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Abstract

We calculate the asymptotic sizes of the subvector Anderson and Rubin (1949,
AR) and Lagrange Multiplier (LM) tests in a linear instrumental variables model with
two right hand side endogenous variables when the reduced form coefficient matrix
is unrestricted. Under the assumption of conditional homoskedasticity we show that
the subvector AR test has correct asymptotic size but that the asymptotic size of the
subvector LM test is generally distorted. We provide size-corrected critical values for
the subvector LM test.

Keywords: Asymptotic size, linear IV model, size correction, size distortion, subvec-
tor inference, weak instruments.
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1 Introduction

The last decade witnessed a growing literature about inference on the structural
parameter vector in the linear instrumental variables (IVs) model. The objective was
to develop tests whose asymptotic null rejection probability is controlled uniformly
for a parameter space that allows for weak instruments. For a simple full vector
hypothesis, satisfactory progress has been made and several robust procedures were
introduced, most notably, the AR test by Anderson and Rubin (1949), the Lagrange
multiplier (LM) test of Kleibergen (2002) and Moreira (2009), and the conditional
likelihood ratio (CLR) test of Moreira (2003)]T]

Most of the times however, an applied researcher is ultimately not interested in
simultaneous inference on all structural parameters, but on a subset, typically one
component, of the structural parameter vector. Testing a subvector hypothesis rather
than a full vector hypothesis complicates matters substantially, because now the para-
meters not under test, enter the testing problem as additional nuisance parametersE]
Under the assumption that the parameters not under test are strongly identified,
the above robust full vector procedures can be adapted by replacing the parame-
ters not under test by consistently estimated counterparts, see Kleibergen (2004,
2005), Guggenberger and Smith (2005), Otsu (2006), and Guggenberger, Ramalho
and Smith (2008), among others, for such adaptations of the AR, LM, and CLR tests
to subvector testing. Under this assumption of strong identification of the parameters
not under test, the resulting subvector tests were proven to be asymptotically robust
with respect to the potential weakness of identification of the parameters under test
and, trivially, have non-worse power properties than projection type tests. However, a
long-standing question concerns the asymptotic size properties of these tests without
any identification assumption imposed on the reduced form coefficient matrix.

The current paper provides insight into that question. We consider a linear IV
model with two right hand side endogenous variables and a parameter space that im-
poses conditional homoskedasticity but does not restrict the reduced form coefficient
matrix. We derive the asymptotic sizes of the subvector AR and LM tests when the
parameter not under test is replaced by the LIML estimator. The subvector AR test
has correct asymptotic size. For the subvector LM test this is generally not truef]

!The latter test was shown to essentially achieve optimal power properties in a class of tests
restricted by a similarity condition and certain invariance properties, see Andrews, Moreira, and
Stock (2006).

2A general method to do subvector inference is to apply projection techniques to the full vector
tests. The resulting subvector tests have asymptotic size smaller or equal to the nominal size. But
a severe drawback is that they are usually very conservative, especially if many dimensions of the
structural parameter vector are projected out. Typically, this leads to suboptimal power properties.
In the linear IV model, a projected version of the AR test has been discussed in Dufour and Taamouti
(2005). A refinement that improves on the power properties of the latter test is given in Chaudhuri
and Zivot (2011).

3This finding contradicts statements made in Kleibergen and Mavroeidis (2011).

If we considered more than two right hand side endogenous regressors in , it is still easy to



While having correct asymptotic size for ks = 2,3, where ky denotes the number of
instruments, the asymptotic size of the subvector LM test is distorted for ky > 3.
The distortion increases in ko. For example, for nominal size & = 5% the asymptotic
sizes of the subvector LM test are 7.5%, 10.8%, and 17.4% when ky; = 6, 10, and
20, respectively. We provide appropriate size-corrected (SC) fixed critical values (for
given ke and nominal size «) such that the resulting subvector LM test has correct
asymptotic size. For example, when o = 5% and ko = 6, 10, and 20, the SC critical
values are 4.61, 5.64, and 7.69, which exceed the 95-th quantile 3.84 of a chi square
distribution with one degree of freedom. Given that the LM statistic appears as a
crucial ingredient in the subvector CLR test, one would expect the latter test to be
asymptotically size distorted as well.

An important issue, currently under investigation, concerns the relative asymp-
totic power properties of the subvector AR test, SC-LM test, and the test in Chaud-
huri and Zivot (2011).

Our approach of calculating the asymptotic size uses the theory developed in An-
drews, Cheng, and Guggenberger (2011, ACG from now on) about finding “worst case
parameter sequences”, including weak IV sequences, along which the asymptotic size
is taken on. We reduce the dimension of the infinite dimensional nuisance parameter
vector to one of low dimension. Then, we can find the asymptotic worst case through
simulations. For example, for the subvector AR test, we reduce the dimension to
two: the only parameters that matter are the length of the reduced form coefficient
vector corresponding to the parameter not under test and the correlation between the
structural and reduced form error corresponding to the parameter not under test.

