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Abstract
Graph convolutional networks are a popular representation learning method for graphs, wherein an
input graph is mapped to a d-dimensional embedding vector, yielding a latent representation. We
continue the project of theoretically elucidating the roles of various aspects of GCN architectures
by studying the power and limitations of GCNs in distinguishing random graph models based on
embedding vectors of sample graphs. In the present work, we show how the embedding dimension
affects the set of pairs of models that can be distinguished from one another. We additionally extend
the theory to the setting of graphs with vertex colors that are potentially locally correlated to graph
structure. We also consider the application of GCNs to multi-hypothesis testing and use channel
capacity results to show a lower bound on how the embedding dimension must scale with respect to
the number of hypotheses and the signal-to-noise ratio in order to guarantee a probability of error
tending to 0.

1. Introduction

Many modern machine learning tasks involve supervised and semi-supervised learning on graphs. In
order to leverage deep learning approaches, wherein inputs take the form of vectors in a d-dimensional
Euclidean space, for these problems, representation learning methods for graphs have become
important. A menagerie of methods (see Hamilton et al. (2017) for a survey) have been proposed and
explored empirically. Theoretical examination, which we discuss in detail in Section 1.1, has been
from a variety of different angles, from generalization bounds to stability results to characterizations
in terms of isomorphism tests. However, important questions about the design of architectures remain.
To study these questions, in this work, we take the perspective of studying the learned representations
in terms of the information-theoretic limits of their use in downstream tasks, specifically classification.
This provides a unifying mathematical objective by which different representation learning methods
can be compared.

One popular representation learning architecture is the graph convolutional network (GCN) (Def-
ferrard et al., 2016; Kipf and Welling, 2016), the main subject of the present work. At a high level, the
graph convolutional network assigns an initial embedding vector with dimension d (a hyperparameter,
the embedding dimension of the GCN) to each node of an input graph G. These initial embedding
vectors are then passed through a sequence of layers, where each layer consists of a neighborhood
averaging phase, followed by multiplication by a weight matrix (which is typically learned from a
training set), and, finally, followed by component-wise application of a nonlinear activation function.
The resulting matrix is then converted to a graph embedding vector via, e.g., averaging of its rows.
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Given the wide application of GCNs to various application domains, it is desirable to have theoretical
insight into the roles played by its hyperparameters in its performance limits on a task of interest.

Here we attempt to provide insight into the role played by the embedding dimension in the ability
of a GCN to distinguish between different random graph models from their samples. The problem of
distinguishing random graph models is simply a restatement of the problem of graph classification,
wherein there are two (or more) different class labels, each corresponding to a different conditional
probability distribution on graphs. Thus, it is a natural downstream task on which we can study the
performance and fundamental/information-theoretic limits of representation learning methods. Since
our focus is on information-theoretic and convergence results without the involvement of training
samples, our results are about the representation capabilities of GCNs and are thus complementary to
results on their generalization ability.

It is desirable to have a sufficiently rich class of graph models with a convenient parameterization.
For this reason, we focus our attention on those models that are parameterized by graphons (Lovász
and Szegedy, 2006). A graphon is a symmetric, Lebesgue-measurable function W : [0, 1]2 → [0, 1]
and can be interpreted from a variety of perspectives, as described in our discussion of prior work.

1.1. Prior work

This work builds on Magner et al. (2020); Magner et al. (2020), which provided the theoretical
framework within which we study the performance limitations of GCNs, in particular posing the task
of distinguishing graphons on the basis of GCN embedding outputs with input graphs sampled from
the graphons. That work proved several results concerning GCNs in a setting where the embedding
dimension is fixed to be n, the size of the sample graph. This leaves numerous open questions
regarding the behavior of GCNs. We specifically go further by (i) studying the effect of varying the
embedding dimension and (ii) extending the theory to graphs with vertex colors.

We now review some relevant prior work in the theory and application of GCNs. Several recent
works focus on the extent to which GCNs, as functions from graphs to vectors, exhibit injectivity (Xu
et al., 2018; Chen et al., 2019; Morris et al., 2019). They show that, in the sense of injectivity, GCNs
can be made to distinguish between the same pairs of graphs as the classical Weisfeiler-Lehman
invariant for graph isomorphism (Weisfeiler and Lehman, 1968). In particular, distinguishing between
two graphs G1, G2 here means that the GCN maps G1 and G2 to distinct embedding vectors. There
are a few primary limitations of such an approach for studying the capabilities of a representation
learning method: (i) it ignores the fact that there is a metric structure on the input space (so they make
no statements about the distance between the embedding vectors of graphs that are very dissimilar in
some appropriate metric on graphs), and (ii) it does not directly imply anything about the capabilities
of GCNs as representation learning methods employed for downstream supervised learning tasks.
The framework introduced in Magner et al. (2020); Magner et al. (2020) addresses both of these
limitations. This is the reason that we extend it.

Other works bound the generalization error of GCNs and consider questions of stability (Garg
et al., 2020; Verma and Zhang, 2019). Our work is complementary to these sorts of results, as the
generalization error bounds do not fully explain some of the phenomena observed in practice, such
as the curious dependence of the performance of GCNs on depth or on embedding dimension.

Closer in spirit, in some respects, to our work is Keriven et al. (2020), which studies convergence
and stability of graph convolutional networks on sparse random graphs. In particular, they define a
notion of a continuous GCN, and they show convergence of discrete GCNs to continuous limits as
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the size of the input graphs tends to infinity. This allows them to study stability of GCNs to random
parameter perturbations.

