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Abstract

In this paper, we consider binary response correlated random coefficient (CRC) panel
data models which are frequently used in the analysis of treatment effects and demand of
products. We focus on the nonparametric identification and estimation of panel data mod-
els under unobserved heterogeneity which is captured by random coefficients and when
these random coefficients are correlated with regressors. For the analysis of treatment
effects, under some circumstances, the average treatment effect can be estimated via a
linear CRC model. We give the identification conditions for the average slopes of a lin-
ear CRC model with a general nonparametric correlation between regressors and random
coefficients. We construct a /n consistent estimator for the average slopes via varying
coefficient regression. The identification of binary response panel data models with un-
observed heterogeneity is difficult. We base identification conditions and estimation on
the framework of the model with a special regressor, which is a major approach proposed
by Lewbel (1998, 2000) to solve the heterogeneity and endogeneity problem in the binary
response models. With the help of the additional information on the special regressor, we
can transfer a binary response CRC model to a linear moment relation. We also construct
a semiparametric estimator for the average slopes and derive the /n-normality result.
Simulations are given to show the finite sample advantage of our estimators. Further, we
use a linear CRC panel data model to reexamine the return from job training. The results
show that our estimation method really makes a difference, and the estimated return of
training by our method is 10 times as much as the one estimated without considering the
correlation between the covariates and random coefficients. It shows that on average the
rate of return of job training is 6.1% per 100 hours training, which is reasonable.
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1 Introduction

Recently, the correlated random coefficient model has drawn much attention. As stated in
Heckman, Schmierer, and Urzua (2010), “The correlated random coefficient model is the new
centerpiece of a large literature in microeconometrics”. In this paper, we consider binary
response CRC panel data models in the form of

yie = Ly + 2,85 + ugy > 0), (it=1,.,nt=1,....T) (1.1)

where 1(+) is the indicator function, v;; denotes regressors with constant coefficient 7, x;; denotes
regressors with random coefficient (3;, u; is the error term. z; can include 1 as a component.
Thus, the binary choice panel data models with fixed effects are special cases of this model.
We allow the general correlation between the random coefficient (3; and the regressor z;;. We
focus on the nonparametric identification and estimation of the mean of random slope §; in
this model and related transformed models, which will be more specific in later sections.

Binary choice panel data models are widely used by applied researchers. One reason is its
direct economic interpretability. Another reason is that given the advantage of panel data with
multiple observations of the same individual over several time periods, it is possible to take into
account unobserved heterogeneity. The common approach is to include an individual-specific
heterogenous effect variable additively, which leads to a correlated random effects model or a
fixed effects model. The advantage of this approach is that we can eliminate the unobservable
variable by taking the difference between different time periods and get the fixed effects esti-
mator for linear models easily, see e.g. Arellano (2003), Hsiao (2003). This also resolves the
incidental parameter problem in linear panel data models. The method of taking difference
can also be extended to nonlinear panel data models in certain extent, see Bonhonmme (2011).
Though it is convenient to deal with unobserved heterogeneity additively, economic models im-
ply many different non-additive forms, see Browning and Carro (2007), Imbens (2007). Among
them, one class is the random coefficient model which arises from the demand analysis with
the consideration of the individual heterogeneity.

Random coefficient models have the multiplicative individual heterogeneity. They are pop-
ular in empirical analysis of treatment effects and the demand of products. In the analysis
of treatment effect, under certain circumstances, the binary choice fixed-effects model can be
transferred to a linear random coefficient model with the average treatment effect being the
mean of a random coefficient. For instance, in one of the commenting papers for Angrist
(2001), Hahn (2001) gives an example on this transformation and discusses the consistency of
the fixed effects estimator. Wooldridge (2005) further allows the correlation between regressors
and random coefficients and gives the conditions that assure the consistency of the fixed effects
estimator. Motivated by the usefulness of linear CRC panel data models from this transforma-
tion, we discuss the identification and estimation of the linea CRC panel data models in sections
2 and 3, which will also serve as an important piece towards the semiparametric estimation of
the binary response CRC panel data model.



In the literature of demand analysis, Berry, Levinsohn and Pakes (1995) propose to use the
random coefficients logit multinomial choice model to study the demand of automobiles which
has become the major vehicle of the demand analysis. However, they leave the correlation
between the random coefficients and the regressors unconsidered, and have assumptions on
the functional form of the distributions of the unobservable variables. In this paper, we study
random coefficient binary choice models without specifying the functional form of the distribu-
tion of unobservable variables. Also, we allow for non-zero correlation between regressors and
random coefficients. For simplicity, we only consider binary choice models.

Recently, there is a growing literature on CRC models. Graham and Powell (2010) discuss
the identification and estimation of average partial effects in a class of “irregular” correlated
random coefficient panel data models using different information of agents from subpopulations,
so called “stayers” and “movers”. Due to the irregularity, they get an estimator with slower
than /n convergence rate and the normal limiting distribution. Heckman, Schmierer, and
Urzua (2009) and Heckman and Schmierer (2010) investigate the tests of the CRC model.

Other related literature includes three aspects: random coefficient models, panel data mod-
els with unobserved heterogeneity, and models with a special regressor. Both of these literatures
have been developed considerably in the last two decades. Random coefficient models have a
long history. Swamy and Tavlas (2007) and Hsiao and Pesaran (2008) are good surveys for
these models. For binary random coefficient models, Hoderlein (2009) consider a binary choice
model with endogenous regressors under a weak median exclusion restriction. He uses a control
function IV approach to identify the local average structural effect of the regressors on the latent
variable, and derives \/n consistency and the asymptotic distribution of the estimator he pro-
posed. He also proposes tests for heteroscedasticity, overidentification and endogeneity. Some
parts of the literature concern distributions of the random coefficients. Recent ones include
Arellano and Bonhomme (2010), Fox and Gandhi (2010), Hoderlein, Klemeld and Mammen
(2010).

Among the recent developments of panel data models, the nonseparable panel data models
is an indispensable part. Chernozhukov, Fernandez-Val and Newey (2009) investigate quantile
and average effects in nonseparable panel models. Evdokimov (2010) discusses the identification
and estimation of a nonparametric panel data model with nonseparable unobserved heterogene-
ity. He obtains point identification and estimation via conditional deconvolution. Hoderlein
and White (2010) give nonparametric identification in nonseparable panel data models with
generalized fixed effects.

The identification of discrete choice model is different from linear models. The framework
we adopt in this paper for the identification of the average slope in binary response CRC
panel data models is the special regressor method, which assumes the existence of a special
regressor with additional information. Proposed by Lewbel (1998, 2000), this method has been
exploited extensively in different settings. It is an effective way for identification and estimation
of heterogeneity and endogeneity. Honoré and Lewbel (2002) use this method to study a binary
choice fixed effects model which allows for general predetermined explanatory variables and give



a /n consistent semiparametric estimator. Khan and Lewbel (2007) investigate a truncated
regression model using this method and propose a /n consistent and asymptotically normal
estimator. Dong and Lewbel (2011) give a good survey for this method.

The rest of the paper is organized as follows. In section 2, we discuss the identification for the
linear CRC models with nonparametric correlation between regressors and random coefficients.
In section 3, we construct semiparametric estimators for average slopes by kernel methods. We
give the asymptotics for both local constant method and local polynomial method. Section
4 gives the identification conditions for the binary response CRC panel data models. The
estimator and the y/n-normality result are given in section 5. We conduct extensive simulations
in section 6 to show the finite sample advantage of our estimators. In Section 7, we give an
empirical application using a linear CRC panel data model to reexamine the return from job
training. It turns out that our method can really make a difference compared with the first
difference method for panel data models. Section 8 concludes the paper and discusses further

extensions of the paper. All of proofs are relegated to two appendices.

2 Identification of Linear CRC Models

In this section we consider the identification conditions for linear CRC panel data models. The
linear CRC panel data models can be motivated as follows, which is given in Hahn (2001).

Suppose we have an unobserved fixed effects panel probit model with two periods, P(y; =
e, xi, i) = ®(e; +0xy), i =1,...,n,t =1,2, where ®(+) is the standard normal cumulative
distribution function, ¢; is the unobserved heterogenous effect, and z;; denotes a binary treat-
ment variable. It is difficult to identify the slope coefficient # without additional assumptions
on the conditional distribution of ¢; conditioning on (z;1, z;2). However, the average treatment
effect B = E[®(¢; + 0) — ®(¢;)] can be analyzed by a transformation, i.e., we can transfer the
probit model to a linear random coefficient model, y;; = a; + bjxy +uy, 1 =1,...,n,t = 1,2,
where a; = ®(¢;), by = ®(¢; + 0) — (¢;), and uy = yi — E(yi|xi, vi2, ;). Hahn assumes
the independence of y;; and y;» conditional on (x;1, %, ¢;). He also assumes (x;1,;0) = (0,1)
which means no individual is treated in the first period and all are treated in the second period,
and which also implies the independence of treatment variables (z;1, z;2) and the unobserved
heterogeneity c;. In general, x;; could be correlated with c;.

We consider the linear random coefficient models with general correlation between random
coefficients and regressors in sections 2 and 3. For simplicity, we assume there is no regressor
with constant coefficient in model (1.1) in sections 2 and 3. In section 2.1 we first consider a
CRC model with cross sectional data. We discuss how to obtain consistent estimate for the
mean slope coefficient. In this case, the condition for the identification of the average effect is
quite stringent, and may even be unrealistic for many applications. We then show that panel
data can provide more information and help to identify the mean slopes. The identification
conditions when panel data is available are given in section 2.2.



2.1 The Cross Sectional Data Case

We consider the following CRC model with cross sectional data.

where x; is a d x 1 vector, ; = B+ «; is of dimension d x 1, 3 is a d x 1 constant vector, «; is i.i.d.
with (0,%,), ¥4 is a d x d positive definite matrix, the superscript ' denotes the transpose,
and wu; is i.i.d. with (0,02) and is orthogonal to (z;, o), i.e., F(u;|x;, ;) = 0. We allow for a;
to be arbitrarily correlated with x;. Let E(ay|z;) = g(x;), where g(-) is a smooth function but
its specific functional form is not specified. For example we could have g(x;) = I'(x; — E(x)),
where I" is d x d matrix of constants. However, we allow for ¢g(z;) to have any other unknown
functional form.

Replacing f3; by [ + «;, we can rewrite (2.1) as
Yy = ¥ B+aio+u
where v; = x] a; + u;. Note that E(vi|z;) = 2] E(ay|x;) = . g(x;) # 0, so the OLS estimator

of 3 based on (2.2) is biased and inconsistent in general. Indeed it is easy to see that the OLS
estimator of 3 based on (2.2) is given by

~1
Bors = [+ |n7t Z xl:cZT] nt Z[xzx:ozl + zu;]
L B4 [B(xx] )] Elair] o), (2.3)
because E[r;u;] = 0. Hence, whether BOLS consistently estimates 3 depends on whether

Elz;x] a;] = 0 or not.

For expositional simplicity let us consider a simple case that z;] = (1,7;), where Z; is a
scalar. In this case we have (q; = (i, a;) ")

sieetel = 2|(z, ) ()
(E (xi(ff?c%%D (2.4)

where we use E(ay;) = 0. For E[z;x] a;] to be zero, from (2.4) we know that it requires ay; to
be orthogonal to Z;, and ay; to be orthogonal to Z?, which are unlikely to be true in practice.
Hence, ﬁom is biased and inconsistent for 3 in general.

Below we show that a semiparametric estimation method can consistently estimate ( in a
univariate CRC model. For a general multivariate regression model, additional assumptions
are required for identification. For a univariate CRC model

Y = i3 + wi,

4



where x; is a scalar, §; = 0+ «;, E(ay) = 0 and F(u;|x;, ;) = 0. Thus, E(u;|z;) = 0. Let
9(z;) = E(oy|z;), we have

E(yi|v; = ) = 2(8 + g(x)) = 20(x),
where 6(z) = B+ g(x). If O(z) is identified, since E(g(x;)) = 0 by E(a;) = 0, we have
B = E(0(z;)). For the univariate case, it is easy to identify 6(z) by 0(x) = E(y;|x; = z)/x (for
x # 0). Hence, we can use the standard nonparametric estimation method to estimate 6(z).
Say, by the local constant kernel method:

_1 n
o) ] St
j =1

where Kj, j; = K((x; — x;)/h), K(-) is the kernel density function, and h is the smoothing
parameter. Then § can be consistently estimated by n™' Y | é(xl)

However, for a general multivariate regression model,  is not identified in general if only
cross section data is available. We use a bivariate regression model to illustrate the difficulty
of identification. Let x; = (zy;, xgl-)T, and we consider a CRC model as

Yi = 13010 + T2if2i + wi, (2.5)

with B1; = 81 + aui, o = B2 + g, Elay) = 0, E(ay) = 0, and E(u;|@y;, 2, 0y, agi) = 0.
Hence, we have E(u;|x1;, x9;) = 0. Consequently, we have

E(yilry = x1, 29 = 12) = x101(21, x2) + x202(21, 22),

where 01 (71, 29) = b1 + Eouilri = 21,72 = x9) and 02(71,29) = B2 + Elawi|ry = 21,29 =
x9). However, if we only have cross sectional data, 01(-) and 6(-) are not identified, since
2101 (21, T2)+w202(21, ¥2) = 2103(21, T2)+22 (201 (21, w2) = 03(21, 22) +02(21, 22)) = 2105(21, 72)+
ZE294(ZE1,JZ2), where 94(1‘17ZE2) = %91(1‘1,%2) — %83(1‘1,%2) + 92([E1,l’2), if ) 7é 0.