The paper is structured as follows. Section [2] describes the model and the tests.
Section [3] provides the asymptotic size results. An Appendix provides an important
lemma used to achieve dimension reduction, simulation details, and the derivation of
the limiting distributions of the test statistics under drifting sequences/]

We use the following notation. For a full column rank matrix A with n rows let
Py = A(AA)"TA" and M4 = I, — P4, where I,, denotes the n x n identity matrix. If
A has zero columns, then we set M, = I,,. The chi square distribution with k& degrees
of freedom and its 1 — a-quantile are written as xi and X7 ;_,-

show that the asymptotic size of the subvector LM test is distorted. However, it is an enormous
computational challenge to determine the asymptotic size because of the dimension of the vector h
in when the number of endogenous variables is large.

*A Supplementary Appendix (SA) provides additional technical material, finite sample simula-
tions, and a calculation of the asymptotic sizes of the subvector tests if they are implemented using
the 2SLS estimator rather than LIML.



2 Model and Tests

We consider a linear IV model with two right hand side endogenous variables

y=YpB+ X(+u,
Y =IJrn+Xp+V, (2.1)

wherey € R",Y € R"*?, X € R™* and Z € R"*2. Denote by X; the i-th row of X
written as a column vector and analogously for other variables. We assume that the
realizations (u;, V/, X/, Z!)', i = 1,...,n, are i.i.d. with distribution F. Furthermore,
Er(u;i, V{)Z; = 0, where Z = [X : Z] and by Er we denote expectation when the dis-
tribution of (u;, V/, X|, Z!)" is F. As made explicit below, we also assume conditional
homoskedasticity. In slight abuse of notation, we also denote by Y; and V; the j-th
column of Y and V for j = 1,2. We assume throughout that ko > 2.

Writing § = (5, 55)" we are interested in testing the subvector null hypothesis

Hy : By = By versus Hy : 5, # By (2.2)

In what follows, the superindex “1” means “residual from projection onto X",
so, for example,
7t =My Z. (2.3)

To define the subvector AR and LM statistics, denote by

5 _ Y5 (I, — ki M) (yt — YiB1o)
2 Y5 (I, — kriap Mg ) Y5t

(2.4)

the LIML estimator of 3, when 3, = Bloﬂ Here krrar is the smallest root of the
equation

det(Y 'Y — kY M5Y) = 0 (2.5)
in k, where B
Y = (y — Y1By, Ya). (2.6)
The subvector AR test statistic is then given by
AR=5(y" =Y " (Bry B2)) Pz (5" = Y (Bro, B)), (2.7)
where
2 =(n—k — 1) (" = Y (810, Bo)) Mz (y* = Y (810, o)) (2.8)
is an estimator for Epu?. The subvector LM test statistic is given by
LM = 8;2( (510762) ) PZJ- (71 Wz)(yJ_ - YL(BH]?BQ)/)? (29)

"Here and below we do not index the estimator/test statistics by 3,, or n to simplify notation.

3



where

~

~ / - / 3 Tuj
T = (ZL ZL) tzt [YJL - (?JL - YL(BlOaBQ) )5_;] and
Ouj = (n—ky — 1)_1(9L - YL(ﬁmﬁz)/),MzLle (2.10)

for 7 = 1,2. With two endogenous variables, the nominal size a subvector AR and
LM tests reject the null in (2.2)) if AR > Xig—m—a and LM > Xilfa, respectively.
We next define “asymptotic size” for a sequence {¢,, : n > 1} of tests, in our case
the subvector AR or LM test of the null in (2.2). Let RP,(\) denote the rejection
probability of ¢, under a vector A whose parameter space is A, where A indexes the
true null distribution of the observations. The asymptotic size of ¢,, is defined as

AsySz = limsup sup RP,(\). (2.11)

n—oo  AEA

We next define the parameter vector A and its parameter space A for the tests consid-

ered here. Define for a given F' the vector A = (A1, Mg, A3, Ag), where Ay = (A}, \],)',
)\1]‘ = 91/27'[']'/0'{/]. S Rk2,

o EruiVii EpuiVa; EpViiVay (91/27T1)/ (91/27T2)/

ouovy | Ouov, | ooy, | |[Q2m| ]| QY2ms|

A3 = (/827 C/a ﬂJa ¢/),a )‘4 = F7 (212)

and

A2 ) € [=1,1]% x (Sk,),

or = Epui, oy, = EpVi, Q= EpZ,Z; — EpZ:X{(Er X, X)) EpX;Z]  (2.13)

Ju

for j = 1,2, and Sy, denotes the unit sphere in R*? with respect to Euclidean normﬁ
In case the numerator in one of the quotients in is zero, the quotient is defined
as a vector with norm one and equal components.

Using the definitions in (2.12)) and letting W; = (u;, V), the parameter space A
under the null hypothesis is given by

A={N= (A, ., \y) A3 € Rtk
Ep||Ti|**° < M, for T; € {Z;, ZiVii, ZiVai, wiVi, wi, Vi, Zi},
EpZW! =0, Epvec(ZW!)(vec(ZW})) = ExW,W! @ EpZ;Z,,
Amin(A) > 6 for A € {EpZ;Z,, Epu?, EpV2, EpV2}} (2.14)

6Regarding the notation (A1, A2, A3, \4) and elsewhere, note that we allow as components of a
vector, column vectors (of different dimensions), scalars, and distributions. We leave out a subindex
F on the left hand side expressions in and to simplify notation. Regarding the subindices
on the components of A: a subindex 1 and 2 indicates that the limit distribution of the subvector
LM statistic depends on that component discontinuously and continuously, respectively, while it
does not depend on components with subindices 3 and 4. See Andrews and Guggenberger (2010b)
for more details on that terminology.



for some § > 0 and M < oo, where A, (+) denotes the smallest eigenvalue of a matrix,
“®” the Kronecker product of two matrices, and vec(:) the column vectorization of
a matrix. The parameter space does not place any restrictions on the parameters
A3 = (By, (', 7, ¢") and thus, in particular, allows for weak identification. Appropriate
moment restrictions are assumed to allow for the application of Lyapunov CLTs and
WLLNs. As in Staiger and Stock (1997) and Kleibergen and Mavroeidis (2011),
conditional homoskedasticity is assumed.