On the applied/empirical side, several recent works have studied the properties of GCN architec-
tures and have provided evidence of potentially surprising phenomena. For example, in Wu et al.
(2019), it is argued through empirical data that GCNs with linear activation functions perform as
well as nonlinear ones on certain classification problems. Additionally, some work has observed
that untrained GCNs have nontrivial performance (Kipf and Welling, 2016; Kawamoto et al., 2018).
This highlights the need for more theory to elucidate the roles of the various design choices in the
performance of GCNs. The author of the present work is not aware of any empirical papers hinting
at general principles governing the choice of the embedding dimension of GCNs.

Graphons We next review relevant work on graphons. Extensive references to classical literature
on graphons are available in Magner et al. (2020); Magner et al. (2020). For the purposes of
the present work, the relevant notions are as follows: by the Aldous-Hoover theorem, the space
of graphons parameterizes the space of infinite vertex-exchangeable random graph models – that
is, probability distributions on graphs that are invariant under permutations of the vertices. In
particular, to a given graphon W , we associate a probability distribution on n-vertex graphs as
follows: we sample n latent positions x1, ..., xn i.i.d. from the uniform distribution on [0, 1]. For
each pair i, j ∈ [n], we then put an edge between the vertices i and j with probability W (xi, xj),
independently of anything else.

Thus, graphons provide a convenient geometrization of a broad class of models, and other models
of interest, such as Erdős-Rényi and stochastic block models (in the limit of infinitely many vertices),
are contained within this class. There is a natural metric associated with graphons: the cut distance
dcut(·, ·). The details are spelled out in Magner et al. (2020); Magner et al. (2020). For our purposes,
the important point is that our results concern classes of pairs of graphons that are well-separated in
cut distance but are mapped to very proximal embedding vectors by (essentially) arbitrary GCNs. In
what follows, we will not explicitly refer to the cut distance.

Markov chains and mixing times We refer to Levin et al. (2006) for the necessary background
on Markov chains and mixing times.

1.2. Main problem: Distinguishing graphons from GCN embeddings of samples

We next introduce the main hypothesis testing problem for which we prove our results. Two graphons
W0,W1 are fixed. A coin B ∼ Bernoulli(1/2) is flipped, and a sample graph Gn ∼ WB on n
vertices is generated. A GCN with fixed parameters and K layers embeds Gn to a vector Ĥ(B,K).
The hypothesis testing problem is to recover the value of B from Ĥ(B,K). We will also consider a
variant in which Ĥ(B,K) is perturbed by independent noise in each coordinate, yielding H(B,K).

1.3. Summary of contributions

The main contributions of this work are as follows: we explicitly introduce the notion of a universal
exceptional set of pairs of graphons, which was implicit in Magner et al. (2020); Magner et al. (2020).
This is the set of all pairs of graphons that cannot be distinguished by any (simple, norm-constrained)
GCN of moderate depth. We first give an operational characterization of the universal exceptional
set for arbitrary embedding dimension d ≤ n. We then study its size as a function of embedding
dimension, and we find that the set remains fixed, regardless of the value of d. However, we show a
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probability of error lower bound in terms of the embedding dimension and number of hypothesis
graphons in the multiple hypothesis testing setting.

We then consider the exceptional set of graphon pairs for an arbitrary fixed GCN with a given
value of d. This is the set of graphon pairs that the particular GCN under consideration cannot
distinguish. We define a natural notion of dimension associated with this set and lower bound it in
terms of the embedding dimension.

Finally, we extend the theory to graphs with vertex colors in the setting where colors are
potentially correlated with local graph structure. We give dimension results analogous to those
described above in the colorless case. In particular, our bounds now involve the total variation
distance between the two color distributions of the models to be distinguished.

In general, we find that while there is a dependence on embedding dimension, it is surprisingly
weak in the two-hypothesis case.

2. Main results

2.1. Notation and preliminaries

We start with definitions relevant to graph convolutional networks (GCNs). A K-layer GCN with
embedding dimension d ∈ N is a function mapping graphs to vectors over R. It is parameterized by
a sequence of K weight matrices W (j) ∈ Rd×d, j ∈ {0, ...,K − 1}. Each of these corresponds to
a layer. From an input graph G with adjacency matrix A and random walk matrix Â (i.e., Â is A
with every row normalized by the sum of its entries), and starting with an initial embedding matrix
M̂ (0) that may be a function of the input graph and node/edge features, the `th embedding matrix is
defined as follows:

M̂ (`) = σ(Â · M̂ (`−1) ·W (`−1)), (1)

where σ : R → R is a fixed nonlinear activation function and is applied element-wise to an input
matrix. An embedding vector Ĥ(`) ∈ R1×d is then produced by averaging the rows of M̂ (`):

Ĥ(`) =
1

n
· 1T M̂ (`). (2)

We note that many alternative ways of generating the final embedding vector from the final embedding
matrix have been considered; e.g., it could be the output of a feedforward neural network. However,
since we are interested specifically in the capabilities of GCNs (i.e., the idea of iterated application
of a graph-derived convolution matrix, followed by a linear transformation of features, followed by a
nonlinearity), it is natural to choose a more constrained output.

