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Abstract

We propose to measure 3D shape similarity by matching
amedial axis (M.A) based representation—the medial scaf-
fold (MS). Shape similarity is measured as the minimum
extent of deformation necessary for one shape to match an-
other, guided by the MS. This approach is an extension of
an approach to match 2D shapes by matching their shock
graphs, whereas here in 3D the MS is in the form of a hy-
pergraph. The MS representation is both hierarchical and
complete. Our approach finds the optimal deformation path
between two shapes by modelling shape deformations as
discrete topological changes (transitions) of the MS, with
costs associated with each transition. We first regularize the
MS hypergraphs and use the graduated assignment graph
matching scheme to match the hypergraphs. A set of com-
patibility functions is defined to measure the pairwise sim-
ilarity between the MS nodes, curves, and sheets. Early
results on matching carpal bones and other shapes promise
its potential in a range of applications.

1. Introduction

Measuring 3D shape similarity is an important task in
object recognition; applications include shape retrieval and
clustering in databases [8], querying industrial parts, match-
ing bio-chemical structures, etc. Central to this task is the
issue of shape representation. Typically a descriptor is ex-
tracted from the shape, usually with a great deal of simplifi-
cation to enable efficient matching. The choice of descriptor
is often domain-specific and could vary largely from one
application to another, facing the dilemma of either being
too coarse (ignoring information) or too complex (redun-
dant and unstable). As the problem of matching rigid closed
shapes is generalized into matching partial or articulated
shapes, developing a generic representation becomes sig-
nificant and is the key of this paper.

A major branch in shape representation is the symmetry-
based medial axis (M.A). The M A is promising for shape
recognition [19, 21] in that (i) it organizes the shape infor-
mation in a hierarchical, intrinsic graph-like structure [16],
which enables matching parts of deformed shapes naturally,
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Figure 1. The matching of the MS hypergraphs of two carpal
bones [17] in (a) and (b) is shown in (¢). (d,e) show a manual cor-
respondence, where the graph components are labeled in numbers,
serving as the ground truth to validate the automatic matching.

and (ii) such information captured with the M A is complete
in that a full shape reconstruction is always possible [10].
Despite these advantages, the M.A is generally sensitive to
perturbation and difficult to model in the 3D case. Such
issues have been recently addressed [12, 11]. We adopt
the Medial Scaffold (MS)—a hierarchical organization of
the 3D MA into a hypergraph form [16] and a regular-
ization framework of the MS [4] to deal with the above
barriers. The MA instabilities which induce sudden topo-
logical changes are formally classified as a set of transitions
and thus can be regularized via a set of transforms. We pro-
pose to match the regularized M such as the ones shown
in Fig.1 to estimate a global similarity between shapes.
Our main contribution is a novel solution to measure
3D shape similarity by matching the MS hypergraphs rep-
resenting the underlying shapes. Following a theoretical
framework to measure shape similarity as the minimum de-
formation necessary for one shape to match the other in
2D [19], the matching here is guided by the M.S as a repre-
sentation, which retains both key benefits of the M.A (hier-
archical and complete). The amount of shape deformation
can be formulated as an integration of infinitesimal elastic
changes to optimally match the MS branches (sheets and
curves). Fig.2a [3] illustrates an example. We propose to
approximate this optimal solution by first regularizing the
MS [4] and matching the MS hypergraphs [5, 13]. Two
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(a)

o ®)
Figure 2. (a) The shock graph in 2D and the MS in 3D as the
representation for finding the optimal deformation in matching two
shapes. (b) Deformation path represented as a sequence of discrete
shock transitions. Each blob represents a shape cell [19] where all
shapes share a common shock/MS topology.

improvements are significant: (i) a natural extension of the
graph matching scheme to match hypergraphs and (ii) a set
of similarity measures to reflect the structural and paramet-
ric differences of the MS hypergraphs.

The paper is organized as follows. §2 reviews the back-
ground in 3D shape similarity matching. §3 describes the
MS as our representation for 3D shapes. §4 covers our ex-
tended graph matching scheme, and §5 elaborates the com-
patibility measures between the MS hypergraph compo-
nents (nodes, curves, sheets). After the matching is per-
formed, §6 computes the final similarity measure by sum-
ming up the compatibility measures weighted by the assign-
ment coefficients. Finally, our approach is examined in §7
on matching medical (carpal bones) and synthetic shapes.

2. Background

Measuring shape similarity in recognition is a funda-
mental problem with an abundant literature; refer to [2] for
surveys in the 3D domain. We briefly organize recent ap-
proaches into two main categories, namely, the (i) shape
descriptor-based and (ii) structural graph-based methods.