3 Calculation of the Asymptotic Size

We now derive the asymptotic sizes of the subvector AR and LM tests for the para-
meter space A. In the Appendix, we derive the limiting distributions of the subvector
AR and LM test statistics under drifting sequences of parameters \,, ;. By definition,
An.n denotes a sequence A, = (A1n, A2n, Agn, Aan) € A, n=1,2, ..., such that

n'h, — hy = (B, h,)' € (RU {oo})™2,
>\2n — hQ — (h217 h22a h237h,247 h/25)/ S [_1’ 1]3 X (Sk‘2>27 (3]‘5)

and h = (h}, h})’. Define H C (RU {£o00})?2 x [—1,1]3 x (Sk,)? as the set of all h
for which there is a sequence A, j,.

It is shown in the Appendix that the limiting distributions AR, and LM, of the
subvector AR and LM statistics under A, , depend only on h, see —. Using
the theory developed in ACG, we then obtain explicit formulae for the asymptotic
sizes of the tests. More precisely, by Theorem 2.1(c) in ACG we have for the subvector
AR and LM tests

AsySz = sup P(AR), > Xig—l,l—a) and AsySz =sup P(LM), > x3,_,), (3.16)
heH heH

respectively!’]

This section is about the simulation of these quantities. The dimension of h € H is
too large for simulation when ks is large. An important insight is that the dimension
can be reduced substantially. Let

Zu,h 1 hor ha
2V ,h ~ N(O, Z(h) & Ikz) and Z(h) - h21 1 h23 (317)
ZVa,h hog hoz 1

"We derive the continuous limiting distributions of the subvector statistics under A, in the
Appendix. Assumption B in ACG then follows directly with h,()\,) in Assumption B of ACG
defined as (n'/?A1,,, Aan) and C P+ (h) = CP~(h) given by P(LM;, > Xi.1_a) for the subvector LM
and P(AR, > Xz2_171_(¥) for the subvector AR test. By Theorem 2.2 in ACG, Assumption B implies
Assumptions Al and A2 in ACG which are needed to apply Theorem 2.1 in ACG. Assumptions C1
and C2 in ACG also hold true in our context.

To simplify notation we do not index AsySz by AR or LM, by ks, or by «.



for 2,4, 2vi 1, 2150 € R*. Lemma (1] establishes that the distribution of

Zn = (Zip2uns Zup(2v,0+hag), (v +hag) (v, 0+ hag), (v Hhi) (215,04 ha2)) € RS
(3.18)
for j = 1,2 and ||h1|| < 0o, only depends on

E = (th“, ||h12”,hlllh127h21,h22,h23) € Ri X R x [—1, 1]3 C R6 (319)

and not on the other components of h. As shown in the Appendix, the limiting
distributions of the subvector statistics are functions of Zj,. Therefore, it is enough to
simulate the expressions in for h € H rather than h € H, where H is the set of
all vectors h defined in that can be obtained for a h € H. In fact, going through
the derivation of the limiting distribution of AR}, it follows that AR;, only depends
on (||hi2|], ha) rather than the additional elements in h (because AR, only depends
on o2, in (4.30) and s, in (4.32)). Note that when ky = 2, the same also applies
to LM}, because in that case the subvector AR and LM statistics are numerically
identical wpal.

We first discuss the results for the subvector AR test. Because the distribution of
ARy, depends only on (||h12||, hez) (and not on the other components of i) we choose a
fine grid of (||h12]], h22) combinations and for each choice, simulate 2x 10° independent
realizations of AR to approximate P(AR, > Xj,_ 1, o). We consider ||hi|| and
has values in {0,.05,.1,.15...,.95, 1, 2,5, 10,100, 5000} and {0,.1,.2, ...,.9,.95,.999},
respectively[| We consider nominal sizes v € {1%,5%,10%} and k> € {2,3,...,20}.
Note that AsySz is at least equal to the nominal size because, when ||h12|| = 0o, then
ARy, is distributed as x7,_;, see the Appendix. We find that the subvector AR test
has AsySz equal to nominal size for all nominal sizes @ and number of instruments
ko considered in the simulations.

Table I: AsySz in % for Subvector LM Test and

SC Critical Values for Nominal Size a = 5%
ko ‘ 2 3 4 5 6 7 8 9 10 20 25

AsySz 50 50 H6 65 75 83 92 100 108 174 19.7
LMscp,1-a | 3.84 3.84 4.05 433 4.61 488 513 539 564 7.69 843

Next we discuss the results for the subvector LM test. Table I reports the simu-
lated AsySz of the subvector LM test and shows that it is generally distorted )] While

8Note that we do not need to consider negative choices hgs because the distribution of ARy, is
invariant to the sign of hos.