Typical examples of activation functions in neural network and GCN contexts include the
ReLU, sigmoid, and hyperbolic tangent functions. However, some empirical work indicates that the
performance of GCNs does not suffer from the use of linear activations (Wu et al., 2019).

We note that Â in the architecture just described plays the role of a convolution matrix. It is
frequently replaced by some related matrix, such as the normalized adjacency matrix or the graph
Laplacian. We consider Â for simplicity and comparability with the previous work of Magner et al.
(2020); Magner et al. (2020).

Throughout the paper and proofs, we will refer to a few different norms. For a matrix or vector
M , ‖M‖∞ denotes the L∞ norm (i.e., the maximum absolute value of any component of M ). For a
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matrix M , we denote by ‖M‖op,∞ the L∞ operator norm of M . For two probability distributions
µ0, µ1 on a discrete set X , we denote by dTV (µ0, µ1) the total variation distance between µ0, µ1:
dTV (µ0, µ1) = 1

2

∑
x∈X |µ0(x) − µ1(x)|.We will frequently use alternative characterizations of

the total variation distance between two random variables X and Y , for example, as the minimum
possible probability that X 6= Y under any coupling of the two.

The limiting behavior of GCNs for graphs G with size tending to infinity is related to the
stationary distribution of the random walk on G. We denote this distribution by πG and recall that
the stationary probability of each vertex is its degree divided by the sum of the degrees of all vertices.

Classes of pairs of graphons

Definition 1 (`-lower bounded graphon) We say that a graphon W is `-lower bounded, for an
` ∈ R if for all x, y ∈ [0, 1], W (x, y) ≥ `.

Definition 2 For a graphon W , we define the degree function dW : [0, 1] → R to be dW (x) =∫ 1
0 W (x, y) dy.We define the total degree function to be D(W ) =

∫ 1
0

∫ 1
0 W (x, y) dx dy.

For a pair of graphons W0,W1, we define the function

ddeg(W0,W1) = inf
φ

∫ 1

0

∣∣∣∣dW0(φ(x))

D(W0)
− dW1(φ(x))

D(W1)

∣∣∣∣ dx, (3)

where the infimum ranges over all measure-preserving bijections φ.

We next introduce a few sets whose characterization is fundamental to our results.

Definition 3 (Operational universal δ-exceptional set) The operational universal δ-exceptional
set is the set of all pairs of graphons W0,W1 satisfying the following properties:

• Both W0,W1 are `-lower bounded for some fixed ` > 0.

• ddeg(W0,W1) ≤ δ.

Definition 4 (Universal exceptional set) The universal exceptional set (with respect to a class C of
GCNs) of pairs of graphons is the set of pairs W0,W1 satisfying the following properties:

• Both W0,W1 are `-lower bounded for some fixed ` > 0.

• Consider a sequence G(b)
n ∼ Wb, for each b ∈ {0, 1}, with an arbitrary coupling between

the two sequences. For any graph convolutional network in C with output graph embedding
function F̃n(·), we have that with high probability as n→∞,

‖F̃n(G(0)
n )− F̃n(G(1)

n )‖∞ = o(1/n). (4)

The motivation for this definition is as follows: typically, the L∞ norms of the embedding vectors
are Θ(1/n). Thus, the condition (4) implies that the two embedding vectors are asymptotically
equivalent as the size of the input graph tends to infinity.

We can also define an exceptional set for a particular GCN, which is simply the universal
exceptional set with respect to a class C containing only that GCN.
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Definitions relating to GCN architectures We next present definitions that specify the set of
GCNs under consideration. These definitions are the same as in Magner et al. (2020); Magner et al.
(2020).

Definition 5 (Nice activation functions) We define A to be the class of activation functions σ :
R→ R satisfying the following conditions:

• σ ∈ C2 (i.e., σ has a continuous second derivative at every point).

• σ(0) = 0, σ′(0) = 1, and σ′(x) ≤ 1 for all x.

We restrict our theorems and proofs to these activation functions; however, as stated in Magner et al.
(2020); Magner et al. (2020), certain of the conditions can be relaxed in various ways in order to
include the hyperbolic tangent, swish, and SeLU functions, among others.

Throughout, we will insist on some norm constraints on the GCN weight matrices. We consider
that these are justified by the fact that GCNs are not very interesting if their distinguishing capabilities
come primarily from having high-norm weight matrices and initial embeddings, and not from some
more intricate structure that must be designed.

Definition 6 (Norm constraints on GCNs) Fix two positive constants C and E. We say that a
GCN is norm-constrained if the initial embedding matrix M̂ (0) and the weight matrices {W (j)}Kj=0

satisfy ‖M̂ (0)T ‖op,∞ ·
∏K
j=0 ‖W (j)T ‖op,∞ ≤ C,and

∑K
j=0 ‖W (j)T ‖op,∞ ≤ E.

Finally, we will say that a GCN is of moderate depth (with respect to a collectionW of graphons
and a parameter ε > 0, which will be clear from context) if it has K layers with K larger than the
supremum of the ε-total variation mixing times of all graphons in W . In our setting, this will mean
that K ≥ D log n, for some large enough D with respect toW . Alternatively, it suffices to take
L ≥ ω(1) log n, where ω(1) is a function of n that grows arbitrarily slowly to infinity as n→∞.

In what follows, we will restrict our attention, not necessarily with explicit statement, to norm-
constrained GCNs of moderate depth with activation functions coming from A. We denote this class
of GCNs by C, and the subset of GCNs with embedding dimension d we denote by Cd.

