20(¢5)}

< max sup G (€) = Gn (1) +1Gn (1) — Gn (0)]
Jj=1,....J {‘6‘Sn_(1+6)/2c(6j)}

= max sup |Gy () — Gn (L) | + max |Gy (I;) — Gy (0)]
j=1,...,J {‘E‘S?’L—(I'HS)/QC(EJ')} _]=1,...,J

where {|e| < n~(F02C (¢;) 1 j =1, ..., J} is a collection of closed intervals with a length €; whose
union is the original shrinking neighborhood {|e| < n~- (402 } (see below). [; is the lowest
vertex of each interval. Therefore, we show (i) max;—1, . j|Gn (l;) — Gn (0)] = o0p(1), and (ii)
max;—i,....J <Sup{|e|gn—<1+a>/2c(ej)} G (€) — Gn (lj)\) = op(1).
(1) max;—1....s [Gn (1) — G (0)] = 0(1).
It suffices to show that
G (€n) — G (0) = 0(1) (7.2)

for ¢, = ﬁ with any fixed |¢| < C, hence a pointwise convergence. I will use the following

argument;njf (&4, Ft) is martingale difference array (mda), and the (predictable) quadratic variation
21 E [’Enté;zt’ft—l} = 0p(1), then

Z&nt = Op(l)-
t=1
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—_1 =
Let gnt = @Zt—lgt where
n 2

Ct = ’l/}-,- (UOtT - Cnxt—l) —Ei [¢T (uotT - cnxt—l)] - 1/}7' (UOtT) +Ei W}T (UOtT)]

then .
G (cn) = Gn (0) =) &,
t=1

and by construction (; are mds and &,,; are mda.
Note that

¢ = 1(uotr <0) =1 (uotr < cnxi—1) + Pr(uotr < cpai—1]|Fi—1) — Pr(uoer < 0|F—1) .
Given F;_1, (a) assume c,xy—1 > 0, then

¢ = —1(0 <uptr < cpwi—1) +Pr(0 <wuoer < cpze—1|Fi—1),

and
2 = 1(0 <wugtr < cpzi_1) + {Pr(0 < upr < cumi_1|Fi1)}>
—2Pr (0 < uptr < cp@e—1|Fi-1) 1(0 < uotr < cpwi—1),
hence
E[¢|Fie1] = {Pr(0 < uoer < cpai—1|Feo1)} {1 = Pr(0 < ugtr < cnwe—1]Fi—1)}
< {PI“ (0 < ugr < Cnxt—1|ft—1)} < fuotf,t—l(o)cnxt—l + Op(l)
1
= Oy (env/n) = Op(—5) for all ¢,
nz

thus sup, £ [Cf|ft,1] = o0p(1).

It is easy to show for the case (b) ¢,x¢—1 < 0 given F;_; in a similar way. Therefore

n

1
ZE [fq%t’]:tfl] = szt—lE [§t2|~7:t*1]
=1

t=1
1 .
a.s <SlipE [C?Lﬂ—l]) (711"‘5 Z 37521> = Op(1)7
t=1

IN

confirming (|7.2)).
(i) maxj=y s (SUP{\E\gnqu)/m(ej)} G (€) = Gn (lj)|) = op(1).
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For each j,

sup G (€) — Gn (4))]
{le|[<n=0+0/2C(e;) }
1
= sup ey Zzt {1 (Ljze—1 < uopr < €xp—1) — Pr(ljai—1 < uper < exp—1|Fi—1)}
{le|gn=0+0/2¢C(c;)} |1 t=1
1 n
< sup 15 Z |Ze—1]| 1 (ljwi—1 < ugpr < €x4-1)
{le[gn=0+0)/2C ()} N2 4=
1 n
+ sup — Z |Ze—1| Pr(ljzi—1 < uotr < €xp—1|Fi—1) .

{lelsn=0+D72C(ep} 12 4=

Now since 1 (ljzi—1 < ugtr < €xy—1) <1 (—n_(H‘S)/zejmt,l < gy < n” (10 2¢ 0, 1) from the monotonic-

ity,

1 -
sup Iz Z 1Ze-1| 1 (ljze—1 < uotr < €x4-1)
{\6\<n’<1+5>/20(6')} noEoo

1 2 —(1 2
< Z]zt 1|1( A2 0, 1 < ugy < n~FD/ eij).