9The simulation details are provided in the Appendix. Given that, of course, one cannot cover
every possible vector h in the simulations, the reported asymptotic size results should be interpreted
as lower bounds on the actual asymptotic size. However, we performed a very thorough search and
therefore are confident that the reported and actual asymptotic sizes are very close to each other.
By analytical arguments, it might be possible to reduce the dimension of h even further.



for ky = 2 and 3 the test has correct asymptotic size, it suffers from size distortion
for ks > 4. While for small ky the distortion is relatively small, it increases in ks
and is significant for large ks. For example, when ky = 20, the asymptotic size of the
nominal size 5% test is 17.4%. Asymptotic overrejection can happen under sequences
A, of weak IVs, ie. [|h12|| < oo, for both ||h11]] < 0o and ||h1;]| = co. For example,
when ky = 20, then under A\, ;, with ||hy1|| = 100, ||h12|| = 1, Ri;h12 = 100, hey = 0,
has = .95, and ho3 = .3, the asymptotic null rejection probability is about 17%.

Table I also provides size-corrected critical values for the subvector LM test, de-
noted by LMgc k,1-a, that depend on the nominal size o and the number of in-
struments ko. For given o and ko, LMgc y 1o is defined as max,cp{l — a-quantile
of LMy}, see Andrews and Guggenberger (2009) for more on size-correction. For
example, LMsc 20,95 = 7.69 which by far exceeds x7 45 = 3.84.

4 Appendix

The Appendix is organized as follows. Subsection [4.1] provides a lemma that gives the
crucial insight for the dimension reduction from & to h needed in Section . Subsection
4.2] provides the simulation details for the asymptotic size of the subvector LM test.
Subsection[4.3|derives the limiting distributions of the subvector LM and AR statistics
under drifting sequences A, j,.

4.1 Dimension Reduction

Lemma 1 Let (21, 25, 25) ~ N(0,X ® Iy,) for a positive definite correlation matrix
¥ € R¥3, where z; € R* forj =1,2,3. Let m; € R* for j = 2,3 be fized vectors with
lma|| # 0. For notational simplicity, also define my,m; € R*? as the zero vectors.
Denote by e; € R*2 the j-th basis vector for j = 1,2. Then the two vectors

((zi +mq) (2 + my)h<icj<s and ((zi + ;) (25 + ;) )1<i<j<s (4.20)

in R® have the same distribution, where My = ||mas||e; and

/ 2 2 __ / 2
o _mma ol Plmal? = (myma)

€9.

[m| [[ma|[?

The lemma states that, besides the elements in ¥, the distribution of ((z; +
m;)'(z; + m;))1<i<j<3 depends only on the vector (||ma||, myms, ||ms||) € R? rather
than on (mh, mj3)’ € R*2. When ||ms|| = 0 dependence is reduced to ¥ and ||ms|.

Proof of Lemma For any orthogonal matrix B € Rk2xk2 and 1 <4 < 1<3

(Z,L' -+ mi)’(zj + mj) = (BZZ -+ Bmi)'(sz —+ ij) ~ (Zi + Bmi)'(zj -+ ij), (421)



where “~” denotes equality in distribution and “~” holds because ((Bz1)’, (Bzs)', (Bz3)')’
~ N(0,X®1},). Choose an orthogonal matrix By € R***2 such that Bymsy = ||mal|e;.
Second, choose an orthogonal matrix By € R*2=1*(*2=1) guch that diag(1, By) Byms =
m3, where diag(1, Bs) denotes a block-diagonal matrix. Below we show that this is
possible. Define B = diag(1, By)B; and note that Bm; = m; for j = 1,2,3. The
desired result in therefore follows from (4.21)).

To show that we can find an orthogonal matrix B, € R®*2=Dx(2=1) gych that
diag(1, Bo) Bims = g, define Bymg = ||ms||mg = ||ms]||(ms1,my,)" for ms; € R and
msz € RF271 and ||ms|| = 1. We can find B, such that Bymgy = ||mag||(1,0,...,0)" €
RF2=1 and therefore diag(1, By)Byms = ||ms||(ms1e1 + ||Msz||es). Now note that

myms = myB'Bmg = ||mal|€}|[ms]|(Msie1 + |[Maz]le2) = [[mol|[[ms||ms  (4.22)

which implies ||ms||ms; = mbms/||mz||. The desired result for ||mg]|||ms2|| then
follows immediately from ||ms|| = m3, + ||ms|[*> = 1. O

4.2 Simulation Details for AsySz for LM test

The simulation results for P(LM; > x3,_,) for given h are based on 2 x 10° inde-
pendent draws from LMhF_G] We consider ky € {2,3,4,...,10,20,25} and nominal size
a = 5%.

In the simulations of LM, in (4.38) when ||hq1|| < 0o and ||h12|]| < 0o, we set

hll = ||h11||<8€1 =+ vV 1-— 8262) and hlg = ||h12||€1 (423)

for s € [—1,1]. Note that this can be done without loss of generality because be-
sides ha1, hao, has, the distribution of LM}, depends only on ||h11||, ||h12]||, and Al his.
We have ||se; +v1 — s2e5|| = 1 and b} hi2 = ||h11]|||R12||s. Therefore, s pins down the
scalar product h);hq12. We consider ||h11|| and ||h2|| valuesin {0, .1, .2...,.9,1,5,10,100}
and s values in [—1, 1] of the form ¢ x .1 for all possible integers t. For hay, hag, hoz we
take all values in {—.999, —.95, —.9, —.6, —.3,0,.3,.6,.9,.95,.999} such that hy > 0
and the resulting correlation matrix ¥(h) is positive definite. Note that we can re-
strict attention to non-negative correlations hg; by exchanging z, ) by —z,. These
specifications result in almost 8 x 10 different choices of h vectors.