Noise model For reasons of efficiency, neural network architectures frequently operate using
limited precision (Sakr et al., 2017; Gupta et al., 2015). In order to study the distinguishing power of
GCNs in this setting, we adopt the following noise model, which was justified and used in Magner
et al. (2020); Magner et al. (2020): we fix some εres(n) = εres > 0. Then the output embedding
vector of the GCN is perturbed in every coordinate by an independent uniform random number taken
from the interval [−εres, εres]. The unperturbed graph embedding vector is denoted by Ĥ(`), as
above, while the perturbed embedding vector is denoted by H(`).

2.2. Main results

2.2.1. EQUIVALENCE OF EXCEPTIONAL SETS

In previous work (Magner et al., 2020; Magner et al., 2020), it was established that for the set of
norm-constrained GCNs with dimension d = n and number of layers K = D log n for large enough
constant D, the universal exceptional set is equal to the operational universal 0-exceptional set. Our
first question, then, is whether or not this fact generalizes to lower embedding dimensions d. This is
addressed in the following theorem.
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Theorem 7 (Equivalence of exceptional sets) For any d ≤ n, the universal exceptional set with
respect to the class Cd of GCNs is equal to the operational 0-exceptional set of graphon pairs (which
we note is not dependent on d).

Remark 8 Theorem 7 has a noteworthy consequence: the embedding dimension has no effect on the
universal exceptional set. However, it does affect the rate of convergence of the error probability in
the εres-perturbed case.

2.2.2. PROBABILITY OF ERROR IN THE MULTICLASS SETTING

Here, we consider the multi-hypothesis testing problem of distinguishing among k pairwise δ-
exceptional graphons W0,W1, ...,Wk−1. In particular, we consider the setting where we choose an
index B uniformly at random from the set {0, 1, ..., k − 1}, a sample G = Gn ∼WB is drawn, and
the task is to output an estimate B̂ of B based on the εres-perturbed output embedding vector H of
G. Here, H is as in the previous theorem.

Theorem 9 (Probability of error lower bound in terms of dimension) In the setting of the multi-
hypothesis testing problem with k hypotheses described above, the probability of error of any test
based on the output embedding vector H is at least

Pr[B̂ 6= B] ≥ 1−
d · log2(1 + δ

n·εres ) + 1

log k
. (5)

provided that the embedding dimension d is sufficiently large (i.e., there exists some fixed positive
integer d0 such that the above holds for every d ≥ d0).

As a consequence, if the signal to noise ratio δ/(nεres) is Ω(1), the embedding dimension must
grow at least logarithmically as a function of the number of hypotheses in order for the probability of
error to tend to 0. It may be seen by an appeal to bounds on the εres-packing number of L∞ balls
of radius δ/n that if d is superlogarithmic as a function of k, then there exist arrangements of limit
points for which the optimal probability of error tends to 0. Thus, the order of (5) is correct.

The proof of this theorem relies on channel capacity results for the additive uniform noise
channel.

2.2.3. FURTHER LINEAR ALGEBRAIC RESULTS

In the next results, we indicate another sense in which the value of d plays a role. In particular, while
the exceptional set is typically of measure zero in the space of graphon pairs, we can still associate a
notion of “size” of this set that is affected by the embedding dimension.

First, we consider the exceptional set for a GCN with particular (but arbitrary) choice of initial
embedding matrix. We give a geometric description of this set in terms of the intersection of a
hyperplane that is a function of the initial embedding matrix F , with dimension depending on d, and
a set that is independent of F and d. We take the dimension of this hyperplane to be a measure of the
“dimension” of the set of graphon pairs that this GCN cannot distinguish. The embedding dimension
of the GCN impacts the minimum possible value of this dimension. To state our result, we need to
formalize this notion. To guide our intuition, we will start by considering only linear GCNs with no
weight matrices.
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Consider two random walk matrices Â(0) and Â(1), which we think of as having been sampled
(with an arbitrary coupling) from two graphons W0,W1. We note that Â(0)∞ and Â(1)∞ are
n × n matrices with n repeated rows. We denote by πT0 , π

T
1 these row vectors, and we note that

their elements respectively sum to 1. For an initial embedding matrix F , intuitively, W0 and
W1 are indistinguishable by the corresponding GCN with sufficiently many layers if and only if
(Â(0)∞ − Â(1)∞) · F = 0, which is the case if and only if F T (π0 − π1)T = 0. In other words,
(π0 − π1)T ∈ ker(F T ). We will thus be interested in the dimension of the kernel of a matrix related
to F T as a function of the embedding dimension. In particular, π0 − π1 cannot be an arbitrary vector,
since each of π0, π1 is stochastic and, further, arises as the normalized degree sequence of a graph.
This stochasticity implies the following:

n∑
i=1

(π0,i − π1,i) =
n∑
i=1

π0,i −
n∑
i=1

π1,i = 1− 1 = 0. (6)

In other words, our interest is in the set of balanced vectors v such that v ∈ ker(F T ). With this in
mind, we define F̂ T to be F T with an additional row consisting of all 1s. Then our interest is in
dim ker(F̂ T ). We call this the indistinguishability dimension of the initial embedding matrix F . The
following theorem establishes a connection between the embedding dimension of a GCN (now with
nonlinearities and norm-constrained weight matrices and moderate depth) and the indistinguishability
dimension of its initial embedding matrix.