Let &, = %%5 Ze-1| 1 (=~ 2¢;m 1 < ugr < n~ 49/ 2¢;3 1), then
n

ZEt 1[€nt) = 1+5 Z E= Pr( —(49)/2, -1 < Ugtr < €M (1+5)/2$t,1\ft,1>

1+5 Z |Z—1]

€5n t—1’ =0y (€))

uniformly in €;, where we use that f,,, ¢(—1(-) is bounded above a.s (in the local neighborhood of
zero) by My from Assumption 2.1-(ii).

We can also show

> B [€h] = 0p(1),
t=1

as before. Thus,
sup 1+6 Z 1Ze—1| 1 (Lze—1 < wor < €xi—1) | = 0p(1),
{| |<n—(1+8)/2C (e )}

Similarly we can show
n

1 _
sup —I55 Z |Zi—1| Pr (ljzi—1 < uoer < €xp—1|Fi—1) | = 0p(1),
{lelsn=0+072C(ep} \n 2 4=
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confirming (ii). m
Proof of Theorem 3.1. 1. Since I have confirmed the uniform approximation Lemma 7.3, the

standard result for the extremum estimation with non-smooth criterion function (e.g., Pakes and

Pollard, 1989) holds with a stronger normalization n—E. Hence, we can show (B{KXQR — 51;) =
O, (n_i‘zé) . Let Bl,‘r = B{";XQR within this proof.
Let &, = (BLT — 61,7) , then from 1)
1 > /
op(1) = Tixs 2t—1 {1/17 (UOtr - (5177 - 51,T> xt—l)}
n2 4=
]. " ~ ~ ! A~ !
= —5 Z Z1 {Ur (votr — &'ze1) — Bt (¥ (votr — &7'me—1)) — ¥y (worr) + Er—1 (¥ (uotr)) }
no2 =1
IO IO
+— Z Zi1E 1 (v, (uoer — &'m-1)) + —55 Z Zi-1 {0, (uoir) }
nz - no2 oo
1< 1<
= — Zithtq (¥, (votr — &'z1-1)) + 5 Zztfl {1 (uotr) } + 0p(1),
nz i o2 =1
With notation of embedded normalizers,
n ~ ~
Op(l) = Z {Zt—l,nwr (UOtT) + Zt—l,nEt—l (¢r (UOtT - é7'/«7715—1))} » (73)

t=1

and Ey_1 (¢, (uotr — €-'24—1)) can be expanded around e; = 0 (8; = ; (7)), hence

. OE;_ — €&/ my . .
Ei 1 [U; (wotr — &'2-1)] = Eeor [U (votr — €7'24-1) ] LT:O"" i1 1Y (I;OS,T e 1)) értop(ér)
T e+=0
where
Eq—/iﬂt71
B [V, (uotr — €7'w—1)] =7 — Byt [1 (woer < €'w41)] =7 —/ Juoer t—1(8)ds
—00
hence

OFE;_1 [¢, (uotr — €7/ x4—1)]
O¢€’

T er=0

= _xllt—lfuow,tfl (0)7

thus
Ei WT (uOtT - éTlaft—l)] = _x{t—lfuwnt—lm)éT + Op(1>-

Putting it back to ([7.3)),

n
0p(1) = Grin+ D faort 10 Zi 10 X] 10 F (Bry = o)
t=1
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therefore,
1448

noz (/31,7 - ﬁl,r) = (MBT,n)il Grn+ Op(l)a

and the results of Theorem 3.1 for (MI)-(I1) cases follow from Lemma 7.2. m
Lemma 7.4 If x;_; belongs to (ME),

1 = . 8
o B D2 Fat (torr) = CCias x N (0,701 = )V ),
t=1

and
1 —n~ _
not(ansd) Z?:l fuot‘r7t_1 (0) Rnnzt—le‘liann 0 ‘7 CC
1 n n~ “n = fuoT ( ) zx X zad>
ot (ans) Zt:l fuoert—1 (0) R 212, Ry,

where
-C7 if 0 <o
Cras = Cil, ’ika <9
(C—-C)™, ifa=46
Proof. The result directly follows from the proof of Lemma 5.4 and 5.5 in PLy, by replacing ug;
with 1 (ugtr). Thus, the IVX-QR limit theory in Theorem 3.1 for (ME) case follows by the same
procedure to the earlier proofs - (MI) and (I1) cases. m
Proof of Theorem 3.2. Note that