Descriptor-based methods are the current mainstream.
A shape descriptor (feature, signature) is extracted to de-
scribe the shape and distinguish it from others. A large va-
riety of descriptors have been proposed, which are briefly
classified into four sub-categories: (i) local feature based,
which relies on local salient geometric features [9, 15] such
as the curvature or primitives of flat regions [14]; (ii) spher-
ical functions, such as the spherical harmonic, shape his-
togram, and shape context; (iii) statistical measure-based,
such as the shape distribution and other generalizations; (iv)
view-based, by matching 2D views of the 3D objects; and
(v) voxel-based, assuming the input is a solid volume where
a distance transform can be effectively computed. We note
that only a few methods are capable of handle partial, non-
closed, and sampled shapes (as we do in this paper) such as
the spin-image [15] and others [14].

Graph-based methods employ a graph to represent the
connectivity between parts of a shape, where the match-
ing of partial or deformed shapes can be carried out natu-
rally. Recent works are organized by the type of graph used
in the methods as follows: (i) the Reeb graph is a topo-
logical graph based on the Morse analysis on a pre-defined

function (such as the geodesic or height functions), where
graph edges are not necessarily skeletal/symmetric [1]; (i)
the skeletal graph such as [24] encodes topological signa-
ture vectors for matching; (iii) the curve-skeleton is an one-
dimensional centerline roughly central inside the 3D shape.
Although it is much simpler than the M.A (which con-
sists of 2D sheets), a suitable mathematical definition for
such “centredness” still needs investigation [7]; (iv) two-
dimensional medial sheets: Pizer et al. pioneer in using
fixed-topology medial models for segmentation [23]; Sid-
diqi et al. [21] employ a directed acyclic graph of the me-
dial sheets to retrieve articulated 3D models. Our approach
belongs to this category. One significance of our method is
an explicit exploit of the medial sheet connectivity [4] to ex-
tract a 3D structure for matching — a direct extension from
a simplified 2D analysis in [19, 20].

3. Medial Scaffold (MS) as Representation

The 3D medial axis (M.A) generally consists of medial
sheets (A2), curves (A3, A3), and nodes (A; A3, A [11],
where the A} notation [11] indicates the order (k) of con-
tact of a maximal ball with n surface points used to clas-
sify the MA points: An A$ curve (red in Fig.1) delimits
A2 sheets at an axis and ends at A} or A; A3 nodes. An
As curve (blue) delimits an A? sheet at a rib and ends at
Aj A nodes. We represent the 3D M.A as the Medial Scaf-
fold (MS) [16, 4], which as well organize the abundant
information of shape into a hierarchical hypergraph form.
The MS has several advantages in modeling 3D shapes: (i)
Shape information is organized intrinsically with the MS
structure and is complete (in allowing a full reconstruction
of the shape). (ii) Instabilities of the M.A can be formally
handled as transitions [12], which are sudden MA topo-
logical changes corresponding to perturbation of shape. In
3D there are 7 generic transitions, which can be regularized
case-by-case via 11 transforms defined in [4]. The regular-
ized MS then captures salient structures of the shape in a
simplified form. (iii) The MS can be further reduced into
a succinct one-dimensional graph like structure by keeping
the 2D sheet topology at the medial curves (and compress
geometry information), which enables to adopt an efficient
graph-based algorithm for matching. (iv) Finally, general
practical data such as unorganized points or partial meshes
can be handled without restrictions [4].

In this paper, we use the MS transitions and transforms
as a main tool for shape matching, in addition to their use
in M regularization in [4]. In 2D, the M A transitions are
exploited to navigate through the ‘edits’ of M.A topologies
(Fig.2) in exploring candidate deformation paths in match-
ing two shapes [19]. We further extend this idea in 3D. In-
stead of matching the skeletal graph itself, we define a dis-
similarity measure to reflect the optimal deformation cost
between two shapes. The computational cost to explore all

1474



possible edits to match two M S hypergraphs is high [3, 19],
we thus refer to a sub-optimal solution. We first regularize
the MS hypergraphs to capture the qualitative structure of
the shape and adopt a graph-matching scheme.

4. Graph Matching the MS Hypergraphs

Graphs are powerful data structures useful in match-
ing and recognition [6]. The computational intractabil-
ity of graph matching has led to the development of sev-
eral classes of sub-optimal algorithms, including search-
oriented methods using heuristics to explore the state space,
and nonlinear optimization methods such as relaxation la-
belling. There are approaches using eigenvalue decomposi-
tion, neural networks, and linear programming, efc.

The graduated assignment (GA) [13] is a relaxation-
based energy-minimizing graph matching algorithm suit-
able to integrate with our approach. We adopt it to match
the MS’s for several reasons: (i) It enforces a two-way as-
signment via “softassign” [22], in contrast to relaxation la-
belling which enforces only an one-way assignment. It is
extensible to a three-way assignment to match the hyper-
graphs, a strong fit in our case (§5.3). (ii) It avoids poor
local minimum by a graduated convexity continuation tech-
nique [13]. (iii) It handles missing/extra nodes and links
to stabilize the matching under noisy conditions, a factor
essential in matching shapes. (iv) The formulation can be
adapted to take into account shape deformations represented
by continuous variables. (v) Finally, the computational time
is comparable to other popular techniques.