Recall that the distributions of LM, and AR, are the same when ky = 2.

The distribution of LM, in when ||h11]| = oo and [|h1s]| < 0o only depends
on the three dimensional vector (||h1z||, hy4h12, hoa) € Ry X R x [—1,1]. To see that,
note that the distribution of LM, in does not depend on zy, ;, and therefore,

it does not depend on hg; or hgg. Finally, because ||hog|| = 1 we obtain the desired
result by a simpler version of Lemma [Il For the simulations, we take
h24 = (861 +V1-— 8262) and h12 = ||h12||€1 (424)

10WWe first simulate 10° draws of LM, for each h in the set of h vectors described below. Then we
increase the number of draws to 2 x 10° in a refined search around certain vectors h that generate
the highest rejection probabilities.



for the same choices of ||h12|| and s as above and consider all hqy € {0, .3, .6,.9,.95,.999}.

For the simulations of AR, and LM, we need to calculate xj, defined in (4.29).
Equation leads to a quadratic equation in x and we can easily explicitly solve
for the smaller solution.

4.3 Null Asymptotics for the AR and LM Statistics

We first derive the limiting distribution of the subvector LM statistic under the drift-
ing parameter sequence A, 5, in (3.15)) under the null hypothesis (2.2). Again, that is,
we are considering parameter sequences ), in A such that

n'2 Ay, = nl/2Ql/27rj/0vj — hy; € (RU {do00})?*,
Aajn = Eru;Vji/(ouovy,) — hyj € [—1,1],
Aagn = EpViiVai/(ov,0v,) — hes € [—1,1], and
Mg = Q2m/||9275]| — hagss g, (4.25)

w__”

for 7 = 1,2. For notational simplicity, the expressions on the right side of the
signs in are not indexed by n, e.g. we write F' not F}, or w9 rather than m,,.

Recall the notation in (3.17). Using steps analogous to those to obtain (3.14) in
Andrews and Guggenberger (2010a), we have under A, 5,

(n—lzL/ZL>—1/2n—1/QZL/u/Uu Zun
(nflZJ_/ZJ_)—l/2n71/2zj_l‘/1/O_Vl —y 2Vih
(n1ZY 24202 210, oy, Nk

nil(ulu/aqzm ‘/;I‘/}/U%/j,ul‘/}/(auavj), V1/V2/(JV10V2)) —p (17 L, h2ja h23)>
for j =1,2, QY (n'2Y Zh) —p Iny, 7 Z[u: V] —, 0, and
(EpX: X)) ' (n ' X'X) —, I, (4.26)

CASE 1: ||h,,|| < oco. We first assume that also ||h11|] < oo. This is the case
where both components of 5 are weakly identified. Define

U1,k || 2va,n + haal[?
’ = ’ 4.27
( Va,h ) ( (2ve,h + h12) Zun ( )
which is a function of Z, in (3.18). Using a simpler version of Lemma 1} it is easily

shown that (vy,v2 )" only depends on ||hi2|| and hgy and not on the other elements
in h. By Theorem 1(a) and Theorem 2 in Staiger and Stock (1997) we have

OVy 5 Va2.n — kphao

—2(By — By) —a Ap = ——, (4.28)

Oy Vinh — Rn
where for LIML, xj, is the smallest root of the equation

det((z%h, ZVQ’h + hlz)/(zu,h, ZVg,h + hlg) — I{Eh) = O (429)

9



in x and Y, € R?*? with diagonal elements 1 and off diagonal elements hoy. Note
that r; only depends on Z,. By Theorem 1(b)!1]in Staiger and Stock (1997) we have

8i/0’3 —d O—ih =1- thgAh + Ai (430)
For j = 1,2 we have from (4.26))
(nilZJ‘IZJ‘)fl/zTL*lﬂZJJY;L/UVj —d ZVj,h + h]_] (431)
Combining (4.28))-(4.31]),we obtain

3 — (n—lZL/ZL)—I/Qn—1/2Zi/(yL _ Yl(ﬁlm BQ)/)/UU sy 8 = —(sz,h + hu)Ah + Zun

(4.32)

We next derive the limiting distributions of several ingredients of the subvector
LM statistic. First consider o,; for j =1,2. By we have

Gui/(0u0v;) = (0= k1 = 1) (V55 (By = By) + u') Mpu Y/ (0u0v;)
=(n—k — 1)_1(‘/;(52 — By) + UL),MZLVJ'L/(UuUV])
-~ VIV V.
= 223, = By)(n— by — 1) L (n—h = 1) 4 0,(1)
Oy UVj(TV2 O'UUVj
(4.33)
Therefore, by (4.28))
Out/(0uov;) —a —Aphas + hoy and Gua/(0uov,) —a —Ap + has. (4.34)
Next consider, p; = (Z+'Z*)'/*7; /oy, € R¥2 for j = 1,2. That is,
By = (1 ZY 25 P P2 Y (gt - Y (B, Bo)) 2] o,
= (n"'ZYZ 2 gy gy, §%’f” € R (4.35)
Using (4.30), (4.31), (4.32), and (4.34) we have
N —Aphosz + h
P1— aPin = 2vin + hi — Sh% and
uh
N —Ap+h
P2 — dP2n = Zvan + hio — Sh%- (4.36)
uh