Yer —VE-1 = e — (11— Bus) Bo1 — B B
= uotr — (71 — 51,T)/5t—1 + B, (Te-1 — Zt-1)
= Ug, — (’Yl - 51,7) Zt—1

where ug,, = uotr + Bll,r (x¢—1 — Zt—1). Following the proof of Theorem 2.1, it is straightforward to
show that

4(@Ad) ( TVXOR —1 %
no 2 (71’7 Q _5177) = (M) GE +0(1),
where

n
G;k'ﬂl - Z thlvan (uatT) ’
t=1

and it is clear that G} ,, = G, under Hy : 31 ; = 0, leading to

1+(n8) [ -
no 2 (’Y{,‘;XQR—ﬁLJ = (My.n)  Grntop(1)

— N (0, Mm;;) .
Fuor (0)?
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7.5 Local Power with Estimated Intercepts

Figure 5: ¢ = —5 (n = 250, R = 0.98) with t(4), t(3), t(2) and t(1) innovations.
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Local Power, =250, C=-5,(3)
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7.6 Diagnostic Tests for Comovement between Persistent Predictors

Table 9: Diagnostic Tests for Comovement (full sample period: Jan 1927 to Dec 2005)

(d/p, tbl) | correlation | Johansen tests for cointegration
-0.16 maximum rank trace statistics 5% critical value
0 11.76* 15.41
1 3.46 3.76
(d/p, dfy) | correlation | Johansen tests for cointegration
0.44 maximum rank trace statistics 5% critical value
0 20.74 15.41
1 2.99* 3.76
(d/e, tbl) correlation | Johansen tests for cointegration
-0.52 maximum rank trace statistics 5% critical value
0 21.54 15.41
1 7.46 3.76
(d/e, dfy) | correlation | Johansen tests for cointegration
0.56 maximum rank trace statistics 5% critical value
0 33.98 15.41
1 7.57 3.76
(d/p, b/m) | correlation | Johansen tests for cointegration
0.82 maximum rank trace statistics 5% critical value
0 23.74 15.41
1 3.82 3.76
(d/e, b/m) | correlation | Johansen tests for cointegration
0.29 maximum rank trace statistics 5% critical value
0 21.82 15.41
1 6.78 3.76
(tbl, b/m) | correlation | Johansen tests for cointegration
0.07 maximum rank trace statistics 5% critical value
0 18.37 15.41
1 7.20 3.76
(dfy, b/m) | correlation | Johansen tests for cointegration
0.52 maximum rank trace statistics 5% critical value

0 25.79
1 8.64

15.41
3.76
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Table 10: Diagnostic Tests for Comovement (subperiod: Jan 1952 to Dec 2005)

(b/m, d/p) | correlation | Johansen tests for cointegration
0.88 maximum rank trace statistics 5% critical value
0 10.34* 15.41
1 2.85 3.76
(b/m, dfy) | correlation | Johansen tests for cointegration
0.47 maximum rank trace statistics 5% critical value
0 32.86 15.41
1 3.13* 3.76
(b/m, e/p) | correlation | Johansen tests for cointegration
0.89 maximum rank trace statistics 5% critical value
0 9.70%* 15.41
1 1.95 3.76
(b/m, tbl) | correlation | Johansen tests for cointegration
0.50 maximum rank trace statistics 5% critical value
0 14.89* 15.41
1 2.00 3.76
(d/p, tbl) | correlation | Johansen tests for cointegration
0.35 maximum rank trace statistics 5% critical value
0 15.68 15.41
1 2.05%* 3.76
(dfy, tbl) correlation | Johansen tests for cointegration
0.58 maximum rank trace statistics 5% critical value
0 40.87 15.41
1 5.77 3.76
(e/p, tbl) correlation | Johansen tests for cointegration
0.53 maximum rank trace statistics 5% critical value
0 16.74 15.41
1 3.75% 3.76
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