4.1. A Review of the G. A Graph Matching Algorithm

The basic setup of the G.A [13] is to associate the nodes
in two graphs G and G by a match matrix M, where 1 rep-
resents a match of two nodes and 0 otherwise, Fig.3. M is
a permutation matrix if the number of nodes in two graphs
are equal. A slack row and column are added to M to rep-
resent missing/extra nodes. We refer to the nodes by G,
and G}, and the links by G, and Gy, respectively, where
a,b=1,...,A,andi,j=1,...,1,ie.,

B { 1 if the node a@ € G corresponds to node i € G
1Y P .
0 otherwise.
An objective energy function E(M) is defined for each pos-

sible assignment M. For a quadratic matching problem:
I A

A I
EM)=>"3"3"> " MaiMy;Lai; , (1
i=1 a=1 b=1 j=1

where L,;,; represents the compatibility between links
Gap and G;;. Maximizing E yields the best matching be-
tween G and G. A significant idea in [13] is to extend
the above discrete assignment problem to a continuous one
by embedding it into a large space, where gradient descent
can be performed to iteratively move from one assignment
to another. In this context, the continuous matching ma-
trix M takes values between O and 1, satisfying the con-
straint of being a doubly stochastic matrix: Za M, =1

slack

olo|o|o|a]~
o|lo|o|a|o|=
olo|=|o|o|x
o|=|o|o

Figure 3. (a) The matching of two synthetic graphs G and G,
where the extra node is matched into the slack column of M.

and >, M,; = 1 [22]. The GA algorithm then differen-
tially moves from one assignment M to another, guided by
refining the matching energy F(M) in a graduated non-
convexity setting [13], which slowly modifies M towards a
0 or 1 discretization. The Taylor expansion of F is:

A T
EM) = EM°) + >3 " Qui(Mai = MY,),  (2)
a=1i=1

where the derivative matrix () is:

A T
or =SS MY Ly )

@= oM. :
b=1 j=1

M=MPO

The problem of maximizing F is then turned into maximiz-
ing Zle Zle Qu; My, which is (again) an assignment
problem [13] solvable by softassign. The G.A algorithm it-
eratively (and gradually) modifies an initial M toward dis-
cretization by decreasing a parameter 7' (‘temperature’ in
annealing), which controls the convexity of the energy land-
scape to avoid poor local minima. In each iteration, M is
best estimated and normalized toward a final assignment.

4.2. Extending G.A to Match MS Hypergraphs

The original G.A is shown to be successful in matching
two attributed relational graphs by combining the energies
of node-to-node assignments (1°¢-order term) with link-to-
link assignments (2"%-order term) [13]. In our case to match
the hypergraphs with yet another dimension, we introduce
a 3"%-order assignment to match the medial sheets (hyper-
links) of the MS hypergraph [5]. While the medial sheets
could contain complex topology in general, we indirectly
match them by matching individual corners of the sheet
(where medial curves intersect), whose overall effects ac-
cumulate to match the sheets.

In defining the energy E to match the MS hypergraphs,
ideally E should reflect the true similarity between two
shapes. However it is difficult to model the exact shape
variations in practice. Instead, we make FE reflect the
component-wise compatibility between two hypergraphs
MS and MS, which composes of two measures to reflect
the structural and parametric variations. We then optimize
the overall similarity by summing up all compatibility mea-
sures (§5).

We further exploit two thoughts to improve the MS hy-
pergraph matching scheme. First, a square-root distance
d® = y/|my1 — mag| is used for comparison between two
measures m; and mq, motivated by three reasons [20]: (a)
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Figure 4. The adding of virtual links correlates a contracting edit
of (a-c) a graph link in 2D and (d-e) a curve of a hypergraph in 3D.
(f) shows the matching of two MS hypergraphs across a contract
transform [4], where the mismatch links are shown in gray.

a re-interpretation of Weber’s law, (b) to maintain sensitiv-
ity to variations when two items are close, and (¢) to reduce
sensitivity when two items are very distant. We found this
norm outperforms the weighted distance (%) and
other metrics [20]. Second, a set of virtual links [20] (in
addition to the medial curves/links) is introduced which im-
proves the matching robustness in tolerating structural dif-
ferences (detailed below).

The MS matching approach is described as follows. We
first regularize the MS by applying a set of transforms [4]
to simplify it across generic transitions, which bring the two
hypergraphs close in structure. The remaining difference is
then matched to evaluate similarity. Since the G.A handles
missing and extra nodes (by the slack variables), we can
enforce the matching across structural differences by “sim-
ulating” them across remaining transitions, e.g., by connect-
ing the nodes that will be brought together in the future tran-
sitions by adding virtual links, Fig.4, which simulates the
effect of applying further MS transforms [3]. We only add
virtual links to the configurations that warrant high possibil-
ity of transitions (with slight shape variations). This helps to
explore the better but difficult-to-compute edit distance [ 19]
in the candidate spaces to improve the matching as well as
its robustness. It essentially complements the one-to-one as-
signment nature of the G.4 graph-matching scheme in han-
dling structural variations.