INote that it does not change the asymptotic results if one defines Ei with M. replaced by I,
as in Staiger and Stock (1997).
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Note that pyj, does not depend on h;. By simple calculationg %,

LM = [|((P1,P2)' (P, 2)) /2 (Pr. 2)'$(0/5)II” (4.37)

and therefore by the continuous mapping theorem (CMT)

LM — 4 LMy, = ||((p1ns pan) (Pins D20)) ™2 (D1ns D2n) sn| [ /2. (4.38)

Next we consider the case ||h11|| = co. Compared to the case ||hi1]| < oo, only
the limit of p; is different. From 1’ Hnl/ 2M1n]|7'D1 —p has follows. Noting that
normalization of py by |[n/?A11,]|~! does not affect the value of LM, we obtain

LM —4 LM}, = ||((haa, p21)' (haa, D2n)) ™2 (hag, pan)'sul|? /02, (4.39)

CASE 2: ||hjs||= 0o. Certain subcases of this case are technically nontrivial to
handle. However, because in this case, no asymptotic overrejection of the null occurs,
we deal with this case in the SA.

We now derive the limiting distribution of the subvector AR statistic.

CASE 1: ||h,|| < co. Using (4.30) and (4.32)) we obtain
AR —4 ARy, = ||sn]?/02),. (4.40)

CASE 2: ||h,,|| = co. We have AR —4 AR), ~ x},_;, see the SA.
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5 Supplementary Appendix

The SA is organized as follows. Subsection derives the limiting distributions of
the subvector statistics under drifting sequences A, ;, with [|h12|| = co. Subsection[5.2)
provides some finite sample simulations. Lastly, Subsection provides a calculation
of the asymptotic sizes of the subvector tests if they are implemented using the 2SLS
estimator rather than LIML.

5.1 Asymptotics for LM and AR Statistics when ||hs|| = o0

We complete the derivation of the limiting null distributions along sequences )\n’h of
the subvector AR and LM test statistics and now deal with the case where ||hq3|| =

The next lemma, whose proof is given at the end of this subsection, provides the hmlts
under \,, 5, for kprar, 52, , 5 and other statistics in the case where ||h12|| = co. Note
that HhIQH = 00 covers the case of “strong” instrument asymptotics where mo # 0 is
fixed but also covers cases where ||75|| goes to zero albeit at a rate slower than n=/2,

Lemma S1: Under A, for which ||h12|| = oo the following limits hold jointly
under the null:

(i) w™'Pgrutfof —q ||zunl

(ii) nlutMyiut/o? —, 1,

(iii) Hnl/Q)\unH 2YLlpzj_YL/O'V2 —p 1,

(iv) n Y3 My Y5 o3, —)p 1,

(v ||n1/2)\12n|| L Py Y /(UuUVQ) —a Zy phos,

(vi) n™ L’.MZLYL/(EFuiVQi) —, 1if liminf |Epu;Vy;| > 0, and

n~tut M, Y3 = 0,(1) without any additional assumption,

(vil) n(krir — 1) = Op(1),

(viii) \|n1/2>\12n\|gv2( — B2) —a #, phes,

(ix) 05 /02 —, 1, and

(X) 5= Mhzsz%fw

(xi) Ty n_uV+0p()forj—1,2,
(

xii) Hnl/Q/\lan P2 —p has, and

(xiii) p1 —q p1n = h11 —|— 2vy h — ho1zun When ||h11]| < oo and

||TL /2/\11n|| 15 P1 —> h24 When ||h11|| = .

Case 2 for the subvector AR statistic, ||h,,|| = co. Note that from Lemma

S1(ix)-(x) it follows that AR = §'5/(62/02) —4 AR), = 2y n Mgy Zuh ~ X3y
Case 2 for the subvector LM statistic, ||h,,|| =o00. Assume first that
thlH = oo and rcmk:(h24, h25> = 2. Note that

LM = (S P(Hnl/2>\11n|| 151, [nY/2 A0 ||~ 1p2) S )(O-u/a\u)2 —d Z;,th25P(h24,h25)Mh25ZU,ha
(5.41)

I3Tf the subvector AR statistic is implemented with 2SLS rather than LIML, the same limiting
distribution is obtained.
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where the convergence holds by Lemma S1 (ix), (x), (xii), (xiii), and the CMT. Be-

cause P, ha5) = B My hoa,has) considering an orthogonal basis (M, hay, hos, Vs, ..., U, )
of R*2 it is easily seen that Mp,, Py, hss)Mnss 1S symmetric and idempotent and has

rank 1. Therefore, LM —4 x3.

Next, consider the case ||h11|] = oo and rank(haa, hos) = 1]/ This case is techni-
cally the most challenging one of all cases considered. We use an approach similar
to the one used in Andrews and Guggenberger (2011) to show that no asymptotic
overrejection of the null occurs. Details are omitted here.

