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Abstract

Economic models often imply that the proposed functional relationship between
economic variables must satisfy certain shape restrictions. This paper develops a con-
strained nonparametric regression method to estimate a function and its derivatives
subject to such restrictions. We construct a set of constrained local quadratic (CLQ)
estimators based on empirical likelihood. Under standard regularity conditions, the
proposed CLQ estimators are shown to be weakly consistent and have the same first
order asymptotic distribution as the conventional unconstrained estimators. The CLQ
estimators are guaranteed to be within the inequality constraints imposed by economic
theory, and display similar smoothness as the unconstrained estimators. At a location
where the unconstrained estimator for a curve (e.g., the second derivative) violates
a restriction, the corresponding CLQ estimator is adjusted towards to the true func-
tion. Interestingly, such bias reduction can also be achieved when the binding effect
is from a restriction on another curve (e.g., the first derivative). This finite sample
gain is achieved through joint estimation of the functions, using the same empirical
likelihood weights. We apply this procedure to estimate the day-to-day option pricing
function and the corresponding state-price density function with respect to different
strike prices.
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1 Introduction

Nonparametric regression methods are known to be robust to functional form misspecifica-
tion, hence they are useful when the researcher does not have a theory specifying the exact
relationship between economic variables. However, in many cases, economic theory indicates
that the functional relationship between two variables X and Y, say, Y = m (X), should be
under certain shape restrictions such as monotonicity, convexity, homogeneity, etc. Because
the estimation results from nonparametric regression are not guaranteed to satisfy these
ex-ante model restrictions, it is desirable to develop a methodology to accommodate such
conventional restrictions in nonparametric estimation.

In previous literature, various approaches to nonparametric regression which satisfy
monotonic restriction have been developed. See Matzkin (1994) for a comprehensive survey.
A popular approach in the existing research literature is the isotonic regression method (e.g.,
Hansen, Pledger, and Wright, 1973; Dykstra, 1983; Goldman and Rudd, 1992; Rudd, 1995;
etc.)!. A less desirable feature of the isotonic regression technique is that the estimated func-
tion might not be smooth. To produce monotonic yet still smooth estimation results, one can
add a kernel-based smoothing step with the isotonic regression (e.g., Mukerjee, 1988; Mam-
men, 1991). Recently, Ait-Sahalia and Duarte (2003) proposed a similar two-step procedure
to estimate option price function nonparametrically. In the first step, they adopt Dykstra’s
(1983) constrained least square algorithm to trim the data so that the estimates from the
succeeding kernel smoothing step are guaranteed to be monotonic and convex. In this con-
strained least square method, the numerical search is performed iteratively in a subset of
the n-dimensional Euclidean space, where n is the sample size. This algorithm is potentially
computation-intensive when the sample size is large. Consequently, it is practically useful to
combine theory-imposed restrictions with a procedure (e.g., kernel smoothing method) that

will yield smooth estimated functions, and reduce computational burden.

! Another vast line in the literature is "constrained smoothing splines" (e.g., Yatchew and Bos (1997)
etc.). See a recent survey by Henderson and Parmeter (2009) for this and other methods.



In this paper, we explore the possibilities of imposing shape restrictions in the local
polynomial regression framework. We construct constrained local quadratic (CLQ) estima-
tors specifically for the functions m (X), m’' (X), and m” (X). The proposed estimators can
be viewed as reweighted versions of the standard local quadratic (LQ) estimators and the
weights are determined via empirical likelihood (EL) maximization. Empirical likelihood
(Owen, 1988, 1990, 1991) is a nonparametric likelihood method, in contrast to the widely
known parametric likelihood method. See Kitamura (2006) for a comprehensive survey of EL
in econometrics. EL can be applied in both parametric and nonparametric models. In para-
metric estimation, a generalized empirical likelihood estimator is shown to have advantages,
in terms of higher order asymptotic properties, over the GMM estimator (Newey and Smith
2004). The idea of parametric estimation via EL is to maximize a nonparametric likeli-
hood ratio [}, (np;) between a probability measure {p; : i = 1,--- ,n} given on the sample
points and the empirical distribution {1/n,---,1/n}, subject to moment conditions (Qin
and Lawless, 1994; Kitamura, Tripathi, and Ahn, 2004). EL can also be used in combina-
tion with nonparametric models. For a given nonparametric estimator, confidence intervals
via EL has demonstrated advantages over asymptotic normality-based approaches. Refer to
Hall and Owen (1993), Chen (1996) for density function estimation; Chen and Qin (2000),
Qin and Tsao (2005) for local linear estimators of conditional mean function; Cai (2002)
for conditional distribution and regression quantiles; Xu (2009) for local linear estimators in
continuous-time diffusion models. The common approach in this literature is to maximize the
nonparametric likelihood ratio []}_, (np;) subject to the EL-weighted estimating equations
which can be viewed as counterparts of the moment conditions in parametric settings.

Following this line, we consider the empirical likelihood profile {p; : i = 1,--- ,n} embed-
ded on a set of local quadratic estimators and we maximize [[_, (np;) under the desired
shape restrictions. If the restrictions are true for the underlying data generating process,
then the empirical likelihood profile asymptotically converges to {1/n,---,1/n} as n goes to

infinity. Hence our CLQ) estimators have the same first order asymptotic distribution as the



standard local quadratic estimators. Our procedure offers estimation results that are smooth
functions, and reduces the dimensions of numerical optimization from sample size n to the
number of restrictions. Moreover, the procedure estimates the function Y = m (X) and its
first and second derivative simultaneously, so it is particularly useful when one is interested
in estimating the derivatives. When multiple nonparametric functions are jointly estimated,
it is common for only some of the restrictions to be violated by the unconstrained estimator.
By adjusting those violations to meet the constraints, our EL approach can meanwhile tune
other functional estimates at the same location towards the corresponding true value. In
addition, the procedure can be applied in more general situations when constraints on the
function and its derivatives vary by location, unlike the constant constraints considered in
existing methods.

Hall and Huang (2001) proposed an EL-based nonparametric regression approach to
estimate a function, subject to monotonicity constraints. Under certain assumptions of the
weight functions of the original estimator (kernel or local linear weights, etc.), they show
the existence of a set of "location independent" EL weights which guarantee the reweighted
estimator to be monotonic. Racine, Parmeter, and Du (2009) extend Hall and Huang’s (2001)
approach to multivariate and multi-constraint cases. Our study is different from these two
papers in several aspects. First, we jointly estimate the regression function and its derivatives
and investigate the asymptotic distribution of the EL weighted CLQ estimators, whereas the
above two papers focus on the estimation of the regression function itself. Second, our EL
weights are "location dependent" so that we can accommodate constraints varying upon the
domain of X. Third, we allow constraints on the regression function as well as its derivatives,
while Racine, Parmeter, and Du’s (2009) theoretical results are not directly applicable to
such a case where there are multiple constraints on the first and second derivatives with
respect to the same explanatory variable X.