Theorem 10 For any d ≤ n, consider a GCN F with embedding dimension d ≤ n. For any n× d
initial embedding matrix M̃ (0), the indistinguishability dimension of M̃ (0) is at least n− d− 1.

Furthermore, there exist initial embedding matrices M̃ (0) whose indistinguishability dimension
is exactly n− d− 1.

In other words, as we decrease the embedding dimension, the lower bound on the indistinguishability
dimension grows, reaching a maximum at n− 2, corresponding to d = 1.

Remark 11 Frequently, the initial embedding matrix of a GCN is a function of the input graph.
Theorem 10 does not consider this (more difficult) case. The reason for this is that without any
constraints on this function, the distinguishing power of the resulting GCN can be unreasonably
powerful. Thus, to prove results for such cases, one needs to restrict the class of functions that
produce initial embedding matrices. One natural idea would be to consider initial embedding
matrices such that the embedding vector for each vertex is a function only of the subgraph within
radius r of that vertex. We do not explore such ideas further in the present work.

The existence statement in the above theorem implies that there exist initial embedding matrices
for which the resulting exceptional set has measure 0 in the set of all graphon pairs. In this sense,
very little design or optimization is required to distinguish almost all graphon pairs.

We next indicate how to generalize results for linear GCNs to the more general GCNs that we
consider in our theorem statements. This follows from Lemma 9 of Magner et al. (2020); Magner
et al. (2020), stated below.

Theorem 12 (GCN generalization theorem Magner et al. (2020); Magner et al. (2020)) Consider
two random walk matrices Â(0) and Â(1). Let σ : R→ R be in the class A of nice activation func-
tions. Furthermore, let the sequence of weight matrices W (0), ...,W (K) satisfy the norm constraint
conditions for some fixed positive constants C and D.
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Then, if K � n1/2−ε for some arbitrarily small positive constant ε,

‖M̂ (0,K) − M̂ (1,K)‖∞ (7)

≤ ‖Â(0)KM̂ (0,0)
K∏
j=0

W (j) − Â(1)KM̂ (1,0)
K∏
j=0

W (j)‖∞ (8)

· (1 + o(1)). (9)

In effect, this allows us to upper bound the L∞ distance between two outputs of a given GCN
(possibly with two different initial embedding matrices) with nonlinear activation functions by the
distance between the outputs with the activation functions replaced by the identity. This allows us to
directly generalize our results on linear GCNs to the case of nonlinear ones.

2.2.4. RESULTS ON COLORFUL GRAPHS

We next present results concerning the ability of GCNs to distinguish between different distributions
on colorful graphs. In particular, we consider a very simple, but nontrivial, setting, where vertices of
sample graphs are labeled with “colors” that are chosen from a fixed color distribution, independently
of any graph structural information. We fix a finite alphabet A of colors, which may have cardinality
growing with n. A colorful graph distribution in our simple setting is then parameterized by a pair
(µ,W ), where µ is a probability distribution on A and W is a graphon. Samples are constructed as
follows:

1. Sample G = Gn ∼W .

2. For each vertex v of G, draw an independent sample c = c(v) ∼ µ. This is the color of vertex
v in G. The result is a colorful graph.

As in the previous subsection, we seek to understand the limitations of GCNs in this setting, and
so we consider first a simple case where we are to distinguish between (µ0,W ) and (µ1,W ), where
µ0 and µ1 are two color distributions, but the distribution on graph structures is the same in both
cases.

A few different questions are of interest:

• For a given pair of color distributions, do there exist graphons for which distinguishing these
distributions is hard for “all” GCNs?

• What role does the embedding dimension of the GCN play in the distinguishability of pairs of
color distributions?

Let us further constrain our GCNs: we insist on a particular manner of construction of the initial
embedding matrix, which must necessarily depend on the vertex color information in order to
distinguish between two color distributions on the same graph. In particular, to each color c ∈ A,
we associate a row vector vc ∈ Rd, which we call a color embedding vector. With this mapping
chosen, for a given colorful graph, we choose the initial embedding matrix whose row corresponding
to vertex j in G is the vector vc(j).

To state our results, we need a few definitions.
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Definition 13 (Confusing distributions) Fix two color distributions µ0, µ1 on an alphabetA, along
with a collection of color embeddings. A probability distribution π ∈ Rn is confusing for µ0 and µ1

if it satisfies π · (M̂ (0,0) − M̂ (1,0)) = 0.In other words, πT ∈ ker((M̂ (0,0) − M̂ (1,0))T ).This allows
us to define a confusing graph: G is confusing for µ0 and µ1 if the stationary distribution of its
random walk is a confusing distribution. A graphon W is confusing from µ0, µ1 if, with probability
1− o(1) as n→∞, a graph Gn ∼W is confusing for µ0, µ1.

Definition 14 (Confusing dimension) For two color distributions µ0, µ1 and any given n, we define
the confusing dimension of µ0, µ1 to be the maximum dimension of the kernel of the matrix (M̂ (0,0)−
M̂ (1,0))T , optimized over all couplings of the two distributions. We denote the confusing dimension
for µ0, µ1 and for a fixed collection of color embeddings, by CD(µ0, µ1).

We have the following theorem regarding the set of degree distributions of graphs for which
GCNs of moderate depth cannot distinguish between µ0 and µ1.