Next, consider the case ||h11]| < oo. In that case

LM =3P, n1/250m]-15)3(0u /Gu)? —q % n M Pp has) Mhos Zu,n (5.42)

using Lemma S1(ix), (x), (xii), (xiii), and the CMT. By straightforward calculations
using the first two lines in , it follows that the two vectors zy, 5, — h212,,, and
zy,p, are jointly asymptotically normal and independent. Therefore, conditional on
p1n the distribution of z, ), is still zero mean normal with identity covariance ma-
trix. With probability 1, rank(pis, hes) = 2, and by the argument used in the case
“l|h11|] = oo and rank(hag, hes) = 27 it follows that conditional on py,, the distri-
bution of 2, , Mpy; Pp,, hos) Mhas Zun is x7. Therefore, this also holds unconditionally.
This completes the proof of Case 2 for the LM case.

Proof of Lemma S1. The proof of (i)-(vi) is straightforward and therefore
omitted. For (vii), note that as in the proof of Theorem 2 in Staiger and Stock (1997),

ka1 equals the smallest root in & of the equation det(.J’ YV =k ?/MZVJ ) =0,
where J € R**? has ones on the diagonal, —f3, in the lower left, and 0 in the upper

right corner. We will show that the smallest root, kpra say, of det(J’?l/?LJ —
(1+ n_lm)J’?/MZYJ ) = 0 in & satisfies k7 = Op(1). This is obviously sufficient
because krrarr = 1+n 'kprsr. As in Staiger and Stock (1997, Theorem 2) the latter
equation can be rewritten as det(J’?L/PZLVLJ —n kY M 2.Y J) = 0. Using the
formula for the determinant of a 2 x 2 matrix, we obtain Ax? 4+ Bk + C = 0, where

A= (n—luJJMZluL)(n—li/'QL/MZLY'zL) o (n_luL/MzL}/VQL)Q,
B = —(n"'utMyout)(Ys ' PpYs ) = (ut Pyout)(n ™'Y My Y5h)
+2(ut Py Y ) (ntut ML Yy, and
C = (uPyoub) (Y5 PyoYy) — (u PyoYsh)2 (5.43)
Using (i)-(vi), it follows that A = (020}, — (Epu;Va:))(1 + 0,(1)) = Op(1 ) =

p
{02 A2 Po20%, (1+0,(1)), and € = [[01/2 A2, P020%, (||l 2(1+ 0,(1)) + O, (1),
It follows that kprp = p — \/p?* — ¢, where p = —B/(2A) and ¢ = C//A. Note that

Note that this case is ruled out in the asymptotic framework of Stock and Wright (2000) and
Guggenberger and Smith (2005). It is assumed in these papers that the columns of the reduced
form coefficient matrix, that correspond to the strongly identified parameters, have full rank.
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p converges to +00. Using a mean value expansion of the function f(q) = \/p? — ¢
about ¢ = 0 we can write xr1y7, = p— |p|+(2(p? —&))~H/2q for an intermediate value ¢
with |¢] < |g|. As p > 0 wpal, we have k7 = (2(p® — €))"V2q = O,(q/p) = O,(1).
To prove (viii), note that using krrayr = 1+ O,(n™!)

1 1
_ ”)\un”%n_lﬂYzﬂ(le + Op(n™ )My )ut
oy N5 (Pyi + Op(n1) My )Yt
12| Aial Y3 (Pyr + Op(n ) Mys)ut /(0u0v,)
T el [ 2V (P + Op(n )My )Yy o2,

- dZ;7hh25, (544)

where in the last line we use parts (iii)-(vi). The proofs of parts (ix)-(xii) are straight-
forward using the previous parts of the lemma, in particular 8,—/, = 0,(1) and noting
in (x) that Iy, — hoshbs = My, because hbshos = 1. To prove (xiii) when ||hq|| < 00
note that

~ _ — — ) aul

b= (22 P P2V — (Y (B — By) +ut) =5 0w

— ghi1 + 2 — ho12Zuh, (5.45)

where for the last equality we use that (n~=1Z+ Z+)~1/2n =12 Z LY L (8, B,)G 01 / (620,
= 0,(1). It [[hna[| = 00, ||n* 2 Xainl| 751 = [0V 2 M| |7 (07 2 ZH) 7 202 2y oy,
+Op(1) —p h24. O

5.2 Finite Sample Simulations

We provide finite sample simulations for the subvector LM, SC-LM, and AR tests. We
also consider the projected subvector AR test, denoted here by P-AR, see e.g. Dufour
and Taamouti (2005), that rejects the null hypothesis Hy : §; = 8, if AR > Xzz,lfam

The main purpose here is to document the overrejection of the null hypothesis
by the subvector LM test in finite samples and also to show how the asymptotic
predictions made above are reflected in finite samples. We focus on certain parameter
combinations that lead to severe overrejection for the subvector LM test. Note,
however, that our simulations of P(LM, > X%,l—a) for h € H show that asymptotic
overrejection is pervasive throughout the parameter space H. Therefore, overrejection
in finite samples also occurs for many combinations of 7w vectors and correlation
matrices. Our choice for h is guided by the asymptotic results based on sequences
Anp. For a given vector h, number of instruments k;, and sample size n, we consider

5Recall that in a linear IV model with conditional homoskedasticity the continuous updating
estimator and the LIML estimator are identical.
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the following finite sample scenario in model (2.1)). We pick k; = 0, that is, there are
no included exogenous variables X;. We let Z; be i.i.d N (0, [;,) and independently
distributed of (u;, Vi;, Va;)'. We let (u;, Vi, Va;)' be i.i.d N(0,%(h)), see . We set
g = (0,0), and test Hy : 8, = 0 versus H; : 3; # 0 for nominal size « = 5%. We
consider h with ||h1]| = 0o and set

T = h24 and Ty = n_1/2h12. (546)

That is, we consider a strong and a weak IV setup for 3, and f3,, respectively. We take
hlg = €1, h24 = —€1, hgl = O, hgg = 95, and h23 = .3. We consider k’g S {6, 10, 20}
and n € {100, 500, 1000}.