5. Matching the MS Hypergraphs: Compo-
nentwise Compatibility Measures

This section describes the component-wise node-to-
node, curve-to-curve, and sheet-to-sheet compatibility mea-
sures to match two hypergraphs MS and MS. The com-
patibilities are defined for all assignments M, such that the
GA can migrate through the space to produce a final corre-
spondence. The MS hypergraphs can be matched struc-
turally, e.g., whether a link/hyperlink exists or whether
their types are consistent or not. They can also be matched
parametrically, i.e., by quantitatively comparing the at-
tributes along the medial curves/sheets to define a met-
ric. Consider that a shape can deform via a sequence of
(canonical) transformations, dissimilarity between shapes
is the amount of minimum changes in the space of trans-

Table 1. Compatibility terms used in matching M S hypergraphs.
| “ Structural similarity [ Parametric similarity

node node type, radius , Vr along incident curves,
incident curve types | angle of curves at sheet corners
curve |existence, curve type, > r;, edit distance
ending node types, (elastic deformations),
orientation Euclidean distance

sheet existence, corner angle, radius r,
(corner) |incident curve types, Vr at the corner,
corner node type >~ r; (to approximate volume)

formations. We briefly consider the following measures:
(a) stretching or compressing: the similarity is translated
into the length comparison of medial curves; (b) fattening
or thinning: the similarity is measured by the shock accel-
eration functions; (c) bending which affects the curvature
along the MA. These terms are measured in all hyper-
graph components (namely, all pairs of nodes, curves, and
sheets) in order to compute the compatibility estimate. Ta-
ble 1 overviews the main terms.

5.1. The first-order node compatibility (\)

Two shock nodes N, € MS and N; € MS are com-
pared structurally on their node types and incident shock
curve types. We observe two sets of shock nodes: one from
the classification of the 5 generic M. A nodesin [11] and the
other of high-order nodes produced by applying MS trans-
forms in the regularization process [4]. The above two sets
can be re-organized into two categories, namely the A7* A3
and A7, where m,m > 1and n,n > 4 [3]. We propose to
penalize the difference in node types with normalization as:

m " mazx(|n —m|,3) n i m |n — 7l
d[AT"As, Al = ——+.d Al = ——
[A" As, A7] mazx(n,m+ 3)’ A7, A7] maz(n,n)’
d[AT A3, AT A3] = [m = m| “)

max(m,m) + 3’

where d[-, -] denotes the node type difference. Table 2 lists
the values of d between a few high-order MS nodes fre-
quently observed in practice. The structural node compati-
bility N is defined as the compliment of node type differ-
ence, _ _
Ns[Na, Ni] = 1 = d[N,, Ni, )
such that N; = 1 if the shock types are identical, and N; =
0 if the shock types have nothing in common.

We consider three main terms between two shock nodes
in the parametric compatibility measure: (i) difference of
the shock node radius r. (ii) difference of the gradient of
radius (Vr) along their incident shock curves. Since there
exist numerous incident curves at a shock node (for exam-
ple, there are four curves at an A} node), we simply take
the maximum and minimum measures (Vr™, Vr~) to com-
pute the difference. ! (iii) the angles a of the incident sheet

! Two additional reasons motivate this design: (a) the measures in be-
tween the maximum and minimum are less salient and less robust to com-
pare; and (b) the A Az node has only two incident curves, thus selecting
two distinct curves is most general.

1476



Table 2. Difference dJ-, -] between the general and high-order
M S nodes used to measure their structural compatibility.

A1 Ag Af[AZag] AS[ATAg[ ASTAT A [ AT[AT A AT . [ATrAg] AT
A1Asg| o (374 1/5 [a75 2/6 [5/d 377 |6/7 4/8 [7/4 Z;é =
Af ol 3/5 |1/5] 376 |2/6] 377 [3/7 478 |a/d .. ;’;;é n-1
AZAg o (378 1/6 476 2/7 |5/1 3/8 [6/d .. % n=
Af o 3/6 176 3/7 [2/7 378 [3/9 .. % n-5
A3Ag o [3/6 1/7 [a/7 2/8 [5/4 .. :er:s n-3
A8 o s/7ld sz [ B n-%
Afag o [3/7 178 [a/d . ;;;;f -l
AT ol 3/8 |1/ Z;: n=T
AT A = n-5
T S
AT 0

corner between a pair of shock curves. Again there exists
numerous sheet corners at each node (for example, there
are six sheets intersecting at an Af node), we only take the
maximum and minimum measures (e, a~). The paramet-
ric node compatibility NV, is then:

Np[Na, Ni] = 1 — w' - d°[r(Na), (N:)]

- w?d [Vr*(Na), Vi (V)] — %d [Vr™ (Na), Vr™ (Vi)

- St (Na), " (W) = Shd’fa” (Na),a (M) (6)
where the weighting constants w;" = 0.5, wy = 0.25,

w] = 0.25 specify the relative importance between differ-
ent measures. Finally, the 15t-order node compatibility for
hypergraph matching is:

Nai[NayNi]:Ns'Np- (7)

To illustrate the performance of the above measure, we
investigate in detail an example in matching two bone
shapes in Fig.1 throughout this paper. A set of manually
selected pairs of matching nodes is used as ground truth.
The resulting node compatibility is shown in Table 3.