Theorem 15 (Confusing graphons for a color distribution pair) Fix two color distributions µ0, µ1

on a finite alphabet A. The confusing dimension of µ0, µ1 for n→∞ is lower bounded as follows:

CD(µ0, µ1) ≥ (1− dTV (µ0, µ1)) · n · (1 +O(1/
√
n)), (10)

with high probability.

In particular, this theorem says that the “dimension” of the set of confusing degree distributions
is lower bounded by a decreasing linear function of the total variation distance between the color
distributions.

Remark 16 It is easy to see that this bound is tight, provided that d is large enough, that there
are sufficiently many colors, and that their color embedding vectors are chosen to be linearly
independent.

In certain applications, the assumption of independence between vertex colors and graph structure
does not hold, and, in fact, the color of a vertex is a deterministic function of its local graph structure.
For example, in chemistry applications, one frequently considers graphs, representing chemical
compounds, whose nodes are labeled by atom types (e.g., carbon, nitrogen, etc.). The type of an
atom is usually only dependent on graph structure through the degree of the node (i.e., only a very
local property). For instance, carbon atoms always have four bonds.

This motivates the following model for colorful graphs, in which vertex colors are dependent on
very local properties of the graph. We again have a finite alphabet A of colors. We associate to each
point in the unit interval a probability distribution on A (in particular, this may be encoded as a map
C : [0, 1]→ [0, 1]|A|, with the property that ‖C(x)‖1 = 1 for every x ∈ [0, 1]; we call such a map a
color distribution map). A distribution on colorful graphs is then given by a pair (W,C), for a fixed
graphon W . We sample a colorful graph as follows:

1. Sample a G = Gn ∼W as before, with latent vertex positions x1, ..., xn ∈ [0, 1].

2. For each vertex j ∈ [n], sample c(j) ∼ C(xj) independently of anything else.

We define the notions of confusing distributions, graphs, and graphons as we did previously, for a
pair of color distribution maps C0, C1.

We have the following theorem, analogous to Theorem 15.

10
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Theorem 17 (Confusing graphons for dependent colors) Fix two color distribution maps C0, C1

on a finite alphabet A. Fix a collection of color embeddings. The confusing dimension of C0, C1 for
n→∞ is lower bounded as follows:

CD(µ0, µ1) ≥ (1− E[dTV (C0(X), C1(X))]) · n · (1 +O(1/
√
n)), (11)

with high probability.

3. Conclusions

We considered in this paper the impact of the embedding dimension d of GCNs on their ability
to distinguish pairs of graphons from their sample graphs. We found that the set of graphon pairs
that are indistinguishable by “any” GCN does not depend on d. We showed a lower bound on
the probability of error in terms of the embedding dimension, signal to noise ratio, and number of
hypothesis graphons in the multiple hypothesis testing setting. We then extended the framework
to colorful graphs (graphs whose nodes are labeled with colors from a finite alphabet), possibly
with dependence between colors and local graph structure. We exhibited a connection between the
distance between the color distributions and a notion of the “dimension” of the set of graphons on
which a given pair of color distributions is indistinguishable.

We regard this as a step in the direction of a more complete understanding of the roles that
different hyperparameters of GCNs play in their capabilities as representation learning methods.

4. Proofs

4.1. Proof of Theorem 7

In order to prove the claim, we need to show two things:

• that a 0-exceptional pair of graphons is in the universal exceptional set,

• and that a pair of graphons in the universal exceptional set is 0-exceptional.

Remark 18 The proof below is for the case of identity activation functions. As stated earlier, this
is sufficient to conclude the same result for the case of activation functions from the set A, using
Theorem 12.

0-exceptional implies universal exceptional We will show the former by upper bounding the
following quantity:

‖Ĥ(0,K) − Ĥ(1,K)‖∞, (12)

where we recall that Ĥ(b,K) denotes the output graph embedding vector for the GCN with input
Gb ∼Wb (here, W0,W1 are a 0-exceptional pair). It will turn out that we can upper bound this by
something that is independent of the dimension d.

We will first do this in the case where there are no weight matrices and where the activation
function is the identity. We then give the details necessary for generalizing to the claimed setting.

11
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Explicitly, by the triangle inequality,

‖Ĥ(0,K) − Ĥ(1,K)‖∞ ≤ ‖Ĥ(0,K) − 1

n
1T Â(0)∞M̂ (0)‖∞ (13)

+ ‖ 1

n
1T (Â(0)∞ − Â(1)∞)M̂ (0)‖∞ (14)

+ ‖Ĥ(1,K) − 1

n
1T Â(1)∞M̂ (0)‖∞ (15)

To proceed, we need a few lemmas.

Lemma 19 (Distance between limiting distributions (Magner et al., 2020; Magner et al., 2020))
Suppose that W0,W1 satisfy ddeg(W0,W1) = δ, and suppose further that δ > 0. Furthermore,
suppose that G0 ∼W0 and G1 ∼W1, both with n vertices, and with an arbitrary coupling. Then
with probability 1− o(1) as n→∞, we have ‖πG0 − πG1‖∞ = δ

n(1 +O(1/
√
n)).

In the case where δ = 0, we have that with probability 1− o(1) as n→∞, ‖πG0 − πG1‖∞ =
O(n−3/2+const).

Lemma 20 (Random walk matrix powers (Magner et al., 2020; Magner et al., 2020)) Consider
a Markov chain with transition matrix P and stationary matrix P∞. Let tmix(P, ε) denote the ε-total
variation mixing time of P . For any t ≥ tmix(P, ε), we have that ‖P t − P∞‖∞ ≤ 2ε.

