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PAD 705 Handout: Simultaneous Equations and 
Two-Stage Least Squares 

 
So far, we have studied examples where the causal relationship is quite clear: the value of the dependent 
variable depends on the value of the independent variables and the size of the error term. For instance, 
salary may be determined by a person’s sex or race, but the reverse is clearly not the case. A person’s 
salary has no bearing on what sex or race a person is. Those characteristics are determined long before the 
person can even earn a salary! However, there are many, many phenomena where the division into 
“dependent” and “independent” variables is not so clear-cut. In fact, there are many instances where a 
dependent variable – quantity sold, health, family income, etc. – is determined by one or more 
independent variables that may also have a reciprocal relationship with the dependent. For example, we 
might think that price determines the quantity of goods that are sold in a market, but we also know that as 
quantity sold increases and decreases, the price will change. It isn’t that quantity determines price; nor is 
it that price determines quantity. Price and quantity are jointly – or simultaneously – determined within a 
system. 
 
When two or more variables are simultaneously determined, OLS regression is no longer applicable. For 
instance, we may wish to know how the price of a pizza affects the demand for pizza. We are told that 
demand for large pizzas depends on the price (Pt), level of income in the sales area, level of personal 
assets in the sales area, a regional dummy, and an error term: 
 

pizzad
t = α0 + α1Pt + α2Yt + α3At + α4Regt+ εt 

 
With market data from a survey, we could run a regression to find the relationship between price and 
number of pizzas sold, controlling for the other factors. However, if we did so, our findings would be 
biased and inconsistent. Why? Pindyck and Rubinfeld offer a more complex and technical explanation. 
However, I find it easier to think about this in terms of omitted variable bias (OVB). We know from 
previous work that if we leave out an independent that is correlated with both (a) the dependent and (b) an 
included independent, we will have biased and inconsistent estimates of the coefficient on the included 
independent. In this case, we are told that our dependent, pizzad

t, and our independent Pt are jointly 
determined. The value of Pt is partly a reflection of how many pizzas are sold and partly a reflection of 
how people “react” to a higher or lower price. What we actually measure when we collect “raw” sales 
data is Pt

*, which is a composite of Pt and pizzad
t: P* = f(Pt, pizzad

t). If we use our “raw” sales data, then 
we are actually regressing on (after substituting): 
 

pizzad
t = α0 + α1[f(Pt,pizzat)]i + α2Yt + α3At + α4Regt + εt 

 
In this case, α1 is picking up not just the “Pt effect” but the “pizzad

t effect.” What we want to know is only 
the “Pt effect” on sales of pizzas. One solution might be to put in the pizzad

t variable on the right hand 
side. However, mathematically there is no solution to a minimization problem that contains the same 
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variable on the left and right hand sides. Conversely, if we fail to put pizzad
t on the right-hand (i.e., 

independent) side, we will bias the outcomes.  
 
The expected value of α̂1 (the estimate of α1 is: 
 

∑
∑+=

−

−−

)
))((

(
)ˆ( 11 P

P

P
PE

t

tt εεαα . 

 
If there is no covariance between Pt and ε, there is no bias. Generally, the covariance between the 
independent and error term in a simultaneous system is going to be non-zero. Thus, we need to do 
something different in order to account for this bias. OLS will not get the answer we desire. 
 
 
Coping with Simultaneity: Identification and the Order Condition 
 
When faced with a problem where simultaneity is in evidence, we need to change our terminology and 
then our methods. First, we no longer have dependent and independent variables. Instead, we have 
endogenous and exogenous variables. Endogenous variables are those whose values are determined 
within the system. Exogenous variables – also called pre-determined variables – are those variables 
whose values are determined outside the system. In our pizza example, Pt and pizzad

t are endogenous 
variables, because they are jointly determined by the operation of the system. Income (Yt) and assets (At) 
are exogenous variables. The amount one makes in a year and the amount of assets one has before buying 
the pizza are in no way set by the price of pizza or the number of pizzas that are bought. 
 