As an application, we use the EL-based CLQ estimator to investigate the nonparamet-

ric estimation of daily call option prices C' as a function of strike prices X. As implied



by finance theory, under the assumption of market completeness and no arbitrage oppor-
tunities, the price of a call option C' = C'(X) must be a decreasing and convex function
of the option’s strike price X. These shape restrictions can be expressed as C;, (X) €
[max (0, Sye™7™ — Xe™"77), Spe™ 7], Cf (X)) € [—e7™7,0], and Cy_(X) € [0,00),
where t is the current time, 7 is the time-to-expiration, r is the risk free interest rate, and o
is the dividend yield of the underlying asset with price S;. We estimate C;, (X), Cy, (X),
and Cf, (X) under these constraints and compare the results of our CLQ estimation with
the results of standard LQ estimation. In a simulation study, we adopt the same simulation
set-up as in Ait-Sahalia and Duarte (2003), and find that our results are comparable with
theirs in this extremely small sample setting, whereas our procedure exhibits potential ad-
vantages such as less intensive computation when the sample size becomes larger. Last, we
apply this method to estimate the S&P 500 index options in a typical trading day in May
2009.

The remainder of this paper is organized as follows. In Section 2 we introduce the
definition of EL for the local quadratic estimators, subject to inequality constraints. Then
we show the equivalence of two saddlepoint problems from the EL formulation to ease the
following asymptotic analysis. Next, in Section 3 we study the asymptotic properties of the
ElL-based CLQ estimator. In Section 4 we apply the constrained estimation procedure to
estimate option price function and the state-price density. Section 5 concludes. The proofs

and figures are presented in the Appendix.

2 Empirical Likelihood-Based Constrained Local Quadratic
Regression

We consider a random sample {(X;,Y;):¢=1,---,n} generated from a bivariate distribu-
tion. Let us denote the conditional mean function of Y given X by m (z) = E (Y |X = x)

and the conditional variance function by o2 (z) = Var (Y|X = x), then the nonparamet-



ric regression model under consideration is Y = m (X) + o (X) u, where E (u|X) = 0 and
Var (u|X) = 1. We also denote the marginal density of X by f (). In this section we de-
velop the empirical likelihood formulation in the context of local quadratic regression model

subject to inequality constraints.

2.1 The Local Quadratic Estimator

Because our empirical motivation is to impose theory-motivated constraints on the esti-
mators of the functions m (-), m’ (+), and m” (-), we focus on the local quadratic regression
model, which provides estimators for the three functions simultaneously. The local quadratic

estimators can be derived from the following minimization problem

. - 972 X, —=z
i S V= ) B 0) (K= )~ 3o ) (= ) K20 w
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Denote K; = K ((X; — x) /h), and hereafter we shall slightly abuse the notation and write
(mo (-),ma (-),ma ()T = (m(-),m® (-),m® () /2)", then the local quadratic estimator

for (mg (), mq (x),mq (x))" can be written as

where for j = 0,1, 2,




and

Woi () = | (5254 — 52) — (5154 — s253) (Xh_””> — (5% — s153) (Xh_xﬂ K,

Wi () = | (5285 — s154) — (52 — 5054) (Xh_ x) — (5053 — 5152) (Xh_ xﬂ K,

Wai (z) = | (5153 — 52) — (5053 — $152) (Xh_x> — (5% — s0s2) (Xh_xﬂ K,

1 n X,—=x J .
Sﬂ:mzu( ; )Kiforj:0,1,2,3,4.

2.2 Empirical Likelihood for the Local Quadratic Estimating Equa-

tions

In this subsection we construct empirical likelihood for local quadratic regression model. Let
{p1,- -+ ,pn} be a discrete probability distribution on the sample {(X;, Y;):i=1,--- ,n}.
That is, {p1, - ,pn} is a set of nonnegative numbers adding to unity. At a location x in

the domain of X, the profile empirical likelihood ratio at a set of candidate values 5 (z) =

(Bo (%), B1 (), Ba (x))T of

is defined as?

L) = max {TT opilpi>0, 3" pi=13" plUi(B) =0}, (2

{Pl:"' 7pn}

where U; (8) = (Uoi (), Usi (8), Usi (8))" and Uy (. 8 (2) = Wy (x) [Y; = (X; = 2)’ 6 ()]
The three equations
> pUi(B)=0 (3)

2Hereafter, when it is clear we shall omit the explicit dependence of a variable on the location z for
brevity of notations.




are labelled as "estimating equations" in the empirical likelihood literature. Heuristically, if

we take {p1,- - ,pn} = {1/n, -+ ,1/n}, then the estimating equations become

S W) [V (K- 2y ()] = 0,

which can be viewed as reformulations of the first order conditions of the weighted least

square problem (1). From the above equations, we can solve, for j = 0, 1, 2,

Z Wj’l Y; B 1 RZ W]Z Y;
—Z W]Z -—:E)j W EZ,:lWOi

B (x) =

by recognizing that

e iy (M) W

That is, the candidate values f3; (z) coincide with the local quadratic estimators BJ (). In

%Zizlwm (x) = %Zizlwli (@) (

general, the candidate values /3; (z) are not fixed at @ (x), and the corresponding {p1,- -+ , pn}
are different from uniform weights 1/n. As a digression on notation, we will reserve D, for

the common value in (4). That is, we denote

Do— LN Xi =)’ _ 2 2
n — nhzz:l Ji (ZU) h = S0 (8284 - 53) — 5 <81$4 - 8283> — S (82 — 3153) .

By using the log empirical likelihood ratio, we can modify the EL. maximization problem

(2) to be

L(B) = max){Zj_llog(npz | pi 20, Z pi=1, Z:;lpiUi(6>:O}- (5)

(P1,,pn

Further, by introducing Lagrange multipliers A (3) = (Ao (8),A1(8), 2 (5))T for the esti-



mating equations (3) respectively, we can form the Lagrangian as

L= Z log (np;) (Z pl—1>—n/\(5) Z Ui (B),

and solve for
1

pi(B) = n(l+X(B)"U; (B))

Now the log empirical likelihood ratio [ (5) can be expressed as

L) = min [ 7" log (L+ A (8) U (9)] = max 3" log(1+A (B Ui(5).  (6)

AEA AEA =1

and

(B —ar%\enjiaxz log (1+X(B)"U; (8)), (7)

where

A={XB)eRN+AXB)U(B) =1/n, i=1,--- ,n}.

The domain A of A (/3) is derived from p; € [0, 1] and it is needed to ensure that the arguments

of the logarithm are strictly positive.

2.3 Empirical Likelihood Formulation under Inequality Constraints

In this section we investigate the log empirical likelihood ratio (6) under inequality con-
straints. In the regression model Y = m (X)-+o (X) u, we consider shape restrictions imposed
by economic theory in the form of lower and upper bounds on the function m (-) and its deriv-

atives. More specifically, let b (z) = (b, (), by (2),by (z))T and b (z) = (bo (), b1 (), bs (m))T,



then the restrictions can be expressed as

For example, in the estimation of option price function and its derivatives, we know that
b(X) = (max (0, S,e 0T — Xe*”) ,—e T, O)T, and b (X) = (Ste*‘%, 0, oo)T. Our goal is to
accommodate these constraints in the nonparametric estimation of m (-) and its derivatives.