5.2. The second-order curve compatibility (£)

Two shock curves Cy, € MS and C;; € MS are com-
pared structurally on their curve types, curve orientations,
and end node types. If Cy;, or C’ij is missing or the curve
types are different, £;[Cyp, C;;] = 0; otherwise,

Ly=1—wl-d[N,, N;] —w -d[Ny, N;],  (8)

where the weighting parameter w!, = 0.2 penalizes the dif-
ference between the ending shock node types.

We consider three main terms in the parametric com-
patibility measure between Cyp, and Cj;: (i) integration of
shock radius along the curves to reflect corresponding shape
volume,

Nsample

> r(Cw), ©

V(C) = / r-ds =

seC k=1
with a normalization done by dividing by a maximum value
in MS and MS, such that 0 < V"(Cop), V*(Cij) < 1.

(ii) edit distance d.q[Cqp, C;;| optimizing the elastic de-
formation between the two curves to obtain an optimal

Table 3. An example node compatibility table (Ny;) in match-
ing the MS nodes in Fig.1 (value in 1/100). Ground truth pairs
with high compatibilities are highlighted in parentheses (boldface
in blue). A few erroneous matches with value higher than the

ground true are underlined in red.
[ [[ n51] n59 n69] n76] n80[ n83[ n89[ n90] n91] n92] n9%4
NOO 44| 41| 41| 55| 49| 53| 24| 14| 16| 15| 35
N09 |[ 57| 68| 67| 68| 73| 56| 37 10| 12| 11| 22
NI3 || 68] 68| 77| 54| (72) 57| 40| 11| 12| 12| 28
N19 541 62| 56| (69) 68| 49| 39| 09| 10| 10| 22
N25 59| 67| 73| 45| 63| 50| 34| 10| 11| 10| 23
N37 55| 58| 59| 72| 66| 52| 39| 09| 10| 10| 23
N46 12| 10| 13| 11| 12| 12| O
N48 14| 12| 11| 12| 11| 13| O
N51 20| 19| 18| 20| 20| 20 37| 0| O O| 22
0
0

N52 |[ 20| 18| a7) 22| 19] 18
N56 || 19| 14| 15| 16| 14| I8
N57 || 12] 10| 10| 11] 10| 11

441 53| 55| 14
80) 73| 73| 14

alignment minimizing the following energy terms via dy-
namic programming (D.P.) [18, 19]: (a) stretching differ-
ence ds(Cy, Cp-1,Cy, Cy-1), Where p, q are indices of the
fine-scale mesh vertices along the curves, (b) bending dif-
ference dt, (c¢) shock radius difference dr, and (d) the an-
gle difference da between incident sheets, Fig.5a. Specifi-
cally, two shock curves are matched both as space curves (in
their elastic bending and stretching terms) and as a joined
skeleton-boundary matching to approximate their similar-

. 2

1y. min {[ds + dr] + w), - [dt + da]}, (10)
where the weighting constant w! = 0.1 specifies the ratio
between the length and angle measures (the value is rela-
tive to the scale of shapes as in [19]). (iii) an optional Eu-
clidean distance dp,, available from the correspondence of
the above edit-distance matching, Fig.5b. The parametric
curve compatibility is then:

Ly[Cap, Cij] = 1 — wy - dealCap, Cij)—
wé . dEu[Cab7é¢j] — wi . ‘V(Cab) — V(CU)‘ , (11)

where the weighting constants are chosen as wﬁl = 0.33,
wl = 0.33, and w!, = 0.34. Finally, the 2"?-order link
(curve) compatibility for hypergraph matching is:

Eaibj [Cab7 ng] = Es : £p~ (12)
Table 4 demonstrates high performance of the above com-
patibility measure in matching shock curves. Further exper-
iments (not shown) indicated that it provides a strong clue
to improve the proposed matching performance.