When a phenomenon has variables that are endogenous, the behavior of the system is often modeled 
using multiple equations. In the pizza example, we can create a second equation that represents the 
propensity of pizza shops to provide pizzas: 
 

pizzas
t = β0 + β1Pt + β2Pt-1,t + β3Gast + β4MinWaget + β5Regt + υt 

 
Here, supply is hypothesized to depend on the current price of pizza, the price of pizzas last year, the 
price of gas (used in cars to deliver pizza), the minimum wage, a regional dummy, and an error term. This 
is a so-called “structural equation model.” A structural equation model is one where a phenomenon is 
modeled as a set of inter-related equations. In any such model, the left-hand variable is always 
endogenous; some or all of the right-hand variables may also be endogenous. This system has one 
additional equation that defines the equilibrium condition: 
 

pizzas
t = pizzad

t 
 
In this system of equations, there are two endogenous variables: pizzat and Pt. (Hereafter, we will refer 
only to pizzat, since supply and demand must be equal in equilibrium.) There are six exogenous/pre-
determined variables: Pt-1,t, Gast, MinWaget, Yt, Regt, and At. One of those pre-determined variables, Pt-1,t, 
is a so-called lagged endogenous variable and will only act like other pre-determined variable if there is 
no serial correlation in the data. 
 
The division of variables into endogenous and exogenous/pre-determined is important, because it will 
help us to figure our whether we can estimate the relationship between the endogenous variables in the 
system. In short, without the right kind of pre-determined variables, it is impossible to estimate the α1 or 
β1 on Pt. The problem is that any equilibrium (Pt, pizzat) can be associated with an infinite number of 



PAD 705  Smultaneou Equations and Two-Stage Least Squares 
 

 3  

supply and demand lines. To understand the relationship, we need additional data. The pre-determined 
variables provide the needed data. 
 
Let’s try to think about this in terms of the demand curve. From elementary economics we know that 
changes in some variables can cause the demand schedule to “shift” up or down. For instance, if national 
income (Yt) increases, then we can afford to buy more pizzas, no matter what price is charged. Yt “shifts” 
the demand schedule up or down as it increases or decreases. At each level of Y there will be a new 
equilibrium point (E). Crucially, Y does not appear in the supply equation and has no role in determining 
the level of supply. Similarly, Y is a pre-determined variables, so it’s value is not determined by the 
system of equation.. Changes in Y are independent of supply. Connecting a line through the equilibrium 
points describes the supply curve, all other factors held equal. We found the supply curve without actually 
concerning ourselves with the endogenous variables – only the exogenous, pre-determined variables. By 
using shift variables, we are able to “identify” the supply curve.  
 

 
Similar logic may be used to suggest a way to “identify” the demand curve: find a pre-determined 
variable for the supply curve that is not included in the demand curve equation – for instance, the price of 
gas or the price of pizzas last year – and use that to find a set of equilibrium points that will identify the 
demand curve. 
 
This suggests that we need to examine each exogenous/pre-determined variable to see if it can help to 
identify one or more of the equations. (Remember: a structural equations model may have more than two 
equations.) First, some pre-determined variables are included in both equations in our example. Regt is 
included in both the supply and demand equations. For our purposes, a pre-determined variable that is 
included in both equations is not very helpful. Increases or decreases in this variable affect both supply 
and demand and thus cannot help us find either one. 
 
With respect to the supply equation, there are two pre-determined variables in the system that do not 
appear in the supply equation: Yt and At. Either one or both of these could be used to identify the supply 
equation. With respect to the supply equation, Yt and At are called, pre-determined, excluded variables. 
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With respect to the demand equation, there are three variables in the system that do not appear in the 
demand equation: Pt-1,t, Gast, and MinWaget. With respect to the demand equation, Pt-1,t, Gast, and 
MinWaget are called pre-determined, excluded variables. 
 
In order to estimate the relationships in a system of equations, each equation must be identified. To be 
identified, each equation must meet the “order condition.” The order condition states that “if an equation 
is to be identified, the number of pre-determined variables excluded from the equation must be greater 
than or equal to the number of included endogenous variables minus one” (Pindyck & Rubinfeld, P 345).  
 
Let’s see if the supply and demand equations meet the order condition: 
 
Supply:  Endogenous = 2 (pizzat and Pt) 
  Pre-determined, excluded = 2 (Yt and At) 
  Rule: Endogenous -1 <= Pre-determined, excluded 
   2-1 <= 2 
  The supply equation is identified 
 
Demand Endogenous = 2 (pizzat and Pt) 
  Pre-determined, excluded = 3 (Pt-1,t, Gast, and MinWaget) 
  Rule: Endogenous -1 <= Pre-determined, excluded 
   2-1 <= 3 
  The supply equation is identified 
 
Both of these equations are “over-determined.” There are more pre-determined, excluded variables than 
needed. Over-determination is a good thing. Using two-stage least squares, we will be able to leverage the 
data from all shift variables to improve our estimation. The key will be to create an “instrumental” 
variable to replace one of the endogenous variables. Under-determination – when there are too few pre-
determined, excluded variables – is fatal. Unbiased estimates are not possible when the equation is 
underdetermined. When an equation is exactly determined, we can estimate a relationship between 
simultaneous variables but it will be less efficient than an estimate obtained from an over-determined 
system. 
 
