' Statistical Inference:
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Point and Interval Estimation

Statistical Inference

¢ Principles of parameter estimation
+ Estimation methods
+ Point estimation

+ Confidence interval
— For the mean
— For proportion
— t-distribution for small sample
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Statistical Inference

¢ Sample statistics = population parameters
¢ Two tasks are intertwined
— Estimating the parameters
— How good are the estimates?
¢ The fundamental use of normal probability
function
— Central Limit Theorem
— Most estimating methods assume normal distribution

— Many variables follow or can be transformed into
normal distribution
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Principles of Parameter Estimation
¢ Unbiased

— The expected value of the estimate is equal to
population parameter

+ Consistent

— As n (sample size) approaches N (population size),
estimator converges to the population parameter

+ Efficient
— With the smallest variance.
+ Sufficient

— Contains all information about the parameter through
a sample of size n
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Estimation Methods

+ Assume probability distribution?
— Parametric, nonparametric

+ Common approaches

— Least squares (LS)
* Minimize the sum of squares of the deviation
« Used in linear regression

— Maximum likelihood estimation (MLE)
« Estimate parameter that is most consistent with the data
* Widely used

— Minimum Chi-squared
« frequencies
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Point Estimation

¢ Sample mean and std. dev. are the most popular
point estimates of population mean and std. dev.

— Why is sample mean a good estimator?
— Why n-1?
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Estimation: Point vs. Interval
+ Point estimation

— Use one single number as the best estimator for
a specific population parameter

— “Point estimator” (e.g. estimator for mean=15)
+ Interval estimation, “Confidence Interval”

— use a range of numbers within which the
parameter is believed to fall (lower bound,
upper bound)

—e.g. (10, 20)
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Point Estimation
+ Point estimation is rarely 100% accurate

¢ Accuracy depends on the characteristics of
sampling distribution (z, t, chi-square, F
distribution)

+ Knowing the shape of the sampling
distribution, you can figure out the general
range of error that a given point estimate
might miss by, or the probability of a point
estimate that is true
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Interval Estimation

Confidence Interval
— “A range of values around a point estimate that makes it
possible to state the probability that an interval contains
the population parameter between its lower and upper
bounds.”
¢ It involves a range and a probability
— Confidence coefficient: the probability that the interval
contains the parameter, e.g. 0.90, 0.95, 0.99.
— Error probability ( @) : the probability that an interval
does not contain the parameter.
— a=1-confidence coefficient

¢ Examples:

— We are 95% confident that the mean number of CDs
owned by grad students is between 20 and 45
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+ Upper, lower bound?
+ Confidence coefficient?
¢ Error probability?
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Confidence Interval for Mean

¢ CLT states that sampling distribution of Y-bar is
approximately normal.
— With probability 0.95, Y-bar falls within 1.966y .
units of the parameter p.
— Once the sample is selected, with probability 0.95 a Y-
bar value occurs such that the interval
Y-bar+ 1.966y ,,, contains the population mean p.
¢ For n>30, a good approximation for 6y is sample
standard deviation s (“standard error”).
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Example: 95% Confidence Interval

+ Suppose a sample of 100 students with mean SAT

score of 1020, standard deviation of 200

— How do we find the 95% Confidence Interval for the
population mean?

+ We know that:

— 1. The sampling distribution is normally distributed

— 2. Therefore 95% of samples will yield a mean
estimate within 2 standard deviations of the population
mean ()

+ Thus, 95% of estimates we make are within two

“standard errors” of Y-bar
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Confidence Interval for Mean

Similarly,

95% Confidence Interval

Q: Which one is a larger range?
The larger the range, the more likely that
the true mean will fall in it

95% CI: (980, 1060)
— It is a safer bet if you specify a very wide range
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The Z-Distribution
Recall:

— 1. Z-score corresponds to # of standard

deviations from mean

— 2. Probability is equal to area under a curve
Statisticians have calculated the exact area,
thus probability under the curve associated
with every Z-value (Table in appendix)

Confidence Interval for Mean

+ What if we want to know the confidence
interval for any number, other than 68%,
95%, 99%?
Answer: the “Z-distribution” (standard
normal), only if the distribution of interest is
normal distribution (large n)

Z-distribution
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The Z-Distribution

We already know area for with some Z-
values:

— Area between —1 and +1 Z score is roughly .68
— Area between —2 and +2 Z score is roughly .95
— Area between —3 and +3 Z score is roughly .99