5.3. The third-order sheet (corner) compatibility (C)

Two shock sheet corners S, € MS and S'ijk e MS
are compared structurally on their boundary shock curve
type and the shock node types at the corner. Specifically, if
Sabe or Siji is missing or (Cyp, Cyj) or (Che, Cji) are of
different types, Cs = 0; otherwise,

2 We use an alignment curve o to represent the result of the correspon-
dence between Cl,;, and C’i 4 [19, 18]. Details on computing the differential
terms of the shock curves as space curves (stretching and derivatives ¢, ¢s,
¢ss, bending and derivatives 0, 65, 05, tangent T', normal N, binomal B,
curvature x, and torsion 7) are omitted due to space limit.
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\ 1 Table 5. An example sheet (corner) compatibility table (Caspjck)
\

\\\ \ in matching the MS sheets in Fig.1 (values in 1/100). Ground
Y \\ truth pairs are highlighted in parentheses (boldface in blue). A

T~ = few erroneous matches are underlined in red.
LY —— S 76[c9 19 10 1890 1]cO1[c89c00[c00}cI0c5 [[cI0[c00c 89O T[ce0 k0456080 AeI 700
\/ N Cl00-46-48] || 0 [48]53]59| 05249 0 |47|55|53] 0 |54]56] 0[52]45|53] 0] 0] 0] 0]15[57]60] 0
(a) " (b) T~ C[00-46-56] || 0 [40]47]46] 0|37]49] 0 |39]42[46] 0 |51[48] 0]52|44[56] 0|0 |0 0[15[41[53] 0
. . . Cl004657] || 0 [52]63]67| 048]53] 0|50 63|56 059]62] 0|61]40]55] 0] 0] 0] 0[18[58]70] 0
Figure 5. (a) The D.P. matching of two shock curves by consider- CI00-5156]_[[21] 00 0[13[ 0 0[17[ 0] 00]22] 0]0[20[ 0] 0]0[27[16[19[18[0][0]0]0
. hei 3D h ith other shock Cl095257] |[28] 00| 025 0] 0|31/ 0] 0]0]20[ 0034 0]0]|0[3321]23]28] 0] 0]0]0
Ing their geometry as space curves together with other shoc C[09-57-19] || 0 |6874]63] 0] 70| 63| 0|73]66]62| 0 [62]68] 0 |62|41]52] 0] 0] 0] 0]16]46]26] 0
attributes. (b) The rigid alignment by using the D.P. correspon- C[09-57-46] || 0 [54]62]66[ 0 [57] 641 0 [58]69]67[ 0 [ 64]64[ 0| 70[38]49] 00 0] 0[22]43[57] 0
. . . C[0957-52] || 0 [54]62]60] 059] 68| 0|60 63|69] 0 64]59] 0|67]36]49] 0] 0] 0] 0[16]43]46] 0
dence to compute the optimal Euclidean distance between them. Cl13-25-52] [[41[ 0 [0]0]26| 0] 0[29] 0] 0] 0550|0260 0]0[21[48[33[43[ 0] 0]0]0
Cl13-4537] || 0 [68]69]57| 0 [(74] 58| 0 | 75| 61|58] 0| 55]60] 0 |58]46]52] 0] 0] 0] 0 |14]43]41] 0
e . Cl13-48-46] || 0 [53[60]65] 05766/ 0 [59|71]69] 0 [64[63] 0 [73]40[52] 0 [0 [ 0] 0 [22[43]60] 0
Table 4. An example curve compatibility table (L,;p;) in match- Cl134856] || 0 36]65]63] 061 71| 0 [63|68|71] 0]69]65] 069 [44]47] 0] 0] 0] 0]20[39]50] 0
ing the MS curves in Fig.1 (value in 1/100). Ground truth pairs CrosL3er [[27]0 J0[0[25T0 [0 [25T0 [0 0126 0 [0]9] 0 [0 0[2[36[25]26] 0] 0] 0] 0
7 ) : C[19-57-46] || 0 [5360]64[ 056|730 |58] 68|74 0 [70)64] 0| 73]|42]49] 00 0 0 [22]41[50] 0
are highlighted in parentheses (boldface in blue). Only four erro- CI19-57-52] || 0 | 63[64[55] 0] 74]55] 0 [(66) 5855] 0 [54[57| 0 [S6[46[53[ 0| 0| 0] 0[13[46[40] 0
. . . .. C[25-13-48] [[50] 0] 0] 0[30[ 0] 0[34[0[0]0[73] 0]0[29] 0 0]0[28[59]67]52[ 0] 0[0]0
neous matches are underlined in red, suggesting a strong discrim- Cl2535257 fooTololololo oloTo ool o alolololololololo o o o]
o C2552-57] [[ 0] 7 [7[10[0[ 8 [12] 08 [12[12[0[11[10[0[13]8|5]0[0[0]0[29[2[5]0
1native performance. C[37-48-46] 0 |54[63[61] 0]57|(70) 0 |58|62[67]| 0| 67|64] 0 |71|44[46] 0| 0|00 |22]38[47| 0
[ [[c0qc25[c47[ 72 c74] c84[c93[c94 c95[c99 c100[c101[c102[c103[c105[c107] C[37-4856] || 0 [(61)[58]57] 0]69]55] 0 |59]58]55] 0 |56]60] 0]56]50]52] 0|0 ]0]0]19]43]41] 0
CO1 ] 00] 00] 00] 00] 60 27] 19] 00] 78] 39] 38 ] 40| 50| 79| 52| 68 GRS RO T SR O CAl O R R T S R R
C02 || 11| 68| 04| 84| 00| 00| 00( 63| 00{ 00| 00| 00| 00| 00| OO | OO C[46-48-56] || 0 |43]49]54] 040 52| 0 |41]51]56] 0[59[52] 0]51]36]44] 0] 00 0|14]61[68] 0
C10 || 81124139/ 19/ 00| 00100/ 06/ 00100 001 00 00| 00| 00| 00 C[4656-48] || 0 [33]37]40] 0[35]33] 0 |32|37|35| 0]37]39] 0| 38]43[41] 0] 0] 0] 0[11]57]56] 0
C[4656-51] || 0 [38[36]30] 03231 0 |31|28|30] 03331 0| 34[35]45] 0 [0 [0 0] 8 [45]42] 0
Cl4 ]/ 10] 61103} 80] 00| 00| 00| 5] 00| 00| 00 ] 00 | 00| 00 | 00| 00 Cl4657-52] || 0 [43]51|50] 0 [40[ 41| 0 |42 [a7)\43] 0 45]46] 0[46]33|51] 0] 0] 0] 0] 9 [65]63] 0
C33 66| 45 61|37 00| 00| 00| 08 00| 00[ 00| 00| 00| 00| 00| 00 C[48-46-56; 0 [42]44]48] 0 [40[42] 0 [42]45]42[ 0 [48]51] 0 [39][42][60[ 0 [0 [ 0] 0]11][56]60] O
C[48-46-57] || 0 [33]39]42| 03239 0 |31|3940] 0 [42[40] 0 [48[31[38] 0] 0] 0] 0[1549]64] 0
€39 || 00 00]00] 00| 51| 23] 15| 00| 75| 40] 41 | 42| 46| 54| 50| 48 C[48-56:51] || 0 [4350]44[ 0 [41[47] 0 [42]41[44[ 0 [4846] 0 |49[34[42[ 00 0] 0] 9 [54[59] 0
C50 || 00| 00| 00| 00|(91) 32| 19/ 00| 75|44| 50 | 44| 69 | 51 | 35| 43 CI51-1957] [[62] 0 [0] 027 0] 0|28/ 0| 0] 0]47] 0] 0]30] 0 0] 0|28[28]45[56] 0] 000
C59 || 00| 00[{00f{00| 53| 24|17|00| 68| 51| 33| 50| 73| 96| 58 | 58 C[52-09-57] [[58[ 0 [0[0[22[ 0[0[26[0[0[0[52[ 0[0[30[0[0[0][36[53[57[75[0[0[0]0
60 100100001001 481231151001 61148 311 29 [ 711 92 63 | 61 CI564657] || 0 [52]56]64] 0]55]50] 0 |48|57|53] 0|57]60] 0[53]49[61] 0] 0] 0] 0[15[57]54] 0