Put it in another view, from

E(yilxy = x1, w9 = x2) = 101 (21, T2) + x202(x1, X2),

we have only one equation, and we cannot uniquely identify two unknown functions 6;(-) and
05(+). It has infinitely many solutions.

Even though for d > 2 the cross section data model cannot identify 3 in general, it is possible
to identify  under additional assumptions. Suppose there exists another random variable z;
such that

E(a;|x, a4, 2) = E(a|zi) = g(z:), (2.6)

for example, we may have z; = xy; + x9;. (2.6) states that a; is correlated with (z;1, z;2) only
through z;. Then model (2.5) can be rewritten as

vi = 101+ g1(z)) + 22 (B2 + 92(2)) + €&
= [L’ﬂ@l (ZZ) + xgﬁg(zi) + €;
= 2] 0(%) + e, (2.7)



where gl(zz‘) = E<0511L|Zi>7 92(%) = E(&Zi‘zi)y € = 131i<061i - 91(21')) + $2z‘(Oézz' - 92(21')) + Wi,
x; = (w13, 29) ", and 0(2;) = (01(2),02(2))". By construction, E(e;|x1;, 22, 2;) = 0.

Model (2.7) is a varying coefficient model, hence, one can consistently estimate 6(z) provided
that £ (avzxzT |z; = z) is a nonsingular matrix for almost all z € S,, where S, is the support of
z;. Then a kernel estimator

n -1y
0(z) = [Z xjijKhysz] ijyth’ij
s =1

will consistently estimate 6(z) under quite general conditions, where K, . = K((z; —2)/h). A
consistent estimator of § is given by n=' 327, 8(z;), and the consistency follows from F(6(z;)) =
B (because E(q;) = 0 implies E(g(z;)) = 0). However, the existence of such a variable z; may
not be easily justified in practice. Below we show that even without this additional assumption,
it is possible to identify 3 with the help of panel data.

2.2 The Panel Data Case

Panel data will provide us more information and help us to identify the unknown functions.
For heuristics we consider an example with a bivariate variable x;, i.e.,

Yie = T1ifri + Tl + Wi, (i=1,.,nt=1,..,T)

with B1; = f1+aui, B2 = Bataw, E(Oélz‘) =0, E(a2i) =0, and E(uit’xlila T2i1y « -+ s 15T T24T 5 A4,y

0421') =0.
Then we have E(ui|z1i1, o1, - - -, T1ir, T2r) = 0. Hence, we have
E(yit|r1i1 = 211, T2i1 = T21, . - -, 1T = T17, LT = ToT)
= $1191($11, Z21, ..., 21T, CU2T) + $2192($11,$21» cees 5U1T,$2T),
E(yir|r1i1 = 11, T2i1 = o1, . .., T1T = T17, ToiT = ToT)
= xir0i (211,221, . .., 217, Tor) + Torpbo(T11, T21, - ., T1T, To7).
where 91(%1‘1, L2415+ + + s LT inT) = 51+E(a1i|$1i17 L2415+« + s LT $2¢T) and 92(I1¢1, L2315+« + 5y LT
Toir) = Po + Elagi|x1in, i1, - - -, T1ir, Togr). Once 01(+) and 65(-) are identified, §; and [, are
identified thI‘OU_gh relations 61 = E[@l (xlila T2i1y+ -5 X15T, inT)] and 52 = E[Qg(l’lil, T2i1y -+ -, L1iT,

Toir)], since E(ay;) =0 and E(ag;) = 0.
We face a system of linear equations. If 7" > 2 and

T
11 T21 T11 T21

T T
I - : : : : _ ( Zt:l x%t Zt:l xltm?t) (2.8)

T T 2
Zt:1 L1t Zt:l Lo
rir Lot rir  Tor



is nonsingular (i.e., when (31, 23,) (31—, #3,) > (3., x1wa)?), then we can solve 6,(-) and
05(+) uniquely. Specifically, we have

(91 ($11, Z21s -5 1T, $2T)>

92(I11, Za1s -5 1T, IzT)
T -1 T
x x x x x x _ _ _ _
11 21 11 21 11 21 (E(yi1|x1i1 =211, T21 = &1, .. ., T1T = 17, LT = ToT)
i Tor T Tor T Tor E(yir|r1ia = @11, ¥20 = T21, - .-, T1iT = T17, Toiw = T27)

In general, for a panel CRC model with d x 1 vector x;, it requires T" > d. In order the
matrix M defined in (2.8) to be invertible, we also need enough variation of x;; across t. Once
6(-) is identified, from F(«;) = 0 we obtain E(A(x;)) = 3. Hence, we can consistently estimate

B by
. 1 < -
ﬁSemi = E ;9(1’1), (29)

where 0(z;) is some standard semiparametric estimator.

In fact when T > d, one can also first estimate 3; based on individual i’s T" observations:
BAZ-,O LS = [Zthl L Zthl Y, then average it over 4 from 1 to n to obtain a group mean
(GM) estimator for 3 given by

R 1 <. .

Bam = - ;@,OLS- (2.10)
It is easy to show that \/H(BGM =) 4, N(0,Vanr), where Vgy = X, + Vo with V, =
Bzl (O S wassaaa ) (O waag,) . I uy is serially uncorrelated and
conditionally homoscedastic, then V; simplifies to Vo = 02E[(Y_, zyx}) Y], where o2 =
E(u?|x;, ...,x;7). However, we expect large bias in the finite sample estimation when T is
small.

The condition that 7" > d can be relaxed under additional assumptions. Suppose there
exists a random variable z; (z; can be a vector) such that E(a;|xy, z;) = E(ag]z) = g(z), for
example, we may have z; = 7;. = T~! ZtT:1 T, so that «; is correlated with (z;1, ..., z;r) only
through Z;. In this case we may have >, E(zy2}|2 = 2) to be a nonsingular matrix even
when T < d. As long as Zthl E(xyx)|2 = z) is invertible for almost all z € Q., we can
consistently estimate 0(z) for z € €2, by

n -1,

T T
0(z) = Z xjs:CjTSKhzjzlgn(z) ZZyjsxjsKh’zjzlsn(z), (2.11)

Jj=1 s=1 j=1 s=1

where K, .. = K((z; — 2)/h), Q. = {2 € S, : minjeqy,. g3 |21 — 204] > €, for some zy € 9S.},
and 1., (z) is a trimming function which ensures to avoid singularity problem and boundary
bias and will be more explicit in section 3. Furthermore, we can consistently estimate (3 by

) |



where 0(z;) is obtained from (2.11) with z being replaced by z;.

It can be shown that, under some standard regularity conditions, \/ﬁ(ﬁgemi —B) 4N (0,V)
for some positive definite matrix V', we discuss the estimation and the asymptotic analysis of
Bsemi in the next section.

3 A Correlated Random Coefficient Panel Data Model

In this section we consider a CRC panel data model as follows
Yir = ., B + Ui, (i=1,.,nt=1,...,T) (3.1)

where z; is a d X 1 vector, 3; = 3 + « is of dimension d x 1, 3 is a d x 1 constant vector, «;
is i.i.d. with (0,%,), 3, is a d X d positive definite matrix, and g is i.i.d. with (0,02) and is
orthogonal to (z;, ;). We allow «a; to be correlated with ;.
We can rewrite (3.1) as
Yit = T4y 0+ Ty 0+ Uy, (3.2)
E(uig|xit, ..., xir, o) = 0. Let z; satisfy the condition that E(uy|zy, z;) = 0 and E(;|zy, z;) =
E(aylzi) = g(2;). For example we can have z; = 7, = T! Zthl zygor zi=a; = (2, xp) "
Define ; = a; — E(;]z;) and € = x)m; + uy. By construction we have E(ey|z;) = 0.
Then we have
it = T B+ xh9(2) + € = 1,0(2;) + €a, (3.3)

where 0(z) = 5+ g(2). Note that equation (3.3) is a semiparametric varying coefficient model.
Hence, we can estimate 0(z) by some standard semiparametric estimator, say, kernel-based local
constant or local polynomial estimation methods. From E(g(z;)) = 0 we obtain § = E(0(z;)).
Let 0(z) denote a generic semiparametric estimator of 6(z), we estimate 3 by

n

.1 .
= — 0(z).
f=0 20
Let 1., (2) = 1{z; € .}, and Q. = {2z € S, : minjeq1, gy |21 — 204] > €5 for some zy € 0S.},
where 0S8, is the boundary of the compact set S, which is the support of z;, ||h||/e,, — 0 and
en, — 0, as n — oo. If we take z; = Z;., we can get a semiparametric estimator using local
constant kernel estimation

1 n
Bsemin = - Z Ove, (i),
i=1

where
n T -1 n T

évc,l(@) = Z Z xjsx;'rsKh,:fj:Ei]-sn (Z:.) Z Z TjsYjs Kn,z;e,1e, (Ti.),

Jj=1 s=1 j=1 s=1

with Ky gz = [10_ k(& jom — i) /)



If we take z; = z; = (x},...,x;;) . We can pool the data together and estimate 3 by

. 1 < .
emi,2 — 0 i) 3.4
Bs ,2 n; VC,2($) ( )
where
n T Tt on T
6V02 xz = [ ijsijsKh,xjxilsn(xi)] ijsy]SKhx]xl En(xl) (3’5)
7j=1 s=1 7j=1 s=1

with Kp g0, = Hm:l Ht:l k((jtm — Titm) /[ Ptm)- A A

Since the derivations of asymptotic distributions of Bgemi1 and Bgemi2 are special cases of
using different z;, we will provide detailed proofs without specifying z;. We consider two types
of semiparametric estimators for 6(z), local constant and local polynomial estimation methods.
The local constant estimator of (z) for z € Q, is given by

n T -1 n T
O,c(z) = (Z > wjer) Knsle, (z)) DY wye Kz 21, (2), (3.6)

j=1 s=1 j=1 s=1

where Kj,... = K((z; — 2)/h) = [\, <Z” lzl) is the product kernel, k(-) is the univariate
kernel function, zj;; and 2 are the [""-component of z; and z, respectively. Then, we define
Bre = %Z?zl éLC(Zi)'

We introduce some notations and assumptions before we present the asymptotic theories.
We write fi = f(z;). For the d x 1 vector 0; = 0(z;), we use 8; = 6;(z;) to denote the [
component of 0(z;) and use ||h|| = /> L, h? to denote the usual Euclidean norm. We make

following assumptions.

Assumption Al: (y/, 2], z') are iid. as (y/,2],z), where y/ = (vir,...,vir), 7] =
(z], - xip), o = (Tiea, o, Tira), 20 = (zi1, -, 2iq). 2 admits a Lebesgue density function
f(z1, ...y 24) with inf,es, f(2) > 0, where S, is the support of z; and is compact. z; is strictly
stationary across time t. u; has finite fourth moment.

Assumption A2: 0(z) and f(z) are v + 1 times continuously differentiable, where v is an
integer defined in the next assumption.

Assumption A3: K(z) = [[L,k(z), where k(-) is a univariate symmetric (around zero)
bounded v order kernel function with a compact support, i.e., [ k(v)dv =1, [ k(v)vidv = 0 for
j=1,..,v—1and p, = [ k(v)v'dv # 0, where v is a positive even integer, with [ |k(v)|v"*2dv
being a finite constant.

Assumption A4: Asn — oo, nhy ---h,/Inn — oo, ||h||* Inn/H — 0, n||h||*** — 0, &, — 0,
\hll/en — 0, by — 0 foralll=1,...,q.

Theorem 3.1 Under assumptions Al to Aj, we have that

Vn <BLC DY h;’Bl,L(;) = N0, Vie).

=1



B 1 —1/9F1my\/ 8*20;
where Buro = [ D g s komv koo it |5 ( azl’ﬂl)( l

k . k kopg. k _
88;?1 = a;Z”ZfZ) o —é;jke; = 8;;(;) loez,, and Vie = Var(0(z)) + T='WVar(m; ' f(z)ww) (o —
1 1 1

E(wilz))) + T*1Var(ui5m;1xi5}(zi)).

