Probability Distributions

Probability Distributions

" Probability
— Discrete and continuous

" Probalbility distribution
" Normal distribution & Z-score
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Defining Probability

Probability of event A is defined agA):.

outcomesn which A occur

p(A) = j

totalnumberof outcome

" “The probability of a particular outcome is
the proportion of times that outcome woul
occur in a long run of repeated observatio
(Agresti & Finlay 1997, p. 81)”

0
ns

GOG 502/PLN 504 Yougqin Huang 3

Probability

Question: What is the probability of picking a rg
marble out of a bowl with 2 red and 8 brown?

_outcomesn whichredoccurs
p(red) =

total numberof outcome

There are 2
outcomes that
are red

There are 10 total p(red)=2/10=10.2
possible outcomes
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Probability: Discrete Variable
GSS Data (N=2904)

HIGHEST YEAR OF SCHOOL COMPLETED " What is the
1000 probability of
choosing a
8001 person from the
dataset with 16
600 years of
education?

\ Note that 392

4004

N
o
=]

Frequency

o] N individuals have
0 4 6 8 10 12 14 16 18 20
3 5 7 9 1 13 15 17 19 16 yearS Of
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3 Probabilities: Discrete Variable

outcomesn which A occur
P(A) = ﬁ

total numberof outcome

. " Notation: p(Y=16)

"~ Computed as number of people with 16
years of education (frequency) divided by
total N:

392
Y =16)=——— =135
p( ) = 2901
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Probability: Discrete Variable

g - Converting frequency chart to probability
distribution

— Dividing each value by N convertsitto a
“probability distribution”

— In a normal frequency chart, the height of bais
reflects frequency; the height of bars now
represents probabilities

— The shape of distribution is preserved
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Frequency

1000

800

600

400

200

Frequency Chart vs. Probability Distribution

HIGHEST YEAR OF SCHOOL COMPLETED HIGHEST YEAR OF SCHOOL COMPLETED

40

30

20

Percent

3 5 7 9 11 13 15 17 19
0 4 6 8 10 12 14 16 18 20

3 5 7 9 1 1315 17 19 HIGHEST YEAR OF SCHOOL COMPLETED
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Probability: Discrete Variable

Properties of probability

0£P(y)£1

P(y) =1

“ A probability distribution also uses mean
(m and standard deviatios to measure
its central tendency and variability
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m= yP(y)
Example
" P(red=1)=0.2
" P(red=0)=0.8
Q Q " P(red=1)+ P(red=0)=1
Q Q " m=1*0.2+0*0.8=0.2
O OO
OO0
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Example

TABLE 4.1 Probability Distribution of ¥ = Num-
ber of People You've Known That Were Victims
of Homicide Within the Past 12 Months

y P(y)
0 91
1 .06
2 .02
3 .01
Total 1.0
n=?
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Probability: Continuous Variables

One-tenth of area
/ (probability = .10)

0 30 60 90 120

Travel Time (minutes)

Figure 4.2 Probability Distribution of Travel Time of Eldeﬂy Parent from Nearest Child
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Continuous measures can take on an infinite
number of values

Probabilities of a continuous variable aa

they are associated witlrange of values
(interval) (e.g. 15<y<20).
When the interval goes to infinitely small, we

curve.

values

GOG 502/PLN 504 Yougqin Huang

Probability: Continuous Variablg

have a probability distribution curve, or density

— Probability is theareaunder the curve for a range of