C64 || 00| 00| 00| 00| 23| 53| 65(00| 20| 57| 33| 55| 35| 25| 18| 13
C65 || 00{ 00| 00| 00| 73| 39| 21|00|51|44| 74| 42| 45| 36| 24| 26
C66 || 00{ 00] 00{ 00| 51| 23[15]/00|67]35] 36| 36| 53| 73| 48| 69
C67 || 00| 00| 00| 00| 51| 23| 15(00| 67| 35| 36| 36 | 53| 73| 48 | 69
C68 || 00| 00| 00| 00| 54 {(39) 23| 00| 40| 38| 72| 36 | 35| 29| 19| 20
C69 || 00| 00| 00| 00| 40| 37| 24| 00| 32| 63| 47| 58 | 51| 39| 18| 20
C70 || 00| 00| 00| 00| 43| 43|24|00| 31| 65| 48| 56| 50| 39| 18| 19
C71 || 00{ 00| 00| 00| 59| 72| 41| 00| 41|36|(69)| 32| 34| 26 | 14 | 18

C.s(Sabcvsuk) =1- wnld[NlnN} and[Na7N] w'rci2d[NC7Nk}

with weightmg constants wy; = 0.8 and wiy = 0.1. We
make w;,; + 2wy, = 1 to completely determine the struc-
tural compatibility, due to the fact that there is no structural
information from the medial sheets (all of A? type).