0z,

We can see that the semiparametric estimator we give has a \/n convergence rate. The reason
is well known that taking average can reduce the variance of nonparametric estimators. We
also use the high order kernel to reduce the bias. The proof of Theorem 3.1 is given in the
Appendix A.

In order to reduce the bias, we also consider the local polynomial estimation. We introduce
some notations first. Let

q
ko= (k. kg), Kl=hl X x kgl K=k,
=1

0<|k|<p =0 k1=0 k4=
ky+-tkg=j
olklg

Then we minimize the kernel weighted sum of squared errors

2

SO wis— DL wlbe(2)(z = 2)" | K, (3.7)

j=1 s=1 0<|k|<p

with respect to cach by (z) which gives an estimate of by,(2), and klbg(z) estimates D*0(z). Thus,
O p = Bo(z) is the pt" order local polynomial estimator of #(z). We define BLP = % S éLp(zi).
Now we need 6(z) to be p + 1 times differentiable, and the local polynomial estimation

cannot be used together with the high order kernel. So we give the following assumptions.

Assumption B1: (y,z],2) are iid. as (y/,z],2/), where v, = (yi1,...,vir), ] =

(z), i), oh = (@iay oy Tira), 20 = (21, -, 2iq). 2] admits a Lebesgue density function
f(z1, ..., 2y) with inf.cs. f(2) > 0, where S, is the support of z, and is compact. z; is strictly
stationary across time t. u; has finite fourth moment.

Assumption B2: 6(z) is p + 1 times continuously differentiable, and f(z) is three times
continuously differentiable.

Assumption B3: K(z) = [[/_, k(z), where k(-) is a univariate symmetric (around zero)
bounded kernel function with a compact support, i.e., [k(v)dv =1, [k(v)v'dv =0,if 0 <i <
p+2is an odd integer and p; = [ k(v)v'dv # 0, if 0 <4 < p+ 2 is an even integer. We define
e = [of - L vg [T, k(v)dv .. .dv, if k is a g-tuple.
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Assumption B4: As n — oo, nhy---hy/Inn — oo, £, — 0, ||h||/e, — 0; if p > 0 is an odd
integer, ||h||*"2Inn/H — 0, n||h||*™ — 0; if p > 0 is an even integer, ||h||****Inn/H — 0,
n||h||?T6 — 0; iy — 0 foralll=1,..,q.

Theorem 3.2 Under assumptions B1 to B, we have that
vn (BLP - B - BLP) L N(0, Vip),

where Bpp = PLS™'M 2|k|=p+1 ’;CL,ME [©], if p is an odd positive integer, or Bpp = PL.S™'M Elk\=p+2
’“;C—}!ZkE [©;], if p is an even positive integer, Py, S, M and ©; are matrices defined in the Appendix

A, and Vip = Var(0(z))+T " WVar(PS(z) ‘Tl (i — E(oi|2:)) f(2:)+ T Var(PS(z)  us
f(z)Tys), where Uy is also defined in the Appendiz A.

The proof of Theorem 3.2 is given in the Appendix A.

Note that if one imposes an additional condition that n||h||*” — 0 or n||h||*’** — 0 as
n — oo for Brc or Brp, respectively, then the center term is asymptotically negligible, and we
have the following result:

V1(Bsemi — 8) > N(0,V),

where Bgemi can be ﬁLC or BLP.

4 Identification of a Binary Response CRC Panel Model

The identification of the binary response model is different from the linear models. We can iden-
tify the coefficients if we assume that the unobserved random terms have known distributions,
and this will allow us to estimate the model by conditional maximum likelihood method. How-
ever, if we do not assume the distribution of the unobserved terms, the identification becomes
problematic. We need to impose additional restrictions on the dependence structure between
the regressors and the unobservables. One way to identify the model is transferring the model
to a single-index model, which can be estimated nonparametrically. However, the single-index
model only admits limited heterogeneity, see Powell, Stock, and Stoker (1989), Ichimura (1993),
Klein and Spady (1993), Héardle and Horowitz (1996), Newey and Ruud (2005). Another way
of identification is based on the conditional quantile restrictions. Manski (1985, 1988) give the
identification conditions in this type for the binary response models. A sufficient condition
for the identification of the coefficients is the median independence between the error and the
regressors. He also suggests the conditional maximum score estimator to estimate the model.
However, the limiting distribution is not standard which is derived by Kim and Pollard (1990).
Horowitz (1992) modifies the maximum score estimator to a smoothed maximum score esti-
mator and gets the asymptotic normal distribution. The convergence rates of maximum score
estimators are less than y/n. Chamberlain (2010) shows that the consistent estimation at the
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\/n convergence rate is possible only when the errors have logistic distributions without other
additional assumptions.

The third way of identification and achieving the y/n convergence rate is via the special
regressor method, which is proposed by Lewbel (1998, 2000). With additional assumptions on
the joint distribution of the observables and unobservables based on one special regressor, we
can get the identification and the usual parametric estimation rate. We use this method to
identify a binary response CRC panel data model in this paper.

We consider a binary response correlated random coefficient panel data model as follows.

yitzl(vit—i—x;tﬁi—i—uit>0), (i=1,.,nt=1,..,T) (4.1)

where 1(-) is the indicator function, f3; is the individual specific random coefficient, and the
superscript ' denotes the transpose. For simplicity, we assume there exists only one regres-
sor which has constant coefficient and this regressor is the special regressor in model (1.1) to
get the model (4.1). The analysis remains similar if we assume more regressors with constant
coefficients. Let 3; = 5+ «;, where E(«;) = 0, then (3 is the average slope we are interested
in. We assume v;; is a special regressor, which satisfies three conditions that v; is a continu-
ous random variable, independent of a; and wu; conditional on x;;, and has a relatively large
support, which will be made more specific below. Here, we normalize the coefficient of v
to be 1. If it is negative, we can use —wv; instead of v;. The advantage of including such
a special regressor is to allow us to transfer the binary response model into a linear moment

condition. Further, we assume that E(u|x;1,...,z;r, ;) = 0, which is the strict exougene-
ity condition. Also, we assume there exists a random vector z; satisfying the condition that
E(uit|wi, z:) = 0 and E(oy|zi,z:) = E(aulz) = g(2), for instance z; = & = T 0 Lay
or z; = (z},...,xjp)". We already saw the identification and estimation in the linear case.

With the help of the special regressor, we can transfer (4.1) to a linear moment condition, i.e.,
El(yie — L(vie > 0))/ fe(vite|wir, 2i)|ie, 2] = $¢:5+$;E(@i|$it, Z;) = xiTtﬁ‘i‘xiTtg(Zi)a which is given
in the identification proposition below.

Panel data give us more observations for the same individual over different time periods.
This brings us the advantage of taking consideration of the heterogenous effects. We can identify
the average slope if we have enough time period or additional information on z; as we did in
the linear case. We assume the data are independent across i. We give the assumptions on the
special regressor.

Assumption C1: The conditional distribution of v; given x; and z; has a continuous condi-
tional density function f;(vi¢|xs, 2;) with respect to the Lebesgue measure on the real line. More-
over, fi(vit|zit, zi) > 0, if fi(vie|T, z;) has the real line as the support, and inf,, ¢, x,) fi(Vie|Zit, 2i)
> 0, if [Ly, K;] is compact, where [L;, K] is the support of v;; conditional on z;; and z;.
Assumption C2: Assume «; and u; are independent of v; conditional on x; and z;. Let
eir = 1 (i — g(2;)) + ui and denote the conditional distribution of e; conditioning on (7, 2;)
as F., (ei|ri, z;) with the support Q.

12



Assumption C3: The conditional distribution of v; conditional on z; and z; has support
(L, K] for —oo < L; < 0 < K; < 400, and the support of —x},3 — x}g(2;) — e;; is a subset of
(L, K.

In the empirical analysis, the existence of the special regressor depends on the context. For
instance, the age or date of birth can be chosen as the special regressor. In some situations, it
may not be easy to find such a regressor. For more discussions, see Honoré and Lewbel (2002).

Based on these assumptions, similar as Theorem 1 in Honoré and Lewbel (2002), we have
the following identification proposition.

Proposition 4.1 Under assumptions C1, C2, and C3, let

£ _ Wit — L(vie > )]/ fi(vielwie, zi)  of vie € [La, K4,
Yit 0 otherwise.

we have
E(yf|xu, zi) = x;ﬁ + :Ethg(zl) (4.2)

The proof of this proposition is given in the Appendix B.

5 Estimation of the Binary Response CRC Panel Model

Based on the identification analysis in section 4, we can construct the semiparametric estimator
of  using kernel methods. Let 0(z;) = 6 + g(z;). Since 0 = Eloy] = FElg(z;)], we have
3 = E[f(z)]. Once we have an estimator of f(-), we can estimate § using § =n""3"| 0(z).

From (4.2), we have 0(z;) = (ZthlE[:Enxth]zl]) lthzlE[xityjt\zi]. Since Elxuyfi|zi] =
Elzy(yy — L(vie > 0))/fi(vig|wie, z:)|z:] and fi(vig|zi, 2;) is unknown, we have to estimate
fi(vit| i, z;) and we estimate it by

ft(v't|$'t 24) _ ft(vz‘t; Tit, Zz) (nH)_l ZZ:1 Kh(Ukt — Uity Tt — Lits Bk — zl-)
7 (2 1 - A 3
’ ft(*rita Zi) (nH)_l ZZ:l Kﬁ(l‘kt — Tty Rl — Zi)

Y

where ft(vz‘t, Tit, %) = (nH)fl Zzzl K (Uke—0it, T — g, 26— 2i), ft(%‘u 2) = (nﬁ])fl Zzzl K (g —

it Zk_zi>, H = hl s hd+q+17 I:I = hg R hd+q+1, Kh(u) = ;lif+1 k? <Z—i>, ]’L = (hh ey hd+q+1)T

and h = (ha, ..., harqs1)". Then we estimate Elz;y|2] by

Bleayils] = (nTH' )30 wi(ye — L(vje > 0)) K (25 — %)L, 5/ folvjel e, 25)
itYit| %] = (nTH') 27;:1 Kn(z — z) )

where 1Tn,j - 17'n (thawjt7 Zj) = 1{('tha Zjt, Zj) € vaz}a vaz = {a € Sva:z : minle{l,...,d+q+1} |al -
by| > 7, for some b € 0S,,.}, OS,.. denotes the boundary of the compact set S,,, which is the
support of (vjs, Tji, 25), H = Wy -+ hy, b = (hy, ..., b)), ||h]|/7 — 0, and 7, — 0, as n — oo.
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We use 1,, (vji, Zji, 2;) to truncate the data at the boundary to avoid the singularity problem
and the boundary bias.

We can get an estimator of 6(z;) by the local constant kernel method or the local polynomial
method. Due to the complexity of the local polynomial kernel estimator, we will not discuss it
here. However, based on the analysis in the linear case, we know the derivation will be similar.

The local constant kernel estimator éLC(Zi> for z; € €, is given by

’U >0
Bre(z) zzxﬁxﬁz«w zz 2 Wit =20 > 0) pe vl

j=1 t=1 t=1 j=1 ft(vjt‘xjtazj)

where 1., ; = 1., (z) = H{z € .}, Q. = {2 € S. : mineq, g |21 — 204] > €, for some 2 €
0S.}, 0S. is the boundary of the compact set S, which is the support of z;, ||#']|/e, — 0 and
€, — 0, as n — o0o. Then the local constant kernel estimator of 3 is given by

BLC =n"! Z éLc(Zi)-
=1

We list some conditions before we present the asymptotic distribution.

: (T T T LT . T T T T T _ T _
Assumption C4: (y,',v, ,z;,z,) are iid. as (y, ,v, ,2y,2, ), where y,' = (y;1, ..., yir), v; =

(Vi ey vir), ¥ = (2}, xlp), ) = (Tia,s ooy Tira), 20 = (Zi1, -y 2ig). 2] admits a Lebesgue
density function f,(21,...,2,) with inf,cs. f.(2) > 0, where S, is the support of 2 and is
compact. v is a continuous scalar random variable with the support [L;, K;] on the real line
R. (vit, zi, z;) has a compact support S,,,. vy and x;; are strictly stationary across time ¢ and
u;; has finite fourth moment.

Assumption C5: 0(z), fi(v,z,2), fi(v,z) and f,(z) are v+ 1 times continuously differentiable,
where v is an integer defined in the next assumption.

Assumption C6: K(z) = [[., k(z), where k(-) is a univariate symmetric (around zero)
bounded v order kernel function with a compact support, i.e., [k(v)dv =1, [k(v)vidv =0
for j=1,.,v—1and p, = [k(v)v”dv # 0, v is a positive even integer, with [ |k(v)v""?dv
being a finite constant.