We can upper bound (13) and (15) using Lemma 20. The remaining term (14) can be upper
bounded using Lemma 19. In particular, we have, using the submultiplicativity of operator norms,
that

‖Ĥ(b,K) − 1

n
1T Â(b)∞M̂ (0)‖∞ = ‖ 1

n
1T (Â(b)K − Â(b)∞)M̂ (0)‖∞ (16)

≤ ‖ 1

n
1T ‖op,∞‖Â(b)K − Â(b)∞‖∞ · ‖M̂ (0)T ‖op,∞ (17)

= ‖Â(b)K − Â(b)∞‖∞ · ‖M̂ (0)T ‖op,∞. (18)

Provided that K > tmix(Â(b), ε0), for an arbitrary ε0 > 0, we thus have that (13) and (15) are both
upper bounded by

(13), (15) ≤ 2ε0‖M̂ (0)T ‖op,∞. (19)

We can upper bound (14) by

‖ 1

n
1T (Â(0)∞ − Â(1)∞)M̂ (0)‖∞ ≤ ‖Â(0)∞ − Â(1)∞‖∞ · ‖M̂ (0)T ‖op,∞ (20)

=

{
δ
n(1 +O(1/

√
n)) · ‖M̂ (0)T ‖op,∞ δ > 0

O(n−3/2+const) · ‖M̂ (0)T ‖op,∞ δ = 0
(21)

Here, we have used Lemma 19.
Putting together (19) and (21), we have that

‖Ĥ(0,K) − Ĥ(1,K)‖∞ ≤

{
(4ε0 + δ

n(1 +O(1/
√
n))) · ‖M̂ (0)T ‖op,∞ δ > 0

(4ε0 +O(n−3/2+const)) · ‖M̂ (0)T ‖op,∞ δ = 0
(22)

12
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We choose ε0 = 1/n2, which results in a mixing time of Θ(log n). Thus, we finally get

‖Ĥ(0,K) − Ĥ(1,K)‖∞ ≤

{
δ
n(1 +O(1/

√
n)) · ‖M̂ (0)T ‖op,∞ δ > 0

O(n−3/2+const) · ‖M̂ (0)T ‖op,∞ δ = 0
(23)

We note, crucially, that ‖M̂ (0)T ‖op,∞ does not depend on d. That is, ‖M̂ (0)T ‖op,∞ can take any
non-negative real value, regardless of dimension. amAre we sure that this is all that we need? How
do we generalize this to nonlinear activation functions and d× d weight matrices?

In particular, the implication is that closeness of degree profiles implies closeness of embedding
vectors, regardless of embedding dimension. Furthermore, we note that the inequality in the δ = 0
case implies the claimed result that the 0-exceptional set is a subset of the universal exceptional set.

Universal exceptional implies 0-exceptional In order to show the reverse inclusion, we will show
the contrapositive: that a δ-separated pair, for some δ > 0, is not in the universal exceptional set.
To show this, we will exhibit an explicit construction of a GCN that can distinguish the pair. We
assume that ddeg(W0,W1) > δ. We will show that, for any d ≤ n, there exists a choice of M̂ (0)

(which is n × d) such that the resulting embedding vectors Ĥ(b,K) are well-separated in L∞. We
reason as follows: for the two stationary distribution row vectors π0, π1, from Lemma 19, we have
‖π0−π1‖∞ = δ

n(1+O(1/
√
n)). We will use this to lower bound the quantity ‖Ĥ(0,K)−Ĥ(1,K)‖∞.

As weight matrices, we will choose d×d identity matrices. As an initial embedding matrix, we cannot
choose an identity matrix. Instead, we need to choose a matrix M̂ (0) such that (π0 − π1)M̂ (0) =
Ω(1/n) as n→∞. We consider the initial embedding matrix all of whose columns are copies of
n · (π0−π1)T . With this definition in hand, we will show a lower bound on the L∞ distance between
the final embedding vectors of δ2/n · (1 + o(1)). We have

‖Ĥ(0,K) − Ĥ(1,K)‖∞ = ‖ 1

n
1T (Â(0)K − Â(1)K)M̂ (0)‖∞ (24)

= ‖ 1

n
1T (Â(0)K − Â(0)∞ + Â(0)∞ − Â(1)∞ + Â(1)∞ − Â(1)K)M̂ (0)‖∞.

(25)

By the reverse triangle inequality, we can lower bound as follows:

‖Ĥ(0,K) − Ĥ(1,K)‖∞ ≥ ‖
1

n
1T (Â(0)∞ − Â(1)∞)M̂ (0)‖∞ (26)

−
∣∣∣∣‖ 1

n
1T (Â(0)K − Â(0)∞)M̂ (0)‖∞ + ‖ 1

n
1T (Â(1)K − Â(1)∞)M̂ (0)‖∞

∣∣∣∣ .
(27)

The first term is the dominant one, and we can handle it as follows:

‖ 1

n
1T (Â(0)∞ − Â(1)∞)M̂ (0)‖∞ = ‖(π0 − π1)M̂ (0)‖∞. (28)

Now, by our choice of M̂ (0), the vector in this norm consists of d copies of n · ‖(π0 − π1)‖22, which
is at least δ

2

n · (1 +O(1/n)), where we have used Lemma 19.
Now, the remaining terms (27) can be upper bounded in absolute value as follows: we apply

Lemma 20, with K > max{tmix(Â(0), 1/n2), tmix(Â(1), 1/n2)} = Θ(log n) in order to conclude
that the resulting norm is O(1/n2). This implies that ‖Ĥ(0,K) − Ĥ(1,K)‖∞ = Ω(δ/n), as claimed.
This, in turn, implies that a δ-separated pair of graphons does not lie in the universal exceptional set.