Note: we are typically interested in area
from —Z to + Z, or beyond —Z and +Z
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The Z-Distribution

¢ As we know, Z of 1.96 corresponds to 95%
of area (p=.95)
— Cutting off 5% on the tails... 2.5% on each side

2.5% 2.5%
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Confidence Interval for Mean

# General formula for CI:

— Y-bar is the sample mean

— Sigma is the standard error of the mean
(s/sqrt(n))

— Z is the critical Z-value for a given level of
confidence

# C. I. increases as the confidence coefficient
increases

¢ C. I. decreases as the sample size increases
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. Confidence Interval for Proportion

Nominal/ordinal data, or continuous data but
measured in categories, e.g. income 0-10,000,
10,001 —20,000, 20,001-30,000...

Summary parameter: proportion

— Recall: proportion is a type of mean

+ Widely used in social sciences:

% of foreign born who attended college
% of hh with income below poverty level
% of hh who own their homes
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Confidence Interval for Proportion

¢ P(y=1)=n, P(y=0)=1-nt

¢ 7 is the population proportion (similar to
1), is sample proportion

+ Standard error

+ Confidence interval:
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' C.I. for Proportion: Example

¢ 1994 GSS on attitude on legal abortion. Out of
1934 people, 895 said “yes”, 1039 said “no”.
Estimate the proportion of U.S. population that
would say “yes” to this question

¢ N=1934, =895/1934=0.46

+ Confidence interval (95%):

~ 80, 95% C.I. is (0.4, 0.48)
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Confidence Intervals: Small n

¢ The formula for C.I. works with the
assumption of large n.
— we assume the sampling distribution is normal
— Z-distribution probability, Z-score

+ What if n is not large (n<30)?
— The C.L.T. holds only if n is “large”

— we can’t use Z-scores to determine probabilities
under the normal curve
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j Confidence Intervals: Small n | CI for small n: t Distribution

+ Solution: Use the “t statistic”, “t-distribution”
— tstatistic o
Standard normal distribution
— Also called Student’s t.
+ T-distribution

— The sampling distribution of the t statistic with n-1
degree of freedom

— Itis actually a set of distributions; each is relevant to a
different sample size, df=n-1

— The spread of t-distribution depends on the d.f.
— When n>30, identical to z-distribution

Figure 6.9  Distribution Relative to Standard Normal Distribution. The 1 gets closer 10 the normal as
the degrees of freedom (d) increase, and the two distributions are practically identical when df > 30.
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TABLE 8 1D Values g to
various right-hand tail probabilitios
oty =
o o
[ m e e tew i ¢ Small sample C. L.:
1 3.078 6.314 12.7063 31.821 63.657
2 1. 2.920 4.303 6.965 9.925
3 1.638 2.353 3.182 4.541 5.841
4 1.533 2.132 2.776 3.747 4.604
5 1.476 2.015 257 3.365 4.032
3 1.440 1.943 2.447 3.143 3.707 . .
7| pas ime ae ame  Lm ¢ Again, the standard error can be estimated
o | vas ime 2am zms  ames using the sample standard deviation:
12 1.356 1.782 2.179 2.681 3.055
13 1.350 L7711 2.160 2, 3012
14 1.345 1.761 2.145 2.624 2.977
15 1.341 1.753 2.3 2.602 2.947
18 1.330 1.734 2.101 2.552 2.878
19 1.328 1.729 2.093 2.539 2.861
20 1.325 1725 2.086 2.528 2.8a5
21 1.323 1.721 2.080 2.518 2.831
22 1321 L7117 2.074 2. 2.819
23 1.319 1.714 2.069 2.500 2.807
24 1.318 1711 2.064 2.492 2.797
25 1.316 1.708 2.060 2.485 2.787
26 1.315 1.706 2.056 2.479 2779
27 1.314 1.703 2.052 2.473 2771
28 1313 1.701 2.048 2.467 2.763
e
oo 1.2
Source: “Table of Percentage Points of the (-Distribution.” GOG 502/PLN 504 Yuuﬂin Huang




Summary

. ¢ Principles of parameter estimation
. ¢ Point vs. interval estimation
+ Point estimation of mean, s.d.

¢+ Interval estimation: Confidence Interval
— Mean
— Proportion
— Issue of sample size
* Small n, t-distribution

GOG 502/PLN 504 Yougqin Huang