So, in this example, it is technically possible to estimate the relationship between price and quantity for 
supply and the relationship between price and quantity for demand. In practice, it is often much, much 
harder to find pre-determined, excluded variables for one or both equations in a two-equation system. 
Consider an example I tried to create for this handout using a U.S. Census data set: the relationship 
between family income and number of children. The number of children a family chooses to have is 
certainly influenced by the level of income the family has. An increasing body of scholarship across the 
world finds that wealthier people tend to have fewer children. However, it is also the case that the family 
income may also be influenced by the number of children. Maybe the father or mother has to stay home if 
they have many children. The Census captures data on both the endogenous variables (number of children 
and total family income) and many other pre-determined variables, such as educational level of mother 
and father (if we limit the study to two-parent households), race, ethnicity, region, etc. However, most of 
the pre-determined variables affect both total family income and number of children. Hypothetically, the 
health of the mother might affect only the number of children a family chooses to have and (at least for 
the first child) be unrelated to the number of children. The presence of many employers near the family’s 
home may raise total family income (through competition for labor) without affecting the number of 
children, but Census does not collect those data points. There are many examples where one cannot easily 
identify pre-determined, excluded variables. As an exercise, you might think about a simultaneous system 
where we want to know the relationship between teen pregnancy and high school dropout. 
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Using two-stage least squares to estimate a simultaneous system 
 
When the order condition is fulfilled, we can then do an estimation to find the relationships using a 
technique called two-stage least squares. Stata has implemented this procedure in a single command, 
ivreg, but we will do it the “old fashioned way” by doing the stages one at a time. Let’s recap our 
system. Our system has three equations: 
 

pizzad
t = α0 + α1Pt + α2Yt + α3At + α4Regt+ εt 

pizzas
t = β0 + β1Pt + β2Pt-1,t + β3Gast + β4MinWaget + β5Regt + υt 

pizzas
t = pizzad

t 
 
Endogenous variables:  pizzat, Pt 
 
Exogenous variables:  Pt-1,t, Gast, MinWaget, Yt, Regt, and At 
 
We would like to estimate both α1 and β1. Remember, they need not be the same because Pt may affect 
the quantity supplied and the quantity demanded differently. To find both α1 and β1 we must use the two-
stage least squares procedure twice. Let’s begin by finding α1. The first step is to deal with the need to 
“shift” the demand curve in order to identify the supply curve. This is accomplished by running a 
regression where price (Pt) is the dependent variable and the independent variables are all the pre-
determined variables: 
 
reg price ptminus1 gas minwage Y region asset 
 
Using the information in this regression, we can create a predicted value for price – pricehat 
 
predict pricehat 
 
The first stage of the regression creates an instrument for price. The predicted value for each 
observation will depend on the value of the coefficients that we estimated in the first stage and the value 
of the pre-determined variables. The predicted value of price for each period – pricehat – should be 
“purged” of any simultaneity with pizzat because pricehat is found using pre-determined variables. 
Pricehat is “shifted” by the value of the pre-determined variables. 
 
Using pricehat, we can now estimate the demand equation and find α1. We run the second stage 
regression using pricehat as one of the independent variables. The other independents are those that 
were originally hypothesized to be in the demand equation: 
 
reg pizza pricehat Y assets region 
 
The coefficient on pricehat will now be consistent. The coefficient α1 is not necessarily unbiased, but 
as the sample gets larger, the estimate will get closer and closer to the population value. 
 
To find the β1 for supply, we would again use the pricehat estimate to replace (or, in the lingo, “to 
instrument for”) price.  
 
reg pizza pricehat ptminus1 gas minwage region 
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As with the estimate of α1, the estimate of β1 is consistent but not unbiased. Stata’s ivreg command 
automates this process and offers a post-regression command hausman (again named after the 
indefatigable Jerry Hausman) that tests whether it is really necessary to use the two-stage least squares 
procedure. 