Because the log empirical likelihood ratio (6) depends on candidate values [ (z) =
(Bo (x), P11 (x), B2 (x))T, we can stack the above inequality constraints and impose them on

the candidate values:

b(z) < B(x) <b(). (8)
Then (6) is modified as
min [ (5) = min maxG,, (5, \), 9)
b<p<h b<B<b AEA

where

G (BN ="

1=

Jog (1+ X () U3 (B))

This can be viewed as a saddlepoint problem, and let its solution be (B , X)

Remark 1 The objective function in (5) corresponds to —1 times the Kullback—Leibler dis-
tance between the probability distribution {py,- - ,pn} and the empirical distribution {1/n,--- ,1/n}.
Thus mazximizing the log empirical likelihood ratio 1 (B) can be interpreted as minimizing the
Kullback—Leibler distance between {pi,--- ,pn} and {1/n,--- 1/n}. On the other hand, it
is easy to verify that (5) attains its global maximum at {1/n,--- ,1/n}, corresponding to
the candidate values 3 (x) being equal to the standard LQ estimators B (x). Indeed B (x) are
the minimizers of 1 (8) without imposing the inequality constraints (8). Thus 3 (z), as the

minimizers of L () in (9), are designed to minimally adjust the standard L) estimators such

10



that the inequality constraints (8) are satisfied.

Remark 2 The empirical likelihood formulated so far is for E [B (a:)] = m (x)+bias, rather
than for m (x). This point has been observed in previous studies of empirical likelihood-based
inference for nonparametric models (Chen and Qin (2000), Qin and Tsao (2005), etc.). To
reduce the bias, we use an "undersmoothing” bandwidth condition nh” — 0, as recommended

in the literature. We will discuss this approach further in the asymptotic analysis.

To facilitate the asymptotic analysis of the CLQ estimator <B , X), we need to introduce

another saddlepoint problem

min max G} (8, \,v) (10)

6
B AeAveRf

where

Gy (B, v) =G (B, A) +nuT (b— ) +n0" (8 —0b)

T

and v = (v7,77)" is a set of Lagrangian multipliers for the inequalities

IS
|
=
N
=

=
I
SH
N
o

The following lemma states that the two problems (9) and (10) have the same saddlepoints.

Lemma 1 <§, X) is a saddlepoint of G, (B, \) and solve (9) if and only if (E, X, ﬁ) s a
saddlepoint of G (5, \,v) that solves (10), where for j =0,1,2,

1 —n N (B)Wji@)(Xi—a)

5 (nf) = " mOEe T
_J 9 .

\ 0 if bj - Bj <0,

4 ~ g

L NEWL@Xi—2) L x
7 (w.8) = T aGyaE) =0 (11)
0 if B;—b; <0

11



Remark 3 In practical implementation, one can program according to the saddlepoint prob-
lem (9). Essentially, at each evaluating location x, searching for ] (x) is performed in
[b(2),b(x)]. This can be viewed as an "outer loop". While for each candidate 3 (x), search-
ing for X(B) is done in the "inner loop" via maximizing G, (5,\). Plugging p; in the EL

weighted estimating equations Y ., p;U; (5) = 0, we have

I 0B
0 AT

which can also be viewed as the first order conditions for X (B) in (6) divided by n. In the
"inner loop", given a candidate value of B (x), we can equivalently solve for \(B) from these

first order conditions.

Remark 4 The saddlepoint problem (10) is useful in the following asymptotic analysis of
the CLQ estimators 3 (z). Since (9) and (10) are equivalent, we use the same notation | (/)
in the remaining of this paper. That is, we denote
[ = max G (B,
(8) \onax G (8,Av)

= max Y log(1+A(8) Ui (8) +nu’ (b— B)+ni" (3-1D).

AeA,ueRi =1

3 Asymptotic Analysis of the Constrained Local Quadratic
Estimators

In this section we first show that, under proper regularity conditions, A (m) = (Ao (m), Ay (m), A2 (m))”
converges to zero as n — o0o. This result is presented in Theorem 1. Then we show in Theo-
rem 2 that the CLQ estimators B (x) and the standard LQ estimators B\ (x) are asymptotically
equivalent, that is, B () and B\ () have the same first-order asymptotic distribution. As a

starting point, we need the following assumptions:

12



Assumption 1 The kernel function K (-) is a symmetric bounded density function com-

pactly supported on [—1,1].

Assumption 2 f(-) and o (-) have continuous derivatives up to the second order in a neigh-
borhood of x, and both f (x) > 0 and o (x) > 0. Also m (-) has continuous derivatives up to

the third order in a neighborhood of x.
Assumption 3 h — 0, nh — oo, and nh” — 0 as n — o0.

Lemma 2 Under Assumptions 1, 2, and 3, as n — oo, we have the asymptotic distribution

Vnh (%Z;Ui (m) — %Bm(s) (x) f° () BU> LN(0,6% @) P (@) Vo),  (12)

where

0 wo 0 we
Bu=| p2—pips |- Vo=10 w3 0 5
0 wy 0 ws

wo = i3 (H3vo — 2paptavs + fi3v) |
wy = —pt (p2pavo — (pa + p3) va + pava) ,
W3 = (M4 - M%)Q V2,

ws = i3 (M%Vo — 2pa1 + V4) -

Remark 5 To investigate the asymptotic behavior of the EL-based CLQ estimators, first
we need to find the asymptotic distribution of the estimating equations (3). Lemma 2
presents the asymptotic distribution of (3) evaluated at the set of true wvalues m (r) =
(mo (z),mq () ,ma (z)). This result can be derived from the asymptotic distribution of the

L@ estimators g(x) because (3) can be viewed as a reformulation ofé(a:) —m (x). Essen-

13



tially, from Lemma 2 we have

LS vhtm) =0, (G )

Remark 6 Notice that the leading bias terms of ﬁZ;lUm (m) and n—l}LZ;lei (m) in
(12) are actually zeros because of the symmetry of the kernel K (-). As suggested by Chen
and Qin (2000), we use an "undersmoothing” condition nh” — 0 to reduce the bias of
ﬁijlUli (m). With this condition, we can still use the optimal bandwidth h = O (nil/g)

for the estimation of the regression function and the second derivative.