Assumption C7: As n — oo, nH”?/Inn — oo, /nH/Inn — oo, |W[|*Inn/H — 0,
W1 /E = 0, al[K]P — 0, llhl* — 0, alll* — 0, & — 0, 7y — 0, [|¥|/en — 0,
\bll/7n — 0, &, > 7, ||F]|/(en = Tw) — 0, by = O foralll =1,...,d+q+ 1, hj — 0 for all
l=1,...4q.

Theorem 5.1 Under assumptions C4-C7, we have that
ValBre — 8) % N0, Vie),

where Vie = Var(g(z)) + T-'Var (mi_lfz(zi)xitéit); Eit = Ui — E(yi|wa, z), and yjy, = [y —
(v > 0)]/ fir(viexis, 21), if vie € [Ly, K], and yi, = 0, otherwise.

The proof of Theorem 5.1 is given in the Appendix B.
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6 Monte Carlo Simulation Results

In this section, we conduct extensive simulations to examine the finite sample performance of
different estimators including semiparametric estimators we proposed in sections 3 and 5.

6.1 Linear CRC panel data models

In this subsection, we consider a simple linear panel data model
yit:ﬁ0i+$itﬁli+uit7 (Z: 1,-..,71; = 17aT) (61)

where 1 is a scalar random variable, By; = Bo+ s, Bii = b1+, ag; is i.i.d. with (0,02), ay; is
i.i.d. with (0,0%), and u; isi.i.d. with (0,02) and is independent with (z;;, ;). n = 100, 200, 400
and T'= 3. We report the estimated mean squared error (MSE) computed by

Ny

MSE(3,) = ni > 18- ﬁsr . fors=0,1,

T jzl

where B is one of five estimators, BO LS, B re, BG M Bsemi,l, Bsemig, which are defined below, BSJ
is the value of 3, in the 7 simulation replication, n, = 1,000 is the number of replications.

6.1.1 Estimators Considered

We will compare the following five estimators:
(i) The OLS estimator of regressing y;; on (1,z), i.e., fors is from the linear regression

Yit = Bo + 2B + wir.

Let j'it = (1,.CCit)T, then
n T n T

BOLS = (Z Z %t%t ! Z Z TitYit-

=1 t=1 i=1 t=1

(i) The fixed-effects estimator Gpg,

Brp = D i 2321(%6 — i) (Yi — i)
S S (@i — T)? ’

where ;. = % Zthl ry and ;. = % ZtT:l yir. We can see that the fixed-effects estimator cannot

estimate 3y. We only report its estimation results for ;.

(iii) We estimate (3; using each individual’s data, i.e., 51 OLS = [Zt N Zt | TitYit-
Then we average ﬁl orLs to obtain the group mean estimator 6GM as defined in (2.10).
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iv) If we le % = Ti., where T;. = x;t, then we can get the semlparame ric estimator
If we let h S @, th get th tric estimat
Semi1- Lhat is, Bgemin is the average of the varying coefficient estimator 6y of the followin
1. That i 11is th ge of th ying coefficient estimator 6 1 of the foll g
varying coefficient model

Yit = 00(21> + xitel (Zz) -+ Ujt-
Bsemin = Ly Ovea(Z;.), where

n T

Ovea (i) szjtxjtKh D1, (Z)) DY Y F i Kn(®). — )1, (22,

j=1 t=1 j=1 t=1
where K(-) is a kernel function and h is the smoothing parameter.

(v) If we let z; = x; = (z,...,x)p) ", then we can get the semiparametric estimator Bsemiyg.
That is, Bsemi,2 is the average of the varying coefficient estimator 6y ¢ 5 of the following varying
coefficient model

Yir = Oo(2i) + xib1(2:) + wis.
Bsemi,z = %Z?:l évqg(xi), where

n T

HVC‘ 2 Zz Z Z x]txjtKh 1 an .1'1 ! Z Z ]ty]tKh Zz)lsn (-Tz)7

j=1 t=1 j=1 t=1

where K (-) is a multivariate kernel function and h is a vector of smoothing parameters.

6.1.2 Data Generating Processes

Below we report the result of a small simulation study. We generate y;; by
Yir = 6075 + xitﬁli + Uit (Z = 17 w1 t= 17 7T7 T = 3)

where By = Bo + aoi, B1i = 1+ a4, o =1, 1 = 1, xy is i.i.d. with Gamma(1,1), and uy is
i.i.d. with N(0,1). ap; and «y; are generated in the following ways, where ag; = vo; — E(vo;)
and a1, = V1 — E(Uli).

DGP1: vy =i + 1o, and vy; = T + Mg,

DGP2: vy = (Zi. — 1)* +no;, and vy; = (25, — 1)? +In(Z. + 1) + 0y,
DGP3: vy = (Z;. — 1)* + no;, and vy; = sin(3%;.) + 11,

DGP4: vy = (T — D)* +nos, and vy; = (23, + 2% + 235)/9 + 1m0,

where z; = T~ Zthl Ty, Noi and ny; are i.i.d. with Uniform[—1,1].
In both DGP1 to DGP4 above, ag; and aq; are correlated with ;.
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Table 1: MSE of Bors, Brg, Baar, Bsemin, Bsemia for DGP1
MSE(5) MSE(f)

n | Bors | Bre | Bam | Bsemin | Bsemiz | Bors | Bre Bam | Bsemin | Bsemi2
100 | 0.1727 | n/a | 0.0511 | 0.0193 | 0.0239 | 1.7706 | 0.1100 | 2.2231 | 0.1739 | 0.2532
200 | 0.1695 | n/a | 0.0252 | 0.0103 | 0.0131 | 1.7876 | 0.0788 | 0.6199 | 0.1052 | 0.1596
400 | 0.1691 | n/a | 0.0170 | 0.0056 | 0.0079 | 1.7740 | 0.0619 | 0.6050 | 0.0602 | 0.0981

6.1.3 Simulation Results

The simulation results are reported in Table 1, Table 2, Table 3 and Table 4, and the results
confirm our theoretical analysis in the paper. We can see that in all of these tables, Bo s and
BFE are not consistent.

From Table 1 we observe the followings: Bsemi,l, Bgemm have the smaller estimation MSE
than BGM. The GM estimator has the large estimation MSE because of the short panel of
T = 3 so that each individual estimator has large variance. Though averaging over individuals
makes it a consistent estimator, its finite sample MSE is still large.

Table 2: MSE of Sors, Are, Bart, Bsemits Bsemia for DGP2
MSE(f) MSE(f)

n | Bors | Bre | Bam | Bsemin | Bsemiz2 | Bors BrE Bam | Bsemit | Bsemi,2
100 | 2.6718 n/a 0.2425 | 0.2012 | 0.2120 | 34.9186 | 1.1697 | 2.2223 | 0.0973 | 0.1843
200 | 2.5887 n/a 0.1229 | 0.1049 | 0.1102 | 32.0093 | 1.0391 | 0.6196 | 0.0603 | 0.1166
400 | 2.4841 n/a 0.0768 | 0.0632 | 0.0664 | 29.3801 | 1.0430 | 0.6048 | 0.0348 | 0.0692

The simulation results for DGP2 is given in Table 2. Note that for DGP2, ésemi,l performs
the best, followed by Bgemis, and with [y far behind.

Table 3: MSE of Bors, Brg, Baar, Bsemin, Bsemia for DGP3
MSE() MSE(f)

n | Bors | Bre | Bam | Bsemii | Bsemiz | Bors BrE Bame | Bsemin | Bsemi2
100 | 1.3804 n/a 0.2425 | 0.2032 | 0.2142 | 17.3218 | 0.2184 | 2.2223 | 0.1251 | 0.2007
200 | 1.3286 n/a 0.1229 | 0.1057 | 0.1116 | 14.9118 | 0.1826 | 0.6196 | 0.0790 | 0.1281
400 | 1.2416 | n/a | 0.0768 | 0.0635 | 0.0673 | 12.7015 | 0.1630 | 0.6048 | 0.0453 | 0.0768

From Table 3 we observe that ﬁASemm has the smallest estimation MSE, followed by Bsemig
and BGM.

Table 4 reports simulation results for DGP4, we can see that Bgemi’l and ﬁASSmi’Q are consis-
tent.

The simulation results reported in this section show that our proposed semiparametric
estimators Bgemi,l and Bgemm perform well.
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Table 4: MSE of Bors, Brg, Baar, Bsemin, Bsemia for DGP4
MSE(S) MSE(f)

n | Bors | Bre | Bam | Bsemii | Bsemiz | Bors BrE Bamvt | Bsemin | Bsemi2
100 | 2.7451 n/a 0.2425 | 0.2105 | 0.2115 | 36.0380 | 2.0803 | 2.2334 | 0.1287 | 0.1834
200 | 2.6751 | n/a | 0.1229 | 0.1125 | 0.1098 | 33.2559 | 1.8795 | 0.6224 | 0.0691 | 0.1080
400 | 2.6186 | n/a | 0.0768 | 0.0701 | 0.0662 | 31.2719 | 1.9394 | 0.6077 | 0.0394 | 0.0631

6.2 Binary Response CRC Models

In this section, we conduct simulations for binary response CRC models. We compare the

estimators as in section 6.1.1 with y;; substituted by W We generate y;; by
t(vje|Tjt,z5

Vit = L(vie + Boi + it Pri + uie > 0), (i=1,.,nt=1,.,T;T=3)

where ﬁoi = ﬁo + Qg ﬁlz’ = 61 + 4, ﬁo = 05, 61 = 1, Tit is i.i.d. with Gamma(l, 1/3), and
w; is 1.4.d. with Uniform[—0.5,0.5]. gy and «y; are generated in the following ways, where
Qp; = Wo; — E(U)Oz) and A1, = Wy — E(w11>

DGP5 - vy 1s independent of «g;, aq; and uy, and distributed as Uni form[—4, 4],
wo; = (Z;. — 1)* +nos, and wy; = (Z; — 1)* + In(Z;. + 1) + mus,

DGPE6 : vy 1s independent of ap;, aq; and g, and distributed as Uni form[—4, 4],
wo; = (Z;. — 1)* + noi, and wy; = sin(3%;.) + N,

DGPT7: vy =T +wy, where wy ~ Uniform[—4,4],
wo; = (T5. — D)* +noi, and wy; = (Z;. — 1)* + In(Z; + 1) + 0,

DGPS: vy =T +wy, where wy, ~ Uniform[—4,4],
wo; = (Ts. — 1)* + nos, and wy; = sin(37;.) + 0y,

where z; = T7! Zle Tit, No; and ny; are i.i.d. with Uniform[—0.5,0.5].

Table 5: MSE of Bors, Are, Bar, Bsemit, Bsemia for DGP5
MSE() MSE(5)

n | Bors | Bre | Bam | Bsemin | Bsemiz | Bors | Bre Bam | Bsemin | Bsemi2
100 | 0.0231 | n/a | 0.7049 | 0.0288 | 0.0474 | 0.6119 | 0.4586 | 15.2617 | 0.4788 | 0.6449
200 | 0.0133 n/a 0.1123 | 0.0134 | 0.0298 | 0.5513 | 0.3767 | 3.5648 | 0.2706 | 0.3271
400 | 0.0105 | n/a | 0.0528 | 0.0070 | 0.0197 | 0.5156 | 0.3262 | 1.7518 | 0.1812 | 0.2069

The simulation results are reported in Table 5, Table 6, Table 7 and Table 8. We can see
that the semiparametric estimators we proposed perform well.
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Table 6: MSE of Bors, Bre, Baar, Bsemin, Bsemia for DGP6
MSE(S) MSE(5)

n | Bors | Bre | Bam | Bsemin | Bsemiz2 | Bors | Bre Bam | Bsemin | Bsemi2
100 | 0.0225 | n/a | 0.7078 | 0.0294 | 0.0489 | 0.4491 | 0.3688 | 14.2614 | 0.4306 | 0.6242
200 | 0.0114 | n/a | 0.1019 | 0.0135 | 0.0302 | 0.3794 | 0.2820 | 3.0915 | 0.2419 | 0.3166
400 | 0.0086 | n/a | 0.0539 | 0.0072 | 0.0195 | 0.3413 | 0.2341 | 1.6976 | 0.1602 | 0.2064

Table 7: MSE of Sors, Are, Bar, Bsemit, Bsemia for DGPT
MSE() MSE(5)

n | Bors | Bre | Bam | Bsemin | Bsemiz | Bors | Bre Banm | Bsemin | Bsemi2
100 | 0.0230 | n/a | 0.7132 | 0.0289 | 0.0461 | 0.6083 | 0.4543 | 15.7561 | 0.4661 | 0.6270
200 | 0.0144 n/a 0.1083 | 0.0139 | 0.0294 | 0.5699 | 0.3879 | 3.7572 | 0.2681 | 0.3204
400 | 0.0112 | n/a | 0.0496 | 0.0072 | 0.0192 | 0.5269 | 0.3356 | 1.7287 | 0.1821 | 0.2013