We consider four main terms in the parametric compat-
ibility measure: (i) shock radius r of the corner node (IVy
and N;), (ii) gradient of shock radius (Vr) along the sheet
(bisector curve at the corner), (iii) corner angle between
Z(Sabe) and Z(S;;1), (iv) corresponding shape volume V'
of the sheet (integration of shock radius). The parametric
sheet (corner) compatibility Cp, is defined as:

Cp(Sabe, Sijr) =1 —

— wid®[£(Sape), 4(Sijk)] —wid®[V(S), V(9)]. (13)

where wy = 0.2, wy = 0.3, wg = 0.3, and wy; = 0.2.
Finally, the third-order sheet (corner) compatibility is:

Caibjck [SabC7 S’Uk] = Cs : Cp~ (14)

Table 5 examines the performance of this design. Further

experiments (not shown) suggested that Cgpjcr provides
strong clues to boost the hypergraph matching.

6. Computing the Post-Matching Similarity

In this section, we derive a global similarity measure as
an energy functional using the matching result and the com-
patibilities defined in §5. The energy F (M) between two

*Ir(No), 7(N)] = wid’[Vr(S), Vr(S)]

hypergraphs MS and MS is defined as:
EIMS, MS,M] =w" - Ex +w” - EL +w® - Eo. (15)

where wV = 0.3, w” = 0.5, w® = 0.4 are the weighting
constants between the node (Fy ), curve (Ey,), and sheet

corner (E¢) energies:
A

En = Z Z MaiNai[Nm Ni]:

EL = Z Z Z Z M Mb; Laivi [Cab, Cijl,
A ' I A I

D 333D 3 S ATRIRY

Our initial implementation of Eq. (15) reveals that the
energy defined in this way varies with the number of nodes
and links in each hypergraph, thus the similarity between
pairs of shapes could not be universally compared. This
motivates a normalized similarity energy E™ [20]:

ckcaibjck [Sabm Sz]k] .

A
Mal-/\/‘(ll
E"[MS, MS,M] = wNZZ ot (16)
a=11i=1 a
A I A I
M, M
SIS ML
w
a=11i=1 b=1 j=1 Male][’aib]
i I i I i ~ MaiMy; - MorCaivyen
a=11i=1 b=1 j=1 c=1 k=1 MaiMp; - MerCligier

where L7 = 0/if Cqp, or C,; is missing, or 1 otherwise;
Cop . = 0if Capy Coe, Cijs Ciik, Save OF Sijy, is missing, or
1 otherwise. Mis-matches in the slacks of M are penalized
with compatibility 0. This new design ensures 0 < E™ < 1.
We use E in the G.A matching process and use E" for the

final similarity computation.
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Figure 6. Result in matching the MS hypergraphs of the (hamate) carpal bones across 6 patients [17]. Number of medial nodes (N),
curves (C), and sheets (S) of the MS’s after regularization are labelled on the left. We use the node correspondence to compute a
rigid transformation to align the bones for visualization. Closely aligned bones are manually marked with ‘0’ (16 ones), while roughly
aligned ones are marked with ‘=’ (10 ones) and misaligned cases are marked with ‘X’ (4 ones), out of a visual examination. Since visual
misalignment does not necessarily indicate a wrong match, this experiment only evaluates qualitatively how the method performs on

matching similar shapes with large skeletal structure variations.

7. Results and Discussions

We perform an initial experiment on a human wrist bone
dataset (courtesy of Dr. Crisco, RI Hospital [17]) to ex-
amine the shape variations of the carpal bones across pa-
tients. In Fig.6, the left-hand hamates of 6 females are
matched against each other. Note that the graph match-
ing in this case is challenging. The regularized MS hyper-
graphs contain large topological variations: One bone con-
tains only 8 node/10 curves/3 sheets, while another contains
80 nodes/105 curves/26 sheets. The proposed G.A matching
maps most mismatches into the slacks, leading to many cor-
rect matches. We observe asymmetry matching results due
to the rounding of M into discrete assignments.

We have also tested our matching approach on a small
database (Fig.7) composed of 20 shapes in 5 categories.
The artificial shapes are chosen to examine the matching
across particular MS transitions in isolation [4], while one
hand model is collected online (from Polhemus) and the
others are generated from laser scans. Note that similarity
measures of within-category shapes are much higher than
non-category shapes, indicating the potential in applications
such as shape retrieval and recognition.

The matching of two scaffolds typically takes 5 to 10
minutes to run on a computer with moderate configuration.

The introduction of the 3"¢-order energy makes the com-
plexity of Eq. (15) to be O(A3I3). However this does not
affect the computation time too much due to an efficient en-
coding of sparsity (Observe the sparsity in Table 5).

Conclusion: We have presented a medial axis based
graph matching approach to measure 3D shape similarity
by matching their MS hypergraphs. This is the first at-
tempt exploiting the MA transitions [12] integrated with a
hypergraph matching framework. We aim to include stan-
dard databases in our experiments and compare the result
with other skeletal matching methods (e.g., the curve skele-
ton [7] and medial surfaces [21]) in the future.
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Figure 7. Similarity metric computed for a small shape database. Correct matches are highlighted in boldface in

black (same object) and

blue, while erroneous ones are in red. Observe that the within-category similarity is well-preserved and distinct from non-category shapes.
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