Lemma 3 Under Assumptions 1, 2, and 3, we have

1 n
2, Uim) Ui (m)" =y + 0, (1),
where
0% (x)wy 0% (x)w o2 (1) wy

W =f(z)| o2 (2)wy [0 (z) + m? (2)]ws [0%(x) +m? (x)] wy

Hw)wy [0 (2) +m? (2)]ws [0® () +m? (2)] ws

Q

Theorem 1 Assume that E|Y;|” < oo for some s > 2 and that Assumptions 1, 2, and 3
hold. Then
A(m) =0, ((nh)fl/2 + h3> =0, (n7*7),

also

nh i=1

Ao =[5 vimvr] [ vm)] o (o ),

Remark 7 From Theorem 1 we have that p; (m) = n=' (1 + X (m)"U; (m))™" converges to

1/n with increasing sample size and proper selected bandwidth. Hence the EL-based CLQ

14



estimators

~ 1 Zl lpz _]’L z'

ﬁj() n (j:0a172)
hi W
Zi:lplwﬂl( )
converge to the unconstrained L() estimators
_ LAY Wiile m |
Bi (z) = (j=0,1,2)

hj Zz— WOz

Lemma 4 Assume that Assumptions 1, 2, and 3 hold, further assume that nh® — oo as

n — 0o. Then G (8, \,v) attains its saddlepoint at (E,X, 17) where 5 = (ﬁo, b, 52) 18 such

that

Bi (x) —my (z)| < h¥7; X = A <B) is given by (7); and U is given by (11). Further,
<§, X) satisfies
gin (57X) = 0; Jin <B,X> =

where

Ui (8)
gln(57A) nhzz 11+)\(6TU1(6)

D; () A (5)
g2n(57)‘) nh ZZ 11—1—)\(5 UZ(ﬁ)

and D; (z) is a 3 X 3 matrixz such that D; (z) = diag {—Wji () (X; — ) /h)j}.

Remark 8 Lemma 4 shows the ezistence of a saddlepoint of Gf (8, \,v) in the interior of

a (asymptotically shrinking) neighborhood of m (x),

{B(x):18; (x) —my (x)] <h*, j=0,1,2}. (13)

This is achieved by establishing a lower bound of I () out of (13) and then we show that this

lower bound is of a larger stochastic order than I (m).

Theorem 2 Suppose that the assumptions of Theorem 1 hold. We also assume that nh® —

15



oo asn — oo. Then for j =0,1,2, the EL-based CL(Q) estimator

-~

By (2) = B () 40, ((nh+27) 1 - ¥7)

where for each 7, B\] (x) is the corresponding LQ) estimator. As n — oo, the asymptotic

distribution of 3 (x) is given by

diag (\/W) (B’ (2) = m (z) — "=m® () B~) 4N (0, “; () v~) , (14)

where

By =1 pafpo | V5=
0

Remark 9 Theorem 2 shows that the EL-based CLQ) estimators B (x) and the standard LQ
estimators B () have the same asymptotic distribution up to the first order. This result is
naturally expected because, as the sample size increases, B\ (x) converges to the true function
values which are in the bounded region [l_) (x) ,E(x)}, hence the inequality constraints become

unbinding (2 0) and 3 (z) and B (x) are asymptotically first-order equivalent.

4 Application: Option Pricing Function and State-Price

Density Estimation under Shape Restrictions

4.1 Restrictions Imposed by Option Pricing Theory

To show the usefulness of the CLQ estimation procedure proposed in this paper, we estimate
the daily option pricing function and the state-price density function by incorporating various
shape restrictions. In summary, given market completeness and no arbitrage assumptions,

implication from financial market theory suggests that the price of a call option, as a function

16



of its strike price, must be decreasing and convex.

Let us consider an European call option with price C; at time ¢, and expiration time 7.
Denote by 7 = T' — t the maturity, and X the strike price. Also denote by r,, the risk free
interest rate and ¢, , the dividend yield of the underlying asset with price S;. Using these

notations, we can give the call option price C; by
+o00
C (X7 St7 T, Tty 5t,7‘) =e 7T / max (07 ST - X) f* (ST|St7 Ty Ttr, 5t,7’) dST7
0

where f* (Sr|Si, 7,71, 0¢r) is the state-price density (SPD), also called the risk-neutral den-
sity (denoted as f* (Sr) for brevity in what follows). Asset pricing theory imposes no arbi-

trage bounds for the price function as
max (0, S0 — Xe 7)) < Cyr (X) < Spe= 0T, (15)

where C;, (X) is used to denote C (X, S;, T, ¢+, 0¢,) since we focus on the call option price

C as a function of X. For the first derivative

oC Heo
a_X = —e 77 . f* (ST) dST,

the no-arbitrage assumption requires C' to be a decreasing function of X, and the above

derivative larger than —e™"*7". Thus we have
—eTT <O (X) <0 (16)
from the positivity and integrability to one of the SPD. The second derivative is
CY, (X) = e " (X) 2 0 )

since the SPD must be positive.

17



Given the data (X, C;) recorded at time ¢ (typically in one trading day) with the same
maturity 7, our objective is to estimate Cy, (X), Cf, (X), and Cf_ (X) under constraints

(15), (16), and (17).

4.2 Monte-Carlo Simulation

To compare the performance of our procedure with existing research, we adopt the simulation
setup as that in Ait-Sahalia and Duarte (2003). Specifically, the true call option price

function is assumed to be parametric as in the Black-Scholes/Merton model

CBS (X7 Ftﬂ') T, rt,’f‘a U) = e_rt’TT [E,Tq) (dl) - X¢ (dQ)] )

where F, ; = S,e(rer =077 ig the forward price of the underlying asset at time ¢t and

_ log<Ft,‘r/X) + O-\/? dg _ log(Ft,‘r/X) o O'\/F
2 Y

d o\T 2 7T o\/T

and 0 = o (X/F;,,7) is the volatility parameter. To generate data for simulation, we
calibrate parameter values from real observations of S&P 500 index options on May 13,

1999. The parameter values and domain of strike prices are set as

S, = 1365, T =30/252,
re, =4.5%, X; € [1000,1700],
St =25%, 0;=—X;/140 + 432/35.

In the first simulation, the strike prices X are equally spaced between 1000 and 1700 with a
sample size of 25. That is, in each sample there are 25 distinct strike prices and each of them
corresponds to one call option price. In the second simulation, we generate 10 call option
prices for each distinct strike price, so the sample size is 250.> To generate option prices,

in the first simulation (n = 25), we add uniform noise to the true option price function,

3This is similar with the simulation setup in Yatchew and Hardle (2006).
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which ranges from 3% of the true price value for deep in the money options (X = 1000) to
18% for deep out of the money options (X = 1700). We double the noise size in the second
simulation (n = 250).* We use the Epanechnikov kernel in the local qradratic estimation
and adopt a rule-of-thumb bandwidth as in Fan and Mancini (2009). In each simulation
experiment, we generate and estimate 1000 samples and show the average, 5%, and 95%
quantiles as confidence bands in each graph.

For samples with 25 observations in the first simulation, the estimation results are shown
in Figure 1. The sample size in this simulation is tiny, so the unconstrained local quadratic
estimators, especially the estimators for first and second derivatives, /C’\’(X ) and cv (X),
perform poorly and violate the constraints frequently. Although difficult to distinguish in the
graph, the estimator for the option price, C (X), also violates the lower bound when the strike
price is low for deep in the money options. This violation of constraint can be adjusted in our
EL-based estimator, while not in Ait-Sahalia and Duarte (2003). Turning to the constrained
estimation by our EL-based procedure, we can find that all three estimators, C' (X), C (X),
and C" (X)), are guaranteed to satisfy the constraints, and the estimators for first and second
derivatives have smaller confidence bands in both of the boundary areas of the domain of X.
An interesting finding is that, by correcting the violation of constraints in the first derivative
estimate, the EL-based procedure also adjusts the second derivative estimate towards to its
true function in corresponding boundary areas, although the unconstrained estimate itself,
Cr (X), may not violate its nonnegative lower bound.?