Table 8: MSE of Bors, Brg, Baar, Bsemit, Bsemiz for DGPS
MSE() MSE(5)

n | Bors | Bre | Bam | Bsemin | Bsemiz | Bors | Bre Bam | Bsemin | Bsemi2
100 | 0.0220 | n/a | 0.7349 | 0.0292 | 0.0477 | 0.4434 | 0.3668 | 14.7899 | 0.4226 | 0.5975
200 | 0.0125 n/a 0.0970 | 0.0144 | 0.0306 | 0.3898 | 0.2946 | 3.2012 | 0.2448 | 0.3160
400 | 0.0088 | n/a | 0.0524 | 0.0073 | 0.0193 | 0.3385 | 0.2319 | 1.6847 | 0.1571 | 0.1958

7 An Empirical Application

In this section, we use the linear CRC panel data model to reexamine the return of on-the-job
training. We consider the following simple wage equation

log(wagey) = Bo; + Buit + Bostenurey + Batenure?, + Byeducy + Bsiuniony + Betraining, + .
(7.1)
Here, (3y; is the fixed effects term which captures the time invariant characteristics of individuals,
for instance, gender. We include a time trend to capture the individual wage growth. tenure;
denotes weeks an individual has worked for the current employer, which describes the working
experience. tenure? is used to capture the nonlinear effect of working experience as Mincer’s
wage equation. We use edu;; to denote years of schooling, union; to denote the union status
of the individual, which is also an important ingredient for the wage, and training;; to denote
accumulated hours spent on the job training until time ¢. Then (s; is the return from joining
the union, and fg; is the rate of return from the job training. Though some people took the job
after finished the education, the years of schooling occasionally change for some other people,
so we include an education term in the equation.
We know that people make decisions on whether to join the union depending on how much
benefit they can get from this activity. Thus, there exists a correlation between union; and
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0s;. From the theory of human capital, we know that the marginal return of the job training is
diminishing as the level of the training increases. Therefore, there is also a correlation between
training; and (g;. These make (7.1) a linear CRC panel data model. Also, random coefficients
are used to capture unobserved heterogeneity.

We use 1979 cohort data from the National Longitudinal Survey of Youth (NLSY). The
1979 cohort data in NLSY is a data set of 12,686 individuals who were aged 14 to 21 in 1979,
and interviewed every year from 1979 to 1994, and every two years after 1994. In 1988 and
after, individuals were asked about the spell of their job training, i.e., weeks they spent on the
training since last interview and hours per week spent on the training. We use the product of
the weeks and hours to calculate the increment of hours spent on the job training since the
last interview. The data also include other information about individuals, such as hourly wage,
tenure, union status, years of schooling, etc. The descriptive statistics are given in Tables 10
and 11 at the end of the paper.

For the estimation of (7.1), we take first difference and get that

log(wage;;) — log(wage;;—1) = [+ PaiAtenure; + Ba; Atenure?, + BuAeducy, + Bs; Auniony
+ 0B Atraining;; + Aug, (7.2)

where AA;; = Ay — A; ;1. The reason we do the first difference is that we can only observe the
increment of hours spent on the job training since the last period, not the accumulated hours.
Also, it helps us to get rid of the fixed effects term [y;. Then we can use the OLS approach to
estimate B1;, Bai, Bsi, Pais B and Bg; which are population means of the random coefficients in
(7.2), which is equivalent to fixed effects estimators for (7.1). We also use the nonparametric
method we proposed in (3.4) to estimate (7.2). We report the result in the following table.

Table 9: Estimation results of (7.2) by OLS and nonparametric methods

Variables First difference estimates Nonparametric estimates
Time trend 5.67% 6.80%

Tenure (weeks) 0.053% 0.067%

Tenure? -0 -0

Education (years) 2.57% 4.29%

Union 11.33% 16.5%

Job training (per 100 hours) 0.6% 6.1%

Time range: 1988 - 2008 (14 interviews)

Sample size: 3287

We use the data of 3287 individuals who took job training during 1988 to 2008. From table
9, we can see that the first difference estimators underestimate the rate of return from the job
training and joining the union. This is consistent with the discussions in the literature, e.g.
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Frazis and Loewenstein (2005). Using our nonparametric method for correcting the correlations,
we get the return of joining the union is 1.6 times as much as the one estimated by the first
difference method. Also, the estimate of the return from job training based on our method is
10 times as much as the one estimated by the first difference method.

From the estimation results, we can see that the yearly increase rate of wage is 6.8%. The
increase rate of tenure is 0.067% per week. The reason this is small is that for most people who
continuously work for a same employer, the tenure is proportional to the difference of time.
So part of the increase from tenure is absorbed in the yearly increment. Moreover, we can see
that there is no obvious nonlinear effect of the tenure due to the similar reason as tenure. The
rate of return of education is 4.29% for one year more education. Also, we find that the return
from joining the union is 16.5%, and the rate of return from job training is 6.1% per 100 hours
training.

Overall, the estimator we proposed can make a difference compared with the usual first

difference estimation. The magnitude of these values are very reasonable.

8 Conclusion

In this paper, we discuss the identification and estimation of a linear CRC panel data model
and a binary response CRC panel data model. We use the linear CRC panel data model to
show how we deal with the general correlation between random coefficients and regressors in the
CRC model. Also, the linear CRC panel data model has usefulness in its own for the analysis
of the average treatment effect. Further, we extend the idea to the binary choice CRC panel
data model. The identification of the binary choice model is different from the linear model.
We base our identification result on the special regressor method. Moreover, we construct the
\/n consistent asymptotically normal semiparametric estimators for both models. Further, we
did simulations and an empirical application to show the advantage of our estimators.

There are some extensions we are considering. In the example given in section 2, the
regressor is a discrete variable but we mainly discuss the identification and estimation results
for continuous variables in this paper. Though, similar discussions can be made by using kernel
smoothing method for discrete variables as in Li and Racine (2007), we leave the rigorous
derivations for future research. In addition, it is desirable to construct tests for CRC panel

data models. We also leave this for further research.
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Appendix A

Proof of Theorem 3.1: We first consider the local constant estimation method. For any

z € €),, we have

n T -1 o
éLC(Z) - lzzxjsx;}(h,zjzlsn(zi szjsyjsKh,zjzlsn<Z)
j=1

7j=1 s=1 =1 s=1

j=1 s=1

= 0(2) + Ap(2) 7 [Apa(2) + Ans(2)]

=1 s=

where

n T
1
An(z) = nTHZZQ:jSIJTSKh’ZjZ1€"(z>7

7j=1 s=1

A”Q(z) = nTHZZx]S:E]S ZJ _9( ))KhZJZ ( )?
7j=1 s=1

An3(z) - nTHZZx]sejsKhzjz €n(>
7j=1 s=1

with H = hy---hg and Ky .. = K((2; — 2)/h) = [T1_; k((2js — 2s)/ hs)-
Using (A.1) we have

R 1 < .
Brc = EZ;QLC(%)

- % Z 0(2:) + % Z A1 (20) 7 [Ana(2:) + Ans(2:)] -

By Lemma A.1 we have uniformly in z € €2,
Ani(2)" = m(2)" + Op([[A]]” + (Inn/(nH))'?),

where m(z) = T-' 3.1 L Elzjsx)|z = 2] f(2).

So we have

= — Zm Z,L 1 TL2 Zz) + An3<zl)} + 7771

Bnl + Bn2 + M,y
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n T -1
Z Z a:jsajjTSKszlen(z)] Z :rjs[a:st(H(zj) —0(2)) + €] Kn 2,2 1c,(2)
j=1 s=1

(A.1)



where By = n™' 300 m(z) M Ana(zi), Be = 7 300 m(z) M As(20), ma = Op([IRI]Y +
(Inn/(nH)Y?)O, (| Ana(z)|| + |Ans(z)|). B and B,y correspond to ‘bias’ and ‘variance’
terms, respectively.

We first consider B,,;. Note that B,; can be written as a second order U-statistic.

(n—l _ _on(n—1)
Bnlzn n—l Zanlu— 2 Unh

2
zl];éz

where Hy1 45 = (TH)™ Y0 [m(z) "tayaa ] (0; — 0:)1e, (25) + m(z) " aia (0 — 0,1z, (2)] K i,
Ky ji = Kn((2; — z:)/h). Using the U-statistic H-decomposition we have

Unl - nl JiJ + Z nlgi— nlz TL — 1 Z Z nlij — nl K Hnl,j + E(Hnl,ij)] )

zl]>z

where Hnl,i = E[Hnl,ij|wi]7 Wi = (Dﬁz‘, Zi) = (%’17 ey TiT Zz’)-
Since ||h||/en — 0 and the kernel function K(-) has a compact support, the trimming
function 1., (z;) will ensure that all of the points which have boundary effects are excluded

from our estimated locations. We have that

T
ElHu) = (TH)™! Z E[m; wjx (05 — 6:) K i)

= (TH)™ ZE[m;lE(%SI s129) (0 — 0;) K ij]

= H'E mjlmjf’I(H ;) K5

= H™ //m Lim;(0; — 0,) Ky i5dzidz;

= //m LEm(z + ho)(0(z; + ho) — 0;) K (v)dvdz;

W O, 26, )
- wY & [ R Ge  ollnr

=1 k1+ko=v,ka#0

q
= S W Buie + Oy(|h]IFHY),

=1

_ 1 —1/9%1m; \ (9*20;
where Biro = f 3 g, 4 ky=v koo Tt {mi (W)( azf;)} ‘

Also, we have




4 n
= 5 Z Var[Hy; — E(Hp )

— Z E H,1 i E(Hnl,i)”Hnl,i - E(Hnl,i)]—r}
= O(n _1HhH2”),

and

n _ 1 Z Z nlyijy — nl K Hnl,j + E(Hnl,ij)]

=1 j>1
- (n—1) n2(n — 1)2 Z Z Var [Hnij — Hnyi — Hoj + E(Hp )]
=1 j>i
- (n— 1 Z Z E [ niij — Hori — Honj + E(Hpa45)) [Hprij — Honio — Hpnj + E(Hnl,ij)]T
i=1 j>i
= O(”_Qﬂ_lllhll ;>

Hence, Buy = S0, b Bysc + Op(| 1“1 + 0 H-1/2][h]).
We decompose B,,; into two terms
B2 = Bpa1 + Bpaa,

where

Bn2,1 - QTH Z Z m Zz xzsezs (0)15n (Zz)a

i=1 s=1

Bn272 = 2T’]y ZZZm ZZ xjsejsKhJilan(zi)-

i=1 j#i s=1

It is easy to see that E[Bpg1] = 0 and E[||By2.1|*] = (n*H?)™'O(n) = O((n®*H?)~'). Hence,
B = Op((n3/2H)_1).

B39 can be written as a second order U-statistic.
on(n—1)

Una,
2 2

Bn2,2 =n

where U, = m Yo Z;‘# Hyijy Hugij = (TH)™ ZS ((m; 19(:]$€j515n(zz)+m Yriseisle, (2)) Knij-
Since U, has zero mean, its H-decomposition is given by

Una = Una1 + Upao,

24



_ 2 n _ _
where Un2,1 = ;Zizl HnQ,z’ and Un2,2 = nln— 1 ZZ 1E]>1[ n2,ij — Hn2,i_Hn2,j]> an,i =
E[Hpsjlwi], wi = (v, v, 25, w;) = (Tix, -« ., Tiry Q4 20y Wity - - -, Ui ). 1t is easy to show that
Unz,1 is the leading term of U,;.

1

Up21 = T Z Z E (m; 'wjees1e, (1) + m; Ywiseisle, (2)) Kn, zJ|wz}
=1 s=1
1 n T
= T > E[(”’Lflﬂfjsﬁs(%‘ — B(aylz))) e, (20) +my tajougsle, () +my g,
i=1 s=1
(0 = Bl@i]2)) 12, () + m; " istis o, () ) Kl
1 n
= WTH 2 ; (E[m;lKhm\wl]xwx;(ozl — E(CY,L’ZZ))]_&L (ZZ> + uislsn (zi)E[mglxisKh,ij]wi])
1 n T
= D (i f)mise (o — E(ailz) + wismy wis f(20)) 1e,(2:) + Op (B /v/n).
=1 s=1

(A.2)

It is easy to evaluate its second moment E[||Una2|?] = (n*H?)"'n?0(H) = O((n*H)™').
Hence, U,p5 = O,((nHY?)™1).

