


(b) Use the central limit theorem to estimate the probability density p(x, y, z) for the
particle to end up at the point (x, y, z).

From the central limit theorem, the probability density should be Gaussian. How-

ever, for correlated random variables we may expect cross terms that describe their

covariance. However, we showed above that the covariances between x, y, and z are

all zero Hence we can treat them as three independent Gaussian variables, and write
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Rules for Large Numbers

There are typically three types of N dependence encountered in the thermo-
dynamic limit: N — oo

(a) Intensive quantities, that is, O(N?).

(b) Extensive quantities, that is, O(N')

(c) Exponential dependence, that is, O(exp(N¢))

(1) Summation of exponential quantities:

N
§=) &, 0 < &; ~ O(exp(Ne,)),
max
Fig. 2.7 A sum over NV
exponentially large
quantities is dominated
by the largest term.
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(2) Saddle point integration:  J = f dxexp (Ne(x))
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Fig. 2.8 Saddle point
evaluation of an
“exponential” integral.
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Sterling's Approximation
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Information

Information: consider a random variable with a discrete set of outcomes & =
{x;}, occurring with probabilities {p(i)}, for i=1,---, M. In the context of
information theory there is a precise meaning to the information content of
a probability distribution. Let us construct a message from N independent
outcomes of the random variable. Since there are M possibilities for each
character in this message, it has an apparent information content of NIn, M
bits; that is, this many binary bits of information have to be transmitted to
convey the message precisely. On the other hand, the probabilities {p(i)} limit
the types of messages that are likely. For example, if p, > p,, it is very unlikely
to construct a message with more x, than x,. In particular, in the limit of
large N, we expect the message to contain “roughly” {N, = Np,} occurrences
of each symbol." The number of typical messages thus corresponds to the
number of ways of rearranging the {N,} occurrences of {x;}, and is given by
the multinomial coefficient
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Shannon’'s Theorem

Shannon’s theorem proves more rigorously that the minimum number of
bits necessary to ensure that the percentage of errors in N trials vanishes in the
N — oo limit is In, g. For any non-uniform distribution, this is less than the
N In, M bits needed in the absence of any information on relative probabilities.
The difference per trial is thus attributed to the information content of the

probability distribution, and i1s given by

M
I[{p}]=In, M+ p;In, p,. (2.70)
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Entropy

Entropy: we can define an entropy for any probability distribution as
M
§=—>_p(i)Inp(i) = —{In p(i)).. (2.71)
i=1

The above entropy takes a minimum value of zero for the delta function distri-
bution p(i) = §; ;, and a maximum value of In M for the uniform distribution
p(i) =1/M. S is thus a measure of dispersity (disorder) of the distribution, and
does not depend on the values of the random variables {x.}. A one-to-one map-
ping to f; = F(x;) leaves the entropy unchanged, while a many-to-one mapping
makes the distribution more ordered and decreases S. For example, if the two
values, x, and x,, are mapped onto the same f, the change in entropy is

&S(x,,xg—h-f):[p]ln Pr_ 4 pin L2 ]{0.
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Maximum Entropy Estimate

Estimation: the entropy S can also be used to quantify subjective estimates
of probabilities. In the absence of any information, the best unbiased estimate
is that all M outcomes are equally likely. This is the distribution of maxi-
mum entropy. If additional information is available, the unbiased estimate is
obtained by maximizing the entropy subject to the constraints imposed by this
information. For example, if it is known that (F(x)) = f, we can maximize

S (@B, {ph) = — X p(i) Inp(i) o (Z pli) - 1) y: (Z p)F(x) —f) ,

P X exp( ‘BF(X,-)),

It is easy to see that if the first » = 2k moments (and hence » cumulants)
of a distribution are specified, the unbiased estimate is the exponential of an
nth-order polynomial.

In analogy with Eq. (2.71), we can define an entropy for a continuous
random variable (8, = {—o0c < x < o0}) as

S=— f dx p(x) Inp(x) = — (In p(x)) . (2.74)