This concludes the proof of Theorem 7.
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4.2. Proof of Theorem 9

To prove Theorem 9, we will need a few auxiliary results. We will identify each hypothesis graphon
Wi with a resulting unperturbed embedding vector Ĥ(i). The idea is to relate the probability of error
to the capacity of the uniform additive noise channel. This capacity is bounded in an exercise from
Cover and Thomas (2006) (see also Rioul and Magossi (2014)).

Lemma 21 (Capacity result for the uniform additive noise channel) Consider the uniform addi-
tive noise channel with input X satisfying |X| ≤ A and output given by Y = X + Z, where Z
is independent of X and is uniformly distributed in the interval [−∆,∆]. The capacity C ′ of this
channel satisfies C ′ ≤ log2(1 +A/∆).

Our proof requires a slight tweak of the proof of this lemma. In particular, we have

I(Xd;Y d) ≤ h(Y d)− h(Y d | Xd), (29)

where h(· | ·) here is the conditional differential entropy.
The second term is dependent only on the distribution of Zd, the i.i.d. uniform noise. The

first term is maximized, subject to the constraint that ‖Y d‖∞ ≤ A+ ∆, by a d-dimensional vector
consisting of i.i.d. uniform random variables on [−(A+ ∆), A+ δ]. Simple algebra completes the
generalization that we need. Crucially, this derivation does not depend on the distribution of Xd,
and, in particular, it is not necessary that it consist of i.i.d. random variables.

Thus, we have that for any sequence of joint distributions Xd ∈ Rd, d→∞, with ‖Xd‖∞ ≤ A,
and vectors Y d = (X1 +Z1, X2 +Z2, ...Xd +Zd), lim supd→∞

I(Xd;Y d)
d ≤ log2(1 +A/∆). Here,

I(·; ·) is the Shannon mutual information. In other words, provided that d is large enough,

I(Xd;Y d) ≤ d · log2(1 +A/∆). (30)

We will apply the mutual information form of Fano’s inequality to upper bound Pr[B̂ = B].
We note that both random variables are supported on a set of size k. Then we have Pr[B = B̂] ≤
I(B;H)+1

log k .Now, I(B;H) ≤ I(Ĥ;H), by the Markov property relating H, Ĥ , and B, and by the data

processing inequality. Finally, we can upper bound I(Ĥ;H) using (30), provided that d is large

enough, which gives us Pr[B = B̂] ≤
d·log2(1+ δ

n·εres
)+1

log k .This completes the proof.

4.3. Proof of Theorem 10

We note that the initial embedding matrix is n× d, and its transpose is d× n. Adding the row of 1s
results in a (d + 1) × n matrix. If d ≤ n − 1, the rank of this matrix is at most d + 1, so that the
dimension of its kernel, by the rank-nullity theorem, is at least n− (d+ 1) = n− d− 1, as desired.

4.4. Proof of Theorem 15

We will consider a coupling of µ0 and µ1 and upper bound the rank of the matrix (M̂ (0,0)−M̂ (1,0))T

in probability. In particular, we can choose the maximal coupling. Then, for any graphon W , two
colorful graphs (or, equivalently, a single graph on which every vertex is labeled with two colors)
can be chosen as follows: we generate a graph G ∼ W , and every vertex is assigned two colors
according to the coupling.

14
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Under this distribution, the number of zero rows in M̂ (0,0) − M̂ (1,0) is lower bounded by a
binomially distributed random variable with parameter p = 1 − dTV (µ0, µ1). This immediately
implies that the number of zero rows is at least (1−dTV (µ0, µ1))·n·(1+O(1/

√
n)) with probability

1− e−Θ(n), which, by the rank-nullity theorem, immediately implies the desired result.

4.5. Proof of Theorem 17

Given two distributions (W,C0) and (W,C1) on colorful graphs, we consider the following coupling:
a single (non-colorful at this point) graph G is generated according to W , with latent positions
x1, ..., xn ∈ [0, 1]. What remains is to choose two color maps for the vertices of G. For each xj ,
we choose the maximal coupling of the distributions C0(xj) and C1(xj) and generate the colors
according to this coupling. Note that the colors of different vertices are generated independently,
conditioned on the latent positions. The result is that, for each j ∈ [n], conditioned on the xis, we have
that the probability that the two colors of vertex j are not equal is given by dTV (C0(xj), C1(xj)).

This, in turn, implies that the unconditional probability that the two colors of any given vertex are
different is given by E[dTV (C0(X), C1(X))], where the expectation is with respect to the uniformly
random choice of X from the unit interval.

With this result in hand, we find via the Chernoff bound that the number of zero rows in M̂ (0,0)−
M̂ (1,0) is, with probability at least 1−e−Θ(n), lower bounded by (1−E[dTV (C0(X), C1(X))])·n,and
this immediately gives us the lower bound on the dimension of the kernel of M̂ (0,0) − M̂ (1,0), as
claimed.
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