Summarizing the above, we have shown that

be = —Zezz +—ZZ(m e (o — Blos]) + v i f(2) )1, (2)

=1 s=1
+Brc + Op (nHY2)7 4 ||l (nHY2) ™ B ) (IRl + (nn/ ()2 ).
(A.3)
Also, by Cauchy—Schwarz inequality we have that

H— Z Z f(z) xlsxT(a E(a;|zi)) + uismflxisf(zz'))m (1 =1, (=)l

i=1 s=1
< AB(Imi f(zi)aisai (s — Blau|2:) + wsemy i f (2) ) P2 € SAQ) 2,

where A®? denotes AA" for any matrix A. Since the density function f.(z;) of 2; is bounded and

the volume of the set that is within a distance ¢, of S, is proportional to &,,, we have that P(z; €

S.\Q.) = O(e,). Hence, Var(ﬁ St (m; ' f(z)isw (0 — Eoylz)) + wism; ' wis f(27))

1., (zl)> = Var (ﬁ > Zstl (mi_lf(zi)xisaz;(ai — E(ai|zi)) + uismi_lxisf(zi))> + o(1).
Hence, by noting that 8 = E[f(z;)] and letting v; = 0(z;) — (3, we have

vn (BLC — B - BLC>

= % sz \/_T Z Z m; f(2) sy (o — Bog|2)) + wism; @i f(21)) 1e, (21) + Op(Ga)
4, N(0,Vie) (A4)
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by the Lindeberg central limit theorm, where Vic = Var(v;) + T~ *Var(m; ' f(z)xx ) (c; —
E(ai|z))Fuism; i f(2:)) = Var(0)+TVar(m;  f(z)xisx ) (i—E(ag] 2)+ T~V ar (uigm;
wisf (2)) and Gy = (nH) ™2 (n| ][> 2) 24 (0 H) 72 B4+l RIP /0B (nn/ (nH)) 2+
IRl (nH) =42 + (nH) 2 (Inn/ (nH))'? = 0,(1).

Lemma A.1 Define Ay (2) = —= > 123 lx]sxjsKh 2z andm(z) =T Es . E[azjsx]s\z] =
2| f(z), where K, ... = [T, (Z” Zl) then under Assumptions A1-A4,

An(2)™" = m(z)+0, (||h||" + (1Hn)1/2(nH)_1/2) |

.....

is the boundary of the compact set S., €, — 0 and ||h|| /e, — 0, as n — 0o.

Proof: First, we have
E[Am(2)] = m(z) + O ([|A]]"), (A.5)

uniformly in z € €2,. Following similar arguments used in Masry (1996) when deriving uniform
convergence rates for nonparametric kernel estimators, we know that

nn)t/?
Au(e) = ElAw()] = 0, ({5 ). (A6)

uniformly in z € €2,.

Combining (A.5) and (A.6) we have
Ay (2) = m(z) = Oy (11BNl + (mm)' > (ni)™?). (A7)

uniformly in z € €Q,.
Using (A.7) we obtain

A (27" = Iml2) + Awi(2) = m(2)]
= m(2)™ = m(z) 7 [Au(2) = mE@]m(=) "+ Oy (A (2) = m(2)]?)
= m(z)”" (||h||” + ()2 (nhy -+ hg) 2.

which completes the proof of Lemma A.1.

Proof of Theorem 3.2: Now, we consider the local polynomial estimation method.

The minimization of (3.7) leads to the set of equations
> hFb(2)snask(2), 0 i < p (A.8)
0<[k|<p

where

tn,i(z) = nTHZZx]sy]s( h )Kh,ija

7j=1 s=1

n T i+k
Sn,iJrk(Z) = 7’LTH Z Z x]sm;l; ( n ) Kh,ij-

7j=1 s=1
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We put the set of equations (A.8) into a lexicographical order. Let N, = (T+q 1) be
the number of distinct ¢-tuples ¢ with |i| = r. Stacking t¢,;(2), |i{| = r up into a col-
umn vector according to these N, g¢-tuples by a lexicographical order, i.e., (0,...,0,7) is
the first element and (r,0,...,0) is the last one. Denote this vector by 7,,(z). Let 7, =
(Tno(2) T, 71 (2) 7, ... Tup(2)T) 7. Note that the column vector 7,(z) is of dimension N =

P o N; x d. Similarly, we can arrange h¥by,(2), 0 < |k| < pinto a N x 1 column vector accord-
ing to the lexicographical order of k as 8(z) = (0n0(2)7,0n1(2)7,...,0np(2)T)7. Finally, we
arrange Sy ;4(2) into a matrix (S, j,1k/(2)) vxn, Where columns are according the lexicograph-
ical order of ¢ and rows are following the lexicographical order of k. Thus, denote the N x N
matrix S, (z) by

Sn.0,0 2) Sn,o,l(z) S0 Z)
5,(0) = | S10) D) Snaald
Sn,p,O(Z) Sn,p,l(z) T Sn,p,p<z)

Hence, 6(2) = Sp(2)"'7u(2). Let Pi = €] ® Izua, where e; = (1,0,...,0)T is a (320, N;) x 1
vector containing the first element as 1 and others as 0, ;.4 is the d x d identity matrix, and
® is the kronecker product. Then 0,p(z) = P1d(2).

Using similar arguments in Masry (1996), we can show that

Su(z) = S(z)+ O, (|[B]| + (Inn) /2 (nH)~"?)

uniformly in z € €2, where S(2) = (S}, jx/(2)) nxn has each element corresponding to S, (z), for
the corresponding element s;41(2) in S(2), six(2) = T3, Elzjsx) |z = 2] f(2)pizk, and
pivk = [uFK (u)du.

Hence,

Su(2)™h = S()7+ Oy (1Kl + (nn) 2 (n)~12)

uniformly in z € €2,.
We can write t,,;(z) as

) = 3 (5 ks

]151

= nTHZZl‘]S Z] +€]s> (ZZ;Z) Kh,zjz'

7j=1 s=1

Also, we have that

~

0(2) = 0(2) + Su(2) " (Cr(2) + Cra(2)),

where §(z) is corresponding to 6(z) with elements from thkH(z)/k' instead of h¥bg(z), Chy (2
and Cpp are N x 1 vectors with elements from ¢, = (nTH) '3 7 S L Tys ), (0(z) —
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Zog\k\Sp %(Dkﬁ(z))(zj—z)k) (ZZ;Z)Z K,.,. and (nTH)™! Z?Zl Zfil Tjs€js (z’}jz)Z K, -,., respec-
tively.
Since 0.p(z) = Pyd(z), we have

N 1 < .
Brp = E Zzl QLP(Zi)
= %Zz_l: 9(21) + % ZZI: PISn(Zi)il [Cnl(zz) + Cn2<Zl>]

= % Z 0(2:) + % Z PyS(2) V[t (2:) + Cra(2:)] + (s.0.),

where (s.0.) denotes terms with smaller orders.
Similar as in the proof of Theorem3.1, we have that if p > 0 is an odd integer,

1 & h¥
=Y PS() M Culzm) = Y BEERE[STMO] + Op([A 4 n T H )
i=1 lkl=p+1

= B+ O,(|07* + 0 HV2|R|PY),

% Z PlS(zi)*lCng(zi) = % Z Z Pls(zi)ilrisxiTS(ai - E<al‘zl>>f<zl>

=1 s=1

no T
o 2o 22 A e GO+ ORIV + (A7),
where M; = M(z;) = (Mopy1(2) ", Mipi1(2) .oy Mypi1(2) )7, M;,11(2) is corresponding
to Sy jp+1(z) which is similar as elements in S,(z), ©; = ©(z;) which has the elements from
(1/k")D%0(2)| .=, using the lexicographical order, and I';, is a N x 1 column vector with elements
from z;sp, following the lexicographical order. The elements in M(z) are from soip41 =
Ty BElzjsx))z; = 2]f(2)ptasps1- If we denote S for the N x N matrix which has the
elements from i+, 0 < |a| < p, 0 < |y| < p, and M for the N x 1 vector which has the
elements from jio1p,+1 following the lexicographical order introduced earlier. We have that
S7'M; = ST'M. Thus Bp = PST'M Y., B [0)].
If p > 0 is an even integer, we have that

%ZPlS(zi)lCnl(zi) - ¥

|k|=p+2

hk
’“‘2 B[S MO, + Oy (IRl + n U H Y2 PR

_ pi k" R
= PSTIM YD BEB1O] + Oyl + 0T BT A
kl=p+2
= Brp+ O, (|7 + n HV2h|+).
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Therefore, we have that
Vit (Bup = 8- Brr)

- % Z(ei —0)+ ﬁ Z Z PyS(z) ' Tisw (0 — B(os]2:)) f ()

=1 s=1

n T
+ﬁ 2_; ; P1S(2:)  uis f (20)Tis + O, (Ca)
d

% N0, Vip) (A.9)

by the Lindeberg central limit theorem, where Vip = Var(6;) + T-'Var(P.S(z) i) (o —
E(ailz)) f(20))+T ' Var(PuS(2:) " uis f (20)Tis) and G, = (nH) ™2+ (n||R[[*PH4)V2 4 (nH ) =2 (| ][+
++/n|h)|2 2 (Inn/(nH))Y2 4+ ||h||(nH) Y2+ (nH)~Y?(Inn/(nH))Y? = 0,(1) if p > 0 is an odd
integer, or G, = (nH) ™2 (n[|R|[*7+5) 2+ (nH) 72| 1|75 24/l B[P+ /nl A2+ (Inn/ (n )2+
|Al[(nH)~Y2 + (nH)~Y?(Inn/(nH))Y? = 0,(1) if p > 0 is an even integer.

Appendix B

Proof of Proposition 4.1: Since 5; = 4+ «;, g(z;) = E(oy|xy, 2z;) = E(y]z), we have

yi = L(vi + LB+ i +uy > 0)
= (v + IiTtﬁ + %Ttg(zz) + xl(ai —g(%)) + uie > 0)
= 1(Uit + ZE;';@(ZZ) + €5 > 0),

where 0(z;) = 3+ g(z), and ey = x}(a; — g(2;)) + uy. Since E(uy|ry,z) = 0, we have
E(ei|wi, z:) = Elxf (i — 9(20)|wie, 2] + E(uadlwar, z:) = w3 E[(i — 9(20)) |, 2i] + Eluig |2, 2:] =
0.

From Assumption C2, we have the conditional distribution F,,(e;|vis, i, z;) of ey condi-
(€it| @i, ). Also,

tioning on (v, T, 2;) satisfies that F,,, (e;|vi, T, 2i) = Fe,,

Y

x _ [Yit — L(vie > 0)]/ fr(vit|wie, z:)  if vie € [Ly, K4
Yir 0 otherwise

then
E(yi|xit, ) = E(yir — L(vie > 0))/ fr(vit| Tie, 2i)| Tt 2i]

|:E[yit — 1(vie > 0)|vig, it 2]
ft(Uit|»’Uz‘t, Zi)

|517it7 Zi
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_ /Kt Elyit — 1(vit > 0)|vit, z4t, 2]

Ly

/ )
Ly

Fo(vitlzi, 1) fe(uit|zit, zi)dvit
|ty <1
[1(vie + 23,0(2i) + €ix > 0) — L(vie > 0)dFe,, (eit|vie, i, 2i)dvig

[L(vit > sit) — L(vig > 0)]|dviedFe,, (eit|Tit, i) Let (st = —J:E;O(zi) —ejt)

[(L(vie > sit) — L(vie > 0))1(s3¢ < 0) + (L(vie > sit) — L(vie > 0))1 (53 > 0)]dvied Fe,, (€it|Tit, i)

I[l(sit < i < 0)1(si <0) — L(0 < vir < 84¢) (83 > 0)]dviedFe,, (eit|Tit, 2i)

Sit

0
[1(Sit < 0)/ 1dvit — 1(8# > 0)/ 1dvit]dFeit(€it‘Iit7 Zi)

Sit 0

= / —sitdFe,, (eit|Tit, i)
Q

€t

= /Q (xg;e(zi)+€it)dFe¢t(€it|xitaZi)

et

2 0(2:) + Elei|i, z:)

= 240(%).

This completes the proof.