In the second simulation with 250 observations (Figure 2), performance of the uncon-
strained local quadratic estimators is better than in the previous small sample design in
spite of the doubled noise size. With a sample size as large as 250, the unconstrained es-
timate (6’ (X)) of the option price function and its true value become undistinguishable.

But for the estimation of derivatives, the unconstrained estimators (6\’ (X) and cr (X)) still

41f we use the same noise design in the second simulation with larger sample size, the unconstrained local
quadratic estimates will violate constrains less so the constrained and unconstrained estimation results will
be close.

5Note that the 5% quantile of C’ (X) corresponds to the 95% quantile of c (X) and vice versa.
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violate the constraints when the strike price is very low or very high. In comparison, the
EL-based constrained estimators (6/’ (X), and cv (X)) are strictly within the constraints
and have much narrower confidence bands, specially, in the left boundary area.

Last, we compare the integrated mean squared errors (IMSE) from constrained and un-
constrained estimation in Figure 3. We focus on the first simulation design with sample size
25. The plots show that the IMSE’s are much lower for the constrained estimators in all
three functional estimations. Also we find a U-shaped IMSE curve in all three cases, showing

that there exists an optimal bandwidth minimizing the IMSE.

4.3 Empirical Analysis

To investigate the empirical performance of our ElL-based CLQ estimators, we estimate the
option price function and the state price density (a scaled second derivative of the option
price function). We consider closing prices of European call options on the S&P 500 index
(symbol SPX). The SPX index option is one of the most actively traded options and has
been studied extensively in empirical option pricing literature. The data are downloaded from
OptionMetrics. We collect options on May 18, 2009 for a maturity of 61 days corresponding
to the expiration on July 18, 2009. Following Ait-Sahalia and Lo (1998), Fan and Mancini
(2009), we use the bid-ask average of closing price as the option price, and we delete less
liquid options with implied volatility larger than 70%, or price less than or equal to 0.125.
Finally we reach a sample of 81 call option prices with strike prices ranging from 715 to
1150. The closing spot price of the S&P 500 index on that day was 909.71, and the risk free
interest rate for the 2-month maturity was 0.51%. The dividend yield is retrieved from the
put-call parity. Figure 4 presents the estimation results of this daily cross-sectional option
prices data set. From the results we can find that the unconstrained estimate of the first
derivative significantly violates the constraints at both the in-the-money and the out-of-
the-money areas. In contrast, the constrained estimate of this function is bounded in both

areas.
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5 Conclusions

We propose an empirical likelihood-based constrained local quadratic regression procedure to
accomodate general shape restrictions imposed by economic theory. The resulted estimates
can satisfy the constraints on the function and its first and second derivatives. Compared
with the traditional "isotonic regression and smoothing" two-step method, the EL-based
approach can be less computationally intensive, and can accommodate more general con-
straints, hence it shows potential to be useful in a wide range of applications. We study the
empirical performance of the constrained estimation method in both simulations and real
data applications.

A part of the follow-up work is to analyze more extensively the EL-based CL(Q estimators,
both asymptotically and in finite sample, such as the comparison of mean squared errors
between the constrained and unconstrained estimators. Another direction which might enrich
the scope of this paper is to develop tests on shape restrictions such as monotonicity and

convexity, based on the asymptotic chi-square distribution of the log EL ratio statistic.
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Appendix A: Proofs

Proof of Lemma 1

Proof. (i) Let <§,X, 17) be a saddlepoint of G (5, A, v) solving (10). First we look at the
upper bounds b. Suppose there is j € {0,1,2} such that Ej > Ej, then there must exist
v > ﬁj > 0 such that v} (Ej —l_)j) > 5j (BJ —Bj), so G (5, X,E,g_j,ﬁ’-) > G (B, X, ﬁ),
which contradicts with the definition of (5 , X, D). Therefore Bj < Z_)j for all 7 = 0,1,2. This
implies that 7' <§ - 5) < 0 since 7 > 0. Further, if EJ < bj, then 7; = 0. Together we have

7 (B — 5) = 0. Similarly we can show that o7 <l_) — 5) = 0. So
G; (FA7) = Gu (B.2) 2 Ga(5.0)

for any 3 € (l_), 5) and A € A. That is, (5, X) is a saddlepoint of G,, (3, A) that solves (9).

(ii) Let (5 : X) be a saddlepoint of G}, (f, A) solving (9) and v as defined in the lemma.
We want to show that <§, X, ?7) is a saddlepoint of (10). First, since 7 (5 — l_)> = 0 and
vr (l_) — 5) = 0 by the definition of v, also since B € [l_), 5], we have 7' <§ — l_)) >t (B — l_))
and 7 (I_) - 5) Sl (I_) - E) for any v = (v7,77)" € RY, hence

G (E, X, 5) > o (E, X, y) . (18)

Second, let B: (gj,E,J) such that Ej =b; (or @N’j =b;) and E,j S (b b j). Then for any

Z—jr 7=

RS [l_),ﬂ, we make the same partition 5 = (3;, f_;) and have
Gy (BAT) =G (81,85 0,7) = Gy (B3, B30, 7).

where the second equality holds because by definition the part in v corresponding to 5_; are
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zeros. Further, we have
G <6j,§_j,x, 5) > G, (Ej,g_j,X, 5)

since G (3, A, v) is globally convex in ;, and by definition of v,

G, (B,\,v)
0B; ‘

x5
Together we have
G (8.07) > 6 (B.A7). (19)

Finally, (18) and (19) imply that (5, X, 5) is a saddlepoint of (10). m

Proof of Lemma 2

For the general local polynomial estimators, the asymptotic conditional bias and variance
terms are discussed in Fan and Gijbels (1996), Theorem 3.1. Following their notations, we

denote, in the case of local quadratic estimator,

Mo H1 Mo Vo V1 U 2%} Ha
S = 1o p2 3| o =1 v v, 15 |,2= J778 I Gy = s |
K2 H3  Ha Vo V3 Uy Hs He

where p; = [ WK (u) du, v; = [ 4/ K? (u) du. Note that p1o = 1, and for a symmetric kernel,

w1 = p3 = s = v1 = v3 = 0. Then the asymptotic bias is given by

~ (3) , :
Bias (ﬁj (x) |X> = e}HS_lchT(I)fﬁ_J + 0, (R*77)
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for j =1, and

Bias (Z?\j () |X> =e; 1S czi4 (m(4) (z) +4m® (z) f;l(ij)) htI 4o, (h4—j)

for j = 0,2. The asymptotic variances are given by

Var <6] (x) |X> =ej 5 15*5_16]‘“0—2#). + op ( ! )

f (z) nh'+2 nhit2i

for j = 0,1,2. It is known that the leading term in the asymptotic bias is of a smaller order

for j being even than in the case for j being odd. Explicitly, we have

f(x)
1 2y — 2 20, 02 1
Var (fo(z)|X) = - Ha¥o ,ug,u41;22+ av1 0" () + 0, (—) )
B Gt Fw
~ 1 no?(z) 1
X)| = —-=2 _
Var ( p1(x) | 12 T () + 0, —3 )
~ 1 pdvy — 2uavs + vy 02 (2) 1
X) = — ).
Var (s () | e (r H%)2 o) +o 3

To derive the asymptotic distribution for the estimating equations, we need to introduce

more notations. Let S™! = T//D, where

o t1 12 [ofis — 113 fopls — fafla  fapis — [13
T=\ t; t3 ta | = | poms—papa propra — 113 b — fof3 | o
lo ty 15 [ifis =[5 fafle — Hopls otz — K3

D = det (S) = o (papa — p13) — pin (papia — paps) — pio (13 — paps)
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then

1
—1loxqg—1 __ *
STSEST = ETS T.
Note that we have already denoted

1 n
Dn = EZZ‘:1WW (l’)

= 50 (5254 — 83) — 51 (5154 — 5283) — 52 (55 — s183)

thus we have D,, 2 3 (z) D because s; = f () p; for j =0,1,2,3,4.