Table S-I: Finite Sample Null Rejection Probabilities for Various Tests
LM SC-LM AR P-AR
ko\n | 100 | 500 | 10% | 100 | 500 | 103 | 100 | 500 | 10% | 100 | 500 | 10°
6 88 | 76 | 75 | 6.0 |52 |50|36[26|24]19|12]1.1
10 | 136 (11311169 |50 |51 |42 |21]19|26 | 1.2]1.0
20 (245|184 179 |87 (52 4898|1915 |75 ] 13|09
In %, for nominal size o = 5%

Table S-I reports the finite sample null rejection probabilities. Results are based
on 30, 000 simulation repetitions. We compare the finite sample findings to the asymp-
totic null rejection probabilities under A, 5 that follow from the theoretical derivations
in Subsection When k; = 20 we find severe overrejection for the subvector LM
test, with null rejection probabilities equal to 24.5, 18.4, and 17.9% when n = 100,
500, and 1000, respectively. The asymptotic null rejection probability under A, ;
equals 17.3%, so the finite sample pattern is in close agreement with this prediction.
The subvector SC LM test has rejection probabilities equal to 8.7, 5.2, and 4.8% when
n = 100, 500, and 1000, respectively, and therefore, as expected, does not overreject
for large sample sizes. The AR and P-AR test underreject for large sample sizes, the
latter, of course, more so than the former. All these conclusions, i.e. overrejection
of the null by the subvector LM test, close agreement between finite sample and as-
ymptotic rejection probabilities, controlled null rejection probability of the subvector
SC-LM test, and conservativeness of the AR and P-AR tests, hold mutatis mutandis
as well when ko = 6 and 10. In particular, when ky = 6 and 10, the asymptotic rejec-
tion probability of the subvector LM test equals 7.4% and 10.8% under A, 5, while the
finite sample rejection probabilities for n = 1000 equal 7.5% and 11.1%, respectively.

Note that Chaudhuri and Zivot (2011) study a simulation design similar to the
current one. In certain designs of weak identification, they also report finite sample
overrejection of the null hypothesis of the subvector LM test, see Table 2 in their
paper. As they consider only eight instruments though, the overrejection is not as
dramatic, roughly 8% for a nominal size of 5%. Note that with eight instruments,
Table I in the current paper states that AsySz = 9.2% for the subvector LM test
which is consistent with their findings.
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5.3 AsySz Results for Other Subvector Tests

We calculate the asymptotic sizes of the subvector AR and LM tests when they are
implemented with the 25LS estimator for [, rather than the LIML estimator. We call
these tests the subvector AR(2SLS) and LM (2SLS) tests['¥] Table S-II shows that the
subvector AR(2SLS) and LM(2SLS) tests have AsySz significantly larger than the
nominal size a = 5%. Kleibergen and Mavroeidis (2011) point out that the subvector
AR(2SLS) and LM(2SLS) tests are asymptotically size-distorted but do not quantify
the amount of size distortion.

Table S-II: Simulated AsySz for Various Subvector Tests

ky | AR(2SLS) LM(2SLS) P-AR
2 31.9 31.9 1.4
3 48.1 52.6 2.0
4 59.4 67.7 2.4
5 67.8 78.2 2.6
6 74.2 85.5 2.8
7 79.3 90.6 2.9
8 83.2 94.0 3.0
9 86.3 96.2 3.1
10 88.8 97.6 3.2
20 98.4 100 3.6

In %, for nominal size a = 5%

For example, for the AR(2SLS) test we find that when ky = 3 and a = 5%,
AsySz = 48.1%. In that case, the highest asymptotic null rejection probability occurs
when ||h1z|| = .4 and hey = .999 which is a scenario, where the parameter [, not
under test is weakly identified and the correlation between the error terms u; and V5;
is close to 1. If the parameter space were such that even larger correlations than .999
were allowed for, we could generate even larger asymptotic overrejections. E.g. for
ka = 3, ||hi2]| = .25, and hgy = .9999 the asymptotic null rejection probability equals
50.6%. Table S-II suggests that the asymptotic size distortion of the AR(2SLS) test
increases in ky. While AsySz = 31.9% for ky = 2, AsySz = 88.8% for ky = 10.
Analogous conclusions hold for the LM(2SLS) test but its asymptotic size distortion
is even worse than the one of the AR(2SLS) test.

On the other hand, Table S-II shows that the projected subvector AR test, whose
asymptotic size is given by AsySz = sup,,cy P(AR), > XZ%I_Q), is very conservative.
This has negative spillover effects on the power properties of this test.

16Note that the 2SLS estimator is defined as the LIML estimator Bz but with ka7 replaced by
1. For 2SLS we thus have x5 = 0 in (4.29). With this redefinition of %, the limiting distributions
under A, j, of the subvector statistics implemented using the 2SLS estimator, are AR}, and LM},
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