We give some shorthand notations first. These notations will be used throughout the proof
of Theorem 5.1. Let

K . je
K n ,z,kj
Froofes.i
Frovwes
Frenj
Frani
1

Tn,J

0;
my;

Kh,vxz,k:j
Kh,vmz,ij
Kh,v:cz,ik

Kh,vxz,mj

Kz — 2), Kp i = Kw(zj —2i), Ky zij = Kw(zi — 25), K= Kp(z; — 2k),
Kh/(Zk - Zj); Kh’,z,ki = Kh'(Zk - Zi>7 Kh',z,z‘k = Kh’(zi - Zk)7

ft(vjt‘xjtyzj)u ft,v\a:z,j = ft(vjt|xjt72j)7 ft,vxz,j = ft(vjt,l’juzj)a ft,vwz,j = ft(th,xjt72j>7
fe(vie, Tits i), froeak = fi(Vke, Thes 21),

F it i, 25) Frpeni = F ity @ity 22)s e = Fi Okt Thty 28),

ft(ﬂﬁjt, Zj)> Jtazj = ft(xjtyzj)a

Lo, (Ujes Tje, 25)s Loy = Lo, (Vits Tty 20), Lok = Lo, (Vkts Tkt 28),

Q(Zj), 6‘1 = Q(Zl), Gk = Q(Zk),
m(z) =T Elwgay|z]fo(z), my=m(z), mp=m(z),

w(Ukt — Vjt, Tt — Tjts 26 — 25), Koz ki = KUkt — Vie, The — Tit, 25 — 2i),

e

Vit = Vjes Tit — Tjes 2 — 25)s Knwaz ke = Kn(jr — Vke, Tjp — Ty 25 — 21),

=

(
(

Ky (it — Uty Tit — Tt 2 — 21)s Khwazji = Kn(Vjy — Vi, Tjp — Tty 25 — 24),
(

h\Umt — Ujty Tt — Ljty Bm — Zj), Kﬁ7xz7mj = K;}(xmt — Ljt, Zm — Zj)~
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Proof of Theorem 5.1: For z € (1., let

An(z) = (nTH')” szﬂxﬁ[(ﬁ zizln 1c (2),
7j=1 t=1
T

An2<z) = nTH -1 Z Z (J}Jt yjt U]t > 0))Kh’,z,jz/ft,v|xz,j> 17’n,j1€n (Z)

t=1 j=1

éLc(Z) = Anl(z)ilAnZ(Z)

T n
_ % ft,v rz,]
= Anu(z) ' (nTH') 1ZijtE(yjt|xjtaZj)Kh’,z,jz il 21,,51c,(2)
t=1 j=1 t,vlwz,j
T n
-1 n—1 * * ft,v\xz,j
+An(z)” (nTH') Z e (Yo — EWjelse, 25)) K 2,52 17, 51, (2)
t=1 j=1 tolzz,j

T n
_ _ f wlxz,g
= () + A (2) " TH) YN g, (@-f'ﬂ —0(2) | Kwojaleile,(2)

t=1 j=1 tvlzz,j
T n ft ‘ .
- — * * yVIZZ,
+An (2) (0 TH) Y N " wiyh — EWhlwge 20) Kn 2 e 5ot 1, 510, (2)
t=1 j=1 tolzz,j
T n ft I
= 0(2) + A1 (2) "(nTH) YD wjuai(6; — 6(2))5 LR KL 1 (2)
t=1 j=1 ft w|zz,j
T n ft ‘ .
_ _ U X2,
—Ani(2)"H (nTH) ! Zzwjt$;f9(z)Kh’,z,jz (1 - AJ> 1r,.51e,(2)
t=1 j=1 tv|zz,j
T n ft ‘ .
* Tz,
+An ()T TH) T S wp(yl — BWhlwe ) Kw 2 e 52 1s, e, (2)
t=1 j=1 tolez,j

0(2) + An1(2) ™ An3(2) + An1 (2) T Ana(2) + Ani(2) 7 Aus (2),

where
T n
o -1 ft,v\xz,j
Aps(z) = (nTH') szat%t 0(2))= K 25215516, (2),
t=1 j=1 ft,v\mz,j
T n f
t|zz,
Au(z) = —(nTH') IZZ%%@ 2) K 2.5 (1_ | ]) 1.,1.,(2),
t=1 j=1 tlez,j
ftvxz,
Aps(2) = An(z) " (nTH')” szﬁ Yie — Bl @i, 7)) K oo 7= l T, 1, (2).
t=1 j=1 t,v|22,]

By Lemma B.1 we have uniformly in z € €2,
Ani(2)™ = m(2) "+ O, ([IN])” + (nn) 2 (nH')"H2) |
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where m(z) = T~! Es ) E[azjsx]s\
Then, we have that

Ore =

= 6"‘5;9(%

where 1, = O, (||h’||"

(lnn)l/Q(nH’)’l/Q)

= 2] fx(2).

[Anz(2i) + Ana(zi) + Ans(2)]
Zm

n3 Zz + An4(Zz) + An5<zz>] + M,

Op([[Ang(z0) | + [ Ana () || 4[| Ans (20) [])-

. 2 f B A ~
Since fiufzz,j = ttmzj where ft wreg = (WH) 00 Khvazmgs frazy = (nH) 71300 ) Ky oo
we have
ft,v|xz,j 1 1
e S (S G -
ft,v|zz,j tw|zz,j ft,v\mz,j
ft JT2,] ft ,T2,] + ft,vacz,j - ft,vacZJ (ft,vxz,jft,a:z,j - ft,vxz,jft,acz,j)(ft,vxz,j - ft,va:z,j)
ft \T2,J ft,v:cz,j ft,acz,jft,vzz,jft,vacz,j
(B.1)
Then, we have that
Bnl
e _
=1
1 n T n
1 _
= E Z mi (TZTH/) ! Z Z x]t'r]t Kh/ 32 ]'LlTan 15n (z’b)
=1 t=1 ]:1
el Zm THY S gl (6 — 0Ky 22 =iy 1 ()
t=1 j=1 ft,mz,j
41 Z m; (T H) ! Z Z ]y (0 — 0) K i frwezj = frweag 1, 1., (=)
t=1 j=1 ft,vxz,j
4= Zm TLTH/ -1 Z Z %tﬂﬁ]t Kh/ e (ft,vzz,jft,xz,j - ft,vzz,jft,xz;j)(ft,vmz,j - ft,va:z,j)
t=1 j=1 ft,szftmxz,jftm:cz,j
XlTn,jlé?n (Zz)
= DBui1+ Bui2 + Bz + Buia.
First we consider B,,; ;. We have
T n
—1 —1
Bnl,l —Zm nTH ZZSEﬁI’jt )Khl z,ji Tn’jlsn(zi).
t=1 j=1
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Further, B,;; can be written as a second order U-statistic.

Bnl,l =n TL — 1 E 1 E?S Hnl g ="n 9 Unla
=1 j#i

where Hyy gy = (TH') ™ 300 [mi e (0,0, 1, 1o, (20)+m; iy (6i—6,) 1, e, () Kn 2 i
Using the U-statistic H-decomposition we have

Unl = nl k¥ + Z nlsgs ™ nl z n _ 1 Z Z nlyigy — nl K Hnl,j + E<Hn1,ij)] )
=1 j>t

where Hnl,i = E[Hnl,ij|wi]7 w; = (Uz', Li, Zi) = (Uﬂ, e Uiy Tty - - - T4, 21;)-
Since g, > 7, and ||A'||/(e, — 7») — 0 and the kernel function K(-) has a compact support,
the trimming functions 1, ; and 1., (z;) will ensure that all of the points which have boundary

effects are excluded from our estimated locations. We have

T
E[Hnl,ij] = TH/ -1 Z E m ZE]tZE ] Qi)thyilemjlen (Zz)]
t=1

= Z Y Biro + Op([|1'[I"F),

=1

— 1 —179%1m;\(0k20;
where Birc = [ D g s kymv koo it [mi (?kll)(?lk;)] . Also, we have

E (%Z[Hnl,i_ nlz)(iz [Hn1i — E( nu)])

- v [2S )]
_ 0(77171”}7//“21/)7 (B2>

and

n _ 1 Z Z nlgjy — nl KA Hnl,j + E(Hnl,zj)]]

le>’L

- TL _ 1 o 1\2 Z Z VCLT’ nl,ij Hnl,i - HnLj + E(Hnl,ij)]

=1 j>1i

= O(H’QH' IR (B.3)

Thus, By = Op(|W||” + (nH"2)7H|W])).
Then, we evaluate B,; 2 and B, 3, and by U-statistics Hoeffding decomposition, we have
that Buiz + Bug = Op([IN|[V[[R] + KA + o= 2R + (n>2H2HY2) YR R]| +
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(n32H"2HY2) =YK ||||h]|). We omit the detailed derivation here to save the space. However,

the procedure is similar as the derivation of the order of B, ;5 where the details are provided.
For B, 4, we have

E(||Bn.all)
- (Frowsifos = FrwasjFron ) sy = Frvasg)
< (TH/)—l ZE ||m:1$gt$;(9 ) )Kh’ vdi t,vrz,j)t,xz,j tvxz,j)txz,j t,vrz,j t,vxz,] 17—n jlgn (Zl)H
t=1 fta:z]ftvwzjft'uzz]
T A
S (TH,)_l ZE ||m;1x]tm;(9 ) )Kh’ ; jz . ZZ)H (ft,vmz,_]ft,mz,_] - ft,vwz,jft,mz,j)(ft,va:z,] - ft,’uwz,]) 1ij
t=1 ft,mz,jft,vxz,jft,vzz,j

) |

From Hansen (2008), we have sup, . .\cq,.. \fi(v, 2, 2)— fi(v, 2, 2)| = O (| h]|"+(Inn) /2 (nH)~1/?)
and Sup(, e p,. (Quas) fi(z, 2) = fi(x, 2)| = O, (||h]]” + (Inn) /2 (nH)~"/2), where P,.(-) is the pro-
jection of Cartesian product. Hence, we have that B4 = O,(||[W/]|[|A]|* + ||F'||(Inn)(nH) ™

R IRN IR + |2 (nn)n = H/2H ),

Let
1 n
§ —1
Bng = _E mi An4(zi)
T n f
n—1 § : 2 : t|xz,j
= — Zm TLTH xjta,‘]te Kh’, 2,ji = 17—n7j15n (Zz)
t=1 j=1 tolez,j
From the equation (B.1), we have
L Jevesd 0 feasg = foeei Joves = frwezg  (Freesiftazg = fovezgfowz ) froazg = fovezs)
ftﬂ)‘IZLj ft,zz,j ft,vmz,j ft,zz,jft,vzz,jft,vmz,j
Hence,
Bn2
-1 -1 ft,vmz, j ft,vgcz, j
= —= Zm (nTH") Z ijt:v],ﬂ K 2 ji J : J 1,1, (%)
t=1 j=1 ft,vmz,j
-1 nN—1 ft Tz,j t zz,]
—= Z m; (nTH') Z Z :c]t:cjtﬁ Ky 2 ji f 1., 1., (%)
= 13 1 t,xz,j
-1 N—1 (ft vwz,]ft xz,j ft,vwz,jft,xz,j)(ft,vxz,j - ft,va:z,j)
—= Z m; - (nTH") Z Z a:jta:jtﬂ Ky - i 2 1., 1, (%)
t=1 j=1 ft,xz,jft,v:pz,jft,v:vz,j

= —Bn2,1 — Bpa2 — Bpas.

First, we consider B, ;. We have

T n P
I~ - Jtwazg = Jwez
Bn2,1 = E Z m; 1(TLTH/) ! Z Z xjtl';;eiKh/7z7ﬂ U2 VLR 1Tn7j 1En <Z7,>
=1

t=1 j=1 ft,'uzz,j

n T n n
1 - - T (nH)il Z = Kh,vxz,k‘ - ft,vccz,'
= 2T D i kol Shenel) IR 1 (2)

t=1 j=1 ft,vxz,j
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n n n

T
= 3THH IZZ Zm ':thxjte Kh’zjz (Khv:vzk] Hftvxz,j) ftv:vzj Tn,J sn(Zz>
i=1 j=1 k=1 t=1
n T

= (n*TH'H) lzzm mzthte K (0) (Kn(0) = H fr002,) ft,_vlzx,ilTn,jlen<Zi)
i=1 t=1

n n

3TH H - Z Z Z m xltxlte Kh'( ) (Kh,vxz,ki - HfthIZ,i) ftjvlzm,ilej 1€n (z’L>
i=1 ki t=1

n

(n°TH'H)~ Z Z Z m; 'Tjtxgte K 2, (Kn(0) = H frv02,5) ft,_lez,jlfn,jlsn (2:)

zlj;ﬁztl

+( 3THH Zzzm ‘/Ejtx]te Kh’z]z (Khvmzm Hftvxzyj)ftvxz,] TnsJ €n<zl)

1=1 j#i t=1

3THH Zzzzm x]txjte Kh’zgz (Khvmz kj — Hftvxz,j)ftvg;z] Tn,J €n(zl)
i#jF£k t=1
= Bpoig+ Buojio+ Brois+ Bpoia+ Braas.