The three estimating equations evaluated at the true values (mg (x),my (z),ms (z))" are

% ;onZ' (m) = <Bo (z) — mg (g;)> D,
%Zj_lU% (m) <B2 (z) — ma (33)> h®D,,

so we can derive that, by assuming h — 0, nh — 0o, nh” — 0 as n — 00,

Vil (ﬁzj:l[]i (m) — " (z) f () TC2> % N (0,0%(z) f° (2) TS*T)

6
where
pis (papia — 113) — pa (papia — papis) — ps (U3 — paps) wo w1 W
Tey = | s (paps — papa) — pua (3 — popa) — s (plopis — papiz) | > TST = wi ws wy
pi3 (pafes — i) — pa (pops — pafia) — ps (U5 — poptz) w2 Wi ws
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and

wo = tovo + 2totivr + (2lots + 17) vo + 2t1tovs + G,
wi = tot1vo + (tots + 1) v1 + (tota + tits + tits) va + (tita + tats) v + talava,
wa = totay + (tota + tita) vi + (tots + tits + t5) va + (tala + tits) v + talsva,
w3 = Bivg + 2ttavr + (2lats + 13) vo + 2t5tavs + L,
wy = titavy + (tita + tatz) vi + (tits + tota + tats) vo + (tats + 13) V3 + talsva,

Wy = t%l/(] + 2t2t4l/1 + (2t2t5 + ti) Vo + 2t4t5l/3 + tgl/4.

For a symmetric kernel K (), remind that pu; = ps = pus = vy = vz = 0, so to = paila,

to = _/1’%7 t3:,u4_,u%7 ts = 2, t1 =t4=0, and

0
Tea= | pj—p3pa |
0
(130 — 2piapuavs + 3vs 0 —paptavy + (pa + p3) Vo — piovy
* 2
TS™T=py| 0 (pa/p2 — i)’ w2 0

—pattaVo + (fa + p3) V2 — piavy O [H3Vo — 2oV + vy

Proof of Lemma 3

Lemma 3 states the stochastic order for the squared sums of U; (m). The proof is similar as

that of Lemma 2 in Qin and Tsao (2005). Using the same notation as in Section 2.2, we let
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K; =K ((X; —z)/h), and

Woi () = | (s284 — 83) — (8154 — 5253) <th_ w) — (55— s183) (th_ x>2] K;

X, — X, -2\’
::R+ﬂ( hﬂ+n< hﬁ]K@

Wi (x) = | (5253 — s154) — (85 — 5054) (th_ x) — (S083 — s152) (th_ $>2] K;

X; — X, —z\?
_ ﬂ+ﬂ( hx)+n< hx)]m,

Wi ) = [ o153 = 3) = Gsosa =) (0 ) = (57 =) (X1 )] K,

X; — X, —z\?
_ n+n( hx)+ﬂ< hx)]m,

then for j = 0,1, 2,

U m) =77 W) [Yi— my () (X, = )|

i=1 i=1
The conclusion in Lemma 3 can be verified as follows.
Lemma A 1 %Zile&- (mo) = 02 () f3 (x) wo + 0, (1).
Proof. Write
L STUR (mg) = = STWE (@) [V - m (@)
nh 0i 140 nh 0i !
1 2
= > OWE () [Yi = m (X)) + - D We (@) [Yi = m (X)] [m (X3) — m (x)]

- LS R @) () - m (@)

== Jl +2J2+J3
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First,

1 X;—z\>
21Ty + T7) — ) K2o? (X)) u?
(2T + 1)nhz( . ) 202 (X,)

L OT T, 1 Xi—x 3K2 2(X~) 2+T21 Z Xi—x 4K2 2(X~) 2
H2nh h e h 7Rt

since for 7 = 0,1, 2, 3,4,

+ 0, (1)

X, —z\’ 1
(F5) et e

%Z (Xifb_m)ijfﬂ (X)u; =FE
=0 (37>f($)/uj[(2 () du + o, (1)

=0 (2) f(2)vj + 0, (1),

and for j =0,1,2,3,4,

Ty = f*(2)t; + 0, (1),

SO

Ji =% (z) f° () [thvo + 2totin + (2tots + 17) vo + 2t1tovs + tova] + 0, (1)

= 0" (2) f* () wo + 0, (1)
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Second, J; = o, (1) since for j =0,1,2, 3,4,

% 3 (Xh_ "”)j K20 (X)) u; (m (X;) —m (x))

h h

h

5| () ) L K20 (X0) wy (m (X2) — 1 (2))

_ B (Xl_“’) %Kfa (X)) B (ua] X3) (m (Xy) — m (x))

+ 0, (1)

+0p (1)

where the first equality is because the kernel function is bounded in [—1,1]. m

Lemma A 2 13" UF (m1) = [0% (2) + m? (2)] f* () ws + 0, (1).
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Proof. Write

S U ()

= S W @) [V - (@) (X o)

_ % SR (@) Y = m (X — STWE (@) [¥i = m (X0)] [ (X) = m® (2) (X; — )]
PSR @) [ (%)~ m® (@) (X~ )

= J1+2J2+J37

where J; = 0% (z) f3 (z)ws + 0, (1), Jo = 0, (1) because of similar proof for corresponding

parts in Lemma Al. Next,

= m2 (l’) J4 + 2m (]I) J5 + Jﬁ,

where m? (z) Jy = m? (z) f3 (z) ws + o, (1), since for j = 0,1,2,3,4,

1 X, — a2\’ X, —x I
— ") K}=E —K?
nh ( h > ' < h ) ot

and for j =0,1,2,3,4,

+o0,(1)=f(z)vj+0,(1),

Ty = £ (2)t; + 0, (1).
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Also,

Js = n_lh Z Wt () [%m(z) () (X; — $)2 +0p (hQ)}

2nh Zwﬁ i— )’ + o0, (1?) Ja

=0, (hQ) +0p (hQ) =0, (1),
o= ST @) |5 ) (X = 0 +0, ()] 2
nh L 2 ‘ P

=0y (h4) +op (h4) =0,(1).

Lemma A 3 % Z U2Z mg) = |02 (z) + m? (2)] £ (z) ws + 0, (1).