It is easy to see that Buo11 = O,((n*H'H)™'), Bu2ia, Bua1s and Byoq4 can be written as
second order U-statistics, and B35 can be written a third order U-statistic. Also, by the
Hoeffding decomposition, we have that Bya12 = O,(||h||”(nH')™1), Bnais = Op((nH)™t), and
Braaa = Op([[1f|'n™).
We can write By 15 as Buois =n"3 >3 3 (v, @4, 25, V), Tj, 25, Uk, T, 21), Where
1<i<j<k<n

wn(via Tiy 2y Vjy Xjy Zjy Vky Ty Zk)
T

= (TH/H)_I Z m;lxjtx;l;seiKh’,z,ji (Kh,v;tz,kj - Hft,vxz,j) ftj’ul;cz,j]-TnJl&n(zi)

t=1

T
+(TH/H)_1 Z m]‘ilxitl’;’geth’,z,ij (Kh,vxz,ki - Hft,vxz,i) ftjvlzxﬂ'lTn,i ]-z-:n (Zj>

t=1

(TH H Z mk x]tx]tekKh/ z,7k (Kh VI Z,i] Hft ’U{EZ,_]) ft JUTZ,] Tn,_] 1€n (Zk)

t=1
T
+(TH/H)71 Z mz‘_litktx;eiKh’,z,ki (Kh,vxz,jk - Hft,vzx,k) ftjvlz‘r’k]‘Tn,k]'En (Zz)
t=1
T
+(TH/H)_1 Z mlzlxitzgekKh’,z,ik (Kh,vxz,ji - Hft,vxz,i) ftjvlzxyilTn,i]-&n (Zk)
t=1

T
+(TH/H)_1 Z mj_lxktw;—teth’,z,kj (Kh,vacz,ik - Hft,vza:,k) ftjvlzgakl’rn,k]-sn (Z])

t=1
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Let w; = (vi1, - -, VT, Ti1, - - -, TiT, 2), by the Hoeffding decomposition, we have

Buss = n*(nln—1)(n —2/6)[B(w) + > 3 (Blbluw] ~ E())

=1
6
T, 2 (Blnlws, w;) = Blnlw] = Elnlw;] + Bla))
6
D) o, (™ Blnh ] Bl ] = Bl

Blulw] + Blinlw;] + Eltnlwd - Eln]) |
= DBuois1+ Bu2is2 + Braiss+ Braisa.

By standard calculations, we have
Bpoisn = (n7°n(n—1)(n—2)/6)E[,] = O,(|[n]]"),

Buzise = (n°n(n—1)(n—2) /6)% > (Elalw] - B()

1 n T

= = ZT ! Z (m; 'wax 0 f.(2:) — E[0;])) + Op(||h])” +n7h).
t=1

n
Also, it is easy to see that Bua153 = O,(n!), and Bpais4 = O,((n*2H"Y2HY2)=Y|h|)).
Hence, we have that
Bpoos = — ZT Z m Yeaal 0 f.(z) — E[@z])
t—1

+Op(( PH'H) ™ 4 ()Y (nH) 7+ (nH) T B 4 0t (0P HYZHYZ) T R]).
(B.4)

Similarly, we can show that

Bnas = ——ZT Z (my; ‘w0, f.(z) — E6])
=1
+Op(("2H’H) A (nH) ™+ (nH) T B+ 0 (0P H2EY2) 7R
(B.5)

Similar as the derivation of B4, we have Bnoy = O,(||h]|* + (Inn)(nH)~" + |[h||”||h]|” +
(Inn)n 'H-Y2H-1/?),
Denote
§it = Yo — E(Wilwje, 25)-
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By (B.1), we have

1
Bn3 = ;Zml lAn5(Zi)

B Jtolez,j
= melnTH 122% Vi — Bl 2) Kn i 2291, 1. ()

=1 j=1 t|xz,j
—1
= — Zm nTH -1 szjtfjtKh’ 2,J% Tn:] 5n(z74)
t=1 j=1
-1 ft g~ Jeaz
+— Z m; | (nTH') Z Z Tt R 2 i e, (21)
=1 j=1 bz

Frowsj = frons
+= Zm (nTH') ZZxﬂéﬁme Lopzg I0TES Y e (2)

t— 1] 1 ft,vxz,j

+= Z m ’I’LTH Z Z l‘]tgjtKh’ 2 ji (ft vTZz,j ft T2, ft,vazz,jft,xz,j)(ft,vxz,j - ft,vxz,j) 17_7“],15” (Zz)

t=1 j=1 ft,zz,jft,vzz,jft,vxz,j
Bn3,1 + Bps2 + Bn33 + Bnsa.

Then E[B,31] = 0. We have

T n

Bn3 1= — Z m nTH -1 Z Z Ijt&]tKh’, 2,1 Tn,j 1€n (Zl)

t=1 j=1
Moreover, we can decompose B3, into two terms
Bz = Bpzia + Bz,

where

Busi1 = (n’*TH')” ZZm "2 K (0) 15,112, (21)

i=1 t=1

Bn3,1,2 = QTH/ Zzzm x]tgjtKh’ z,J% Tn,] en(zz>

1=1 j#i t=1

It is easy to see that F[B,311] = 0 and E|[||Bns1.1|?] = (n*H?)7'O(n) = O((n*H")™!

Hence, By311 = O,((n*2H")™1).
Also, B,312 can be written as a second order U-statistic.

on(n—1) on(n—1)
Bpsi2=mn" > nn—1) ; ; Hp35 ———Ups,

|I|
S
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where Hn3 i = (TH/) Zle(mjlxjtfjtlmj 1€n (Z,L) + m;lxit&tl%i 1€n (Zj>>Kh’,ij- Since Ung has
zero mean, its H-decomposition is given by

Uns = Unz + Uns 2,
where Ups 1 = 237 Husi, Upso = n(n ) Yoy ZJN [Hp3,i5 — Hysi — Hysj), Husi = E[Hps|wi],
and w; = (v, Ty, gy 23, W) = (Vity « oo, Vi, Tily -« o TiTs Oy Ziy Uil - - -, Ui ). Lhen, we have
;T
Ups1 = T Z Z E [(m; ' 2ju&iils, j1c, () + m;  wails, i1e, (25) K gl wi]

=1 t=1

n T
1 _
= WTH Z Z E[mj 1Kh,ij L., (z))|wilzi€ils, i,

i=1 t=1

n T
Y i L+ O V). (B:6)
i=1 t=1
Also, we have E[||Un22||?] = (n*H”?)"'n?0O(H') = O((n*H’)'). Hence, Upao = O,((nH'/?)71).
Then we consider B39, Bps3, and By,s 4. Similar as (B.4) and (B.5), we have that Bn32 +
By = Op((n*H'H) ™' || b || (nH") " 4 (nH) '+ || k|40~ +(n® > H 2 HY2) 7 [0 (0 H' H) ™
A" (nH")"" + (nH)~' + ||h||* + (n*2H"/2H'/2)=1||R||). Similar as the derivation of Bn174, we
have Bynss = O,(|AlI* 4+ (Inn)(nH)~* + ||2|]*||A]|” + (Inn)n ' H-V2H-1/?),
Moreover, by Cauchy-Schwarz inequality, we have that

n T
Bl S0 S mi foe)mi) 0 — 1 )| < LB (s foe)mail )P (v 7 2) € D)2

i=1 t=1

P((vit, Tit, z;) € Quaz) is the probability that (v, i, 2;) is within a distance 7, of the boundary
0Syz. of Syz.. Since the joint density function fy..(vie, T, 2;) of (vig, T, z;) is bounded and
the volume of the set that is within a distance 7, of 9S,,. is proportional to 7,, we have that
P((vigy xig, z;) € Q) = O(7,,). Hence, we have Var(ﬁ Yo Zthl m; o (2) il i) =
Var( g S, Sy my fa(z)xaéa) + of1).

Therefore, we have that

\/E(BLC —ﬁ) = \/_Zg Zm fz Zj xztgzt T,Lz+0 (5 )
1 t=1

1=

< N(0,Vie)

by the Lindeberg central limit theorem, where Voo = Var(g(z)) + T-'Var (mi_ ! fz(zi)xitfit>,

B = VIR EY2) = 2B S 2 H 2 2) B /2 H 2 E72)
1R [11A]l+/n () (nH) = 4 /al [l 12 +y/a(nn)n = H-V2H 2 /n(n H H) = /| b)Y (nHY) =
Via(H) ™+ allY + vant /e HYPEY) T B+ et B H) T+ /b)) (nH)
Va(nH) ™+ allh|)” + /a2 HYRE2) TR ]y a(nH )T = op(1),
and /i, = O, (1] + () 2B V2)O (W] + () 12) = 0,(1).
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Lemma B.1 Define Ay (2) = —m > i Zs l%sl’jsKh/ 2z andm(z) =T Zs ) E[xjsx]5|zj =
2| f.(2), where Ky .. = [} k <Zﬂ Zl) then under Assumptions B4-B7,

Anl(z)_l — m(z)_1+0p (Hh/HV—{-(hln)l/Q(nHl)_l/z)’

.....

is the boundary of the compact set S., e, — 0 and ||I|| /e, — 0.

Proof: First, we have
E[Au(2)] = m(2) + O (|1, (B.7)

uniformly in z € €2,. Following similar arguments used in Masry (1996) when deriving uniform
convergence rates for nonparametric kernel estimators, we know that

nn 1/2
Au(e) = ElAw ()] = 0, (05055 (B.3)

uniformly in z € €)..
Combining (B.7) and (B.8) we obtain

Aui(2) = m(z) = Oy (II|1” + ()2 ()Y (B.9)

uniformly in z € €2,.
Using (B.9) we obtain

Au(2)™h = [m(2) + Am(2) -
(2)~" = m(2)” 1[An1( ) = m(2)]m(z)"" + O (IlAu(2) — m(2))I)
(=)' + p(llh’ll” (Inn)"*(nH')"2),

z

= m

which completes the proof of Lemma B.1.
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Table 10: Descriptive Statistics

Variable Mean Standard Deviation Minimum Maximum

wage88  833.3858 476.068 1 4333
wage89 905.739 503.6028 1 4807
wage9d0  995.7764 523.8137 1 4615
wage91 1053.024 549.6688 1 4700
wage92  1108.457 581.8279 1 5500
wage93  1180.624 642.1308 1 7500
wage94d  1263.622 722.7841 1 10000
wage96  1445.186 874.871 1 10852
wage9d8  1606.613 1009.838 1 13898
wage00  1823.811 1149.412 1 11627
wage02  1963.478 1270.139 1 19230
wage04  2110.454 1440.742 64 24038
wage06  2300.247 1615.956 91 19230
wage08  2453.701 1790.974 109 37652
tenure88 140.1427 145.2536 0 781
tenure89 157.0955 157.2331 0 819
tenure90 177.3152 171.4312 0 873
tenure91 195.9717 182.7982 0 922
tenure92 219.6279 196.6144 0 976
tenure93 239.1874 211.0686 0 1023
tenure94 259.6474 226.6629 0 987
tenure96  291.85 253.4582 0 1077
tenure98 321.2476 282.6207 0 1477
tenure00 362.4685 313.0751 0 1588
tenure02 395.1795 336.1148 0 1693
tenure04 435.4588 366.2723 0 1797
tenure06 467.4472 397.1599 0 1887
tenure08 506.1135 426.1333 1 1969
educ88 13.37664 2.11318 3 20
educ89 13.44478 2.15468 3 20
educ90 13.49224 2.186354 3 20
educ9l 13.53301 2.212822 3 20
educ92 13.58047 2.221079 3 20
educ93 13.61698 2.238841 3 20
educ94 13.64649 2.249989 3 20
educ96 13.70611 2.284811 3 20
educ9s 13.74232 2.284587 3 20
educ00 13.80925 2.320448 3 20
educ02 13.84484 2.334274 3 20
educ04 13.89808 2.362523 3 20
educ06 13.93824 2.377009 3 20
educ08 13.99361 2.364841 3 20
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Table 11: Descriptive Statistics Continued

Variable Mean Standard Deviation Minimum Maximum
union88 11439 3183328 0 1
union89 1432918 .3504234 0 1
union90 1557651 3626877 0 1
union91 .1618497 .3683689 0 1
union92 .1664131 3725078 0 1
union93 .1621539 .368648 0 1
union94 1545482 .3615285 0 1
union96 1785823 .3830604 0 1
union98 1776696 3822925 0 1
union00 .1953149 .3965032 0 1
union02 1877092 .3905392 0 1
union04 1846669 3880861 0 1
union06 1895345 3919923 0 1
union08 .1895345 3919923 0 1
training88 67.50563 291.9215 0 4160
training89  36.02221 276.4029 0 9248
training90 35.15972 206.4548 0 5760
training91 24.14603 141.7969 0 3456
training92 28.16428 190.6329 0 4608
training93  23.47946 159.2761 0 6240
training94 14.16002 83.9495 0 2304
training96 31.96714 158.5174 0 3044
training98  28.36294 174.2248 0 5824
training00  25.21022 134.9312 0 4320
training02 19.87344 131.2677 0 5280
training04 21.02282 146.5059 0 4704
training06  16.5467 146.6135 0 6120
training08  14.4028 106.4687 0 3840
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