Proof. Write

Z Us; (m2) nh Z Wy (@ {Yi - %m@) () (X — 95)2}
_ E STWE (@) [Y; - m (X))

+ 2 S W @)= m ()] [0 () - 30 0) (6, -]
b o WA [m () - 5 (0) (% - )

=J1 +2J3 + Js,

where J; = % (z) f3 (z)ws + 0, (1), Jo = 0, (1) because of similar proof for corresponding

parts in Lemma Al. Next, let

Ar=m () = m (@)~ m® (2) (X ) — zm® (2) (X, ~ 2)* = 0, (),

Ay =m(x)+ m () (X; —x),
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then

hZsz A2+—ZW2,L )A AQJF_E:WQZ

where

Js = h Z W221 Op h2 =0, (h4) ,

m® (z
Js = W Z W, (z) Op ‘|‘ % Z Wy, (x) [Op (hz) (X — x)] = Op <h2) T 0p <h3) ’

m? (x m (2) m® (x m@ ()12 2
= P W )+ ()nh ) $ 103 () (0 )+ DL S 0 (- )

= Jr+ O, (h) + O, (k) ,
and J; = m? (x) f (z) ws + 0, (1) as J; in Lemma A2. So J3 =m? (x) f* (z)ws + 0, (1). =
Lemma A 4 - Z Uoi (mo) Ui (ma) = 0 () f* () w1 + 0 (1).

Proof. Write

LZUOZ' (mo) Ui (ma)
nh Z Woi () Wai (2) [V = m ()] [¥; = m (2) (X; — 2)]
“ 3 Wi (@) W ) [¥ = m ()

ZWOZ ) Wi, (2) [Y; — m (X3)] [m (X;) — m® (2) (X; — 2)]

+E2Wm( 2) Wi, () [V — m (X,)] [m (X;) — m (z)]
+ % Z Wo; () Wi, (z) [m (X;) — m (2)] [m (X;) — mD (2) (X; — 2)]

=Ji+ Jy+ J3 + Jy,
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where J; = 02 (z) f? (z) w1+ 0, (1), J2 = J3 = 0, (1) because of similar proof for correspond-

ing parts in Lemma A1, and

Ji= =y Woi () Way (2) [m (X3) = m. ()]
o 3 Wk (@) Wi (@) (3X0) = m (0] [ () = () (X, = )]
= Ju1 + Ja2,

where Jy; = 0, (1) as Js in Lemma A1, and

Jao = vy Z Wos (2) Wi, () [m™ (2) (X; — 2) + 0, (B)] [m (z) — m™ (2) (X, — 2)]
= mn(fi”) > Woi (2) Wi () [m™ (2) (X; — 2) + 0, (h)]
m® (x
D) S 0 (@) W ) [ () (X, — ) 0, ()] (X~ )

= O, (h) + 0, (h) + O, (K*) + 0, (R*) =0, (1).

Lemma A 5 %Z;Um (1) Us; (ms) = 0 () f3 () ws + 0, (1)
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Proof. Write

=J1+ Jo+ J3+ Jy,

where J; = 02 (z) f? (x) wa+ 0, (1), Jo = J3 = 0, (1) because of similar proof for correspond-

ing parts in Lemma A1, and

= Jy + Jag,

where Jq; = 0, (1) as J3 in Lemma Al, and

i = % S Wor () Wt (&) [ () (Xi — ) + 0, (B)] |m () — %m@) (2) (X; — 2)°

— mﬂ(}f) S W () Wai () [m® () (X, — ) + 0, (B)]

m® (z )
B zn;(z LS W ) Wi () [m®) () (X — ) 40, ()] (X, — )

=0, (h) + 0, (h) + O, (K*) + 0, (F*) = 0, (1).
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Lemma A 6 %ZLIUM (m1) Us; (ma) = [02 () + m? (2)] f3 () wa + 0p (1).

Proof. Write

S () U (o)

= S Wi () W () [V — ) (@) (X, — )] {Yi L () (x, - x)z}

= S W () W () [¥i — m ()

e 3 Wi o) W (o) [ = 0 (0] | () = 30 ) (X = o

+ %ZWM () Wai () [Y; — m (X)) [m (X)) = m® () (X; — )]

+ % > Wi () Wai () [m (X;) —m™ () (X; — )] [m (X;) = 5m® (x) (X; — x)2]

where J; = 02 (z) f? (#) ws+ 0, (1), J» = J3 = 0, (1) because of similar proof for correspond-

ing parts in Lemma A1, and

- Zwu ) War () [ () = m () — m® (@) (X, ) +m (2)
m(x m® (2) (X, — 2) — 2m® (@) (X, = 2" + m (&) + m (@) (X, - )
i ZWM ) Wai (0) [0y (1) + 2] oy (12) + m (2) + ) () (X, — )]
= nh Z Wi, (z) W (z %};D@ > Wi (2) Wai (2) (X; — ) + 0, (h)

= J5s+ Oy (h) + 0, (),

where J5 = m? (z) f3 (z) ws + 0, (1) as Jy in Lemma A2. m

38



Proof of Theorem 1

Proof. Write A (m) = pfl where p > 0 and ||0|| = 1. Also denote U = Z; o |22 Uji (my)]

for j =0,1,2, and U = & >"" | U; (m) U; (m)". Note that

1
P (L + 007U, (m)

€ [0,1],

from which we have 1 + pTU; (m) > 0. From the three EL weighted estimating equations,

Z?:l p:U; (m) = 0, we have

0= | o |

Z ok Zz 1%‘

o (X v o Y SR )
- (L S e o o)

nh i=1 1+ p0TU; (m)

1+pZ o7U6 — ||,

where in the right hand side of the last inequality, Z,, = max |U; (m)]| so Z, = 07U; (m) for

each 7. Therefore

1+pZ 60700 < |U]

implies

p (0700 - z,[0]) < [0].

Since (i) by Lemma 2, [U] = O, ((nh)_1/2 + h3), (ii) by Lemma 3, U = Qy + o, (1), (i)

Zy, = 0, (n'/*) from the assumption of E |Yj|* < oo for s > 2, we have

Al = p =0, (k)™ + 1*)
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Moreover, by a Taylor expansion of the EL weighted estimating equations at A = 0, we

have

0= 0, Uim) - [% > Ui U <m>T} A(m) +o (A (m)])
hence

1 n
nh i=1

1 n
nh i=1

U, (m) U, (m)T} B [ U; (m)] +o0, ((nh)_1/2 + h3) .

Am) = |

Proof of Lemma 4

Proof. Without losing generality, for the saddlepoint (E, X, 17) of G (6,\,v), we only
consider the case 7 = 0. That is, the inequality constraints b < 8 < b are not binding in the
large sample context. Therefore the "inner" optimization problem

max ™" log (1+ A(B)' U (8)) +nu (b— B) +no™ (5~ b)

AeA,veRE =

is simplified as

[(B) = max > " log(1+X(8)T Ui (8)).

AEA 1=

We point out that the following proof also holds without this simplification.
Denote § = (BO,BI,BQ,)T, and for j = 0,1,2, B, = m; — h*Ju;, where u; € R is such
that v = (ug, u1,u2)", ||u|| = 1. First, following the argument in the proof of Lemma 1 in

Qin and Lawless(1994), we establish a lower bound for [ (3) at 3. To do this, notice that:
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(i) by Lemma 2,

1 —n _ R— X —z\’ yR—
o > . Ui (B)) = hu [% >, Wiil2) ( N ) ] o5 >, Usi(my)

= h2u;f% (z) D + o, (h2) L0, ((nh)_1/2 n h3)

= h*u;f* (z) D + o, (h?) ,

since D,, = % Yo Wi (2) (X; — o) /h)j = f3(z) D+ 0, (1);

(ii) by Lemma 3,

LS U@ UE) = S U Ui ) 40, (1) = 0 40, (1),

where

e o1
nh lel 0 (Bo) = s Zl ) Uz (mo) + O, (h%),
I =  J—
ﬁzizl 5 (B1) = EZZ UZ (m1) + O, (h?),
L - —
nh Zi_ 5 (Ba) = o Z Us. (ma) + O, (h2) :
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Therefore by a Taylor expansion at A = 0 and by (20),

@) = A @) [ X 6 6)] - p O | L B E |2 G o (DO )
S w @] [ e @uE] [E 6] e

= [h2uf3 (2) D + o, (B*)]T Q5" [RPuf? (z) D + o, (h®)] + 0, (nh?)

>

>nh5(c—e),

where ¢ — € > 0 and c is the smallest eigenvalue of 5 (z) D? (uTQ; u).

Similarly,

o =[5 v [0 wemuiony] [ 5 0 vm]

+ 0, (nh ((nh)_1/2 + h3>2)
_ nhO <( h)” V2 hg)T 0510, <(nh)71/2 + h3> + 0, (nh7)

= O, (nh").
Since [ (f) is continuous in the interior of

{B(@):18; (z) —mj; (x)] <h*, j=0,1,2}, (21)
[ (B) attains minimum value 3 in (21). Moreover, we have

L)

B 1p=p

= (A (D) /35)2 =11+ A(B)" Ui (B) 5=

n (90U (B)"/0B) A (B)
Zz 1 1+ XB)TU(B) ‘55

=0
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Note that we already have

SR n Ui 5
Jin <5’/\> - n_lhzzl 1+/\(6<)T)U,~ (6)‘5520

as discussed in Remark 1. Therefore by (22),

AL

Ui (B) ‘BE

where 0U; (5)" /Of = diag {—W'ﬂ () (X; — a:)]} Denote Hs = diag {h’}, then D; (z) =
(0U; (B)" /0B) Hy* and

P n D; (z) A (B)
o (33) = % 2 T (B)" Ui (B) ‘5:5 -

Proof of Theorem 2

Proof. Taking derivatives of g1, (8, A) and ga, (5, ) and evaluating at (m,0), we have

9g1n (M, 0) n
Al Y @U ) 08) = | Y i)
dg1n (m,0) 1 n .

ok 2 UM G
0gon (M, 0) _

0BT ’
dgan (m,0) 1 noo

ONT  nh Zz‘zl Di(z).

43



Note that - >"" | D; (z) = —D,I5 since D,, = %> | W;; (z) (X; — x) /h)’ for j =0,1,2.
By Taylor expanding g1, (E , X) and g, (E , X) at (m,0), we have

0= gin (E X)

:gln(m70)+%ﬁi%o) (g—m> —l—W(X—O) + 0, (0)

= % > Uilm) = DoHy (B—m) ~ [% S Ui(m)U; (m)T} (A=0) +0,00).
0= gan (B, X)

= gon (M, 0) + —89273(;:7 0 (5 - m) + —8927;’9&7?’ 0) <X — O) +0p (9)

=0+0(F=m) = Duls (A= 0) +0, (5),

where § = HHg (B— m) H + HXH Hence we have

& (fi - m)> )

where

DIy m3 Uim)Uy(m)T |, [ P(x) D —Qu
0 ang 0 f3 (I) D[g

By this and ——>""  U; (m) = O, ((nh)_1/2 + h?’), we know that § = O, ((nh)_1/2 + h3>.

For the limit distribution of E , we have

Hy (B —m) = D, {% S (m)} + o, ((nh) ™2 4+ 1)
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that is, for j = 0,1, 2,

By (@) = mj (z) = nhz o [Y ks ( ) x)j} +h7o, ((nh)fl/2 + hs)

nhZ Wi (@) (X52)’

=B (2) = m; (@ >+op(( hl“f) ).

Vnhl+% <EJ (x) —m; (x)> = Vnhit% (@ () — m; (x)) +Vnhl+%o, <(nhl+2j)71/2 - h3‘j>
Z\/m(@(a?)—mj(x)> + 0p (1+\/W).
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Appendix B: Figures
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Figure 1: Simulation results for n = 25

Left column from top to bottom: Unconstrained estimates C (X), c (X), and et O (X).

Right column from top to bottom: Constrained estimates C (X), C (X), and errT O (X). Leg-

end: Solid black line: True function; Solid blue line: Average estimate; Dot blue line: 95% confidence

band; Dot red line: Constraints.

46



Price Function

Price Function

400 T T 400 T T
350 ™\ 350
300 300
» 250 o 250
L L
&5 200 5 200
S 150 S 150
=% Q.
© 100 © 100
50 50
0 0
50 . . . . . . 50 . . . . . .
1000 1100 1200 1300 1400 1500 1600 1700 1000 1100 1200 1300 1400 1500 1600 1700
strike strike
First Strike-Derivative First Strike-Derivative
0.2 T T 0.2 T T
o 0
» 0.2 » 0.2
= =
S -04 g 04
5] 5]
S 06 = -06
2 . £
=08 T -08
-1 -1
1.2 - L L L L L L 1.2 L L L L L L
1000 1100 1200 1300 1400 1500 1600 1700 1000 1100 1200 1300 1400 1500 1600 1700
strike strike
SPD SPD
5 5

1k 4 At 4

2 . . . . 2 . . . .

-0.3 -0.2 0.1 0 0.1 0.2 -0.3 0.2 0.1 0 0.1 0.2
log-return log-return

Figure 2: Simulation results for n = 250

Left column from top to bottom: Unconstrained estimates C (X), c' (X), and eV (X).
Right column from top to bottom: Constrained estimates C (X)), c (X), and ert O (X). Leg-
end: Solid black line: True function; Solid blue line: Average estimate; Dot blue line: 95% confidence

band; Dot red line: Constraints.

47



RIMSE
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Figure 3: Root of integrated mean squared errors for different bandwidths

Left: RIMSE for the option pricing function estimation, unconstrained and constrained; Middle:

RIMSE for the first derivative estimation, unconstrained and constrained; Right: RIMSE for the

SPD estimation, unconstrained and constrained. Legend: Black line with dot: Unconstrained

estimates; Blue line with cross: Constrained estimates.
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Figure 4: Estimation results of S&P 500 options, July expiration on May 18, 2009

Left column from top to bottom: Unconstrained estimates C (X), c' (X), and e O (X).

Right column from top to bottom: Constrained estimates C (X)), c (X), and ert O (X). Leg-

end: Solid blue line: Estimate; Dot red line: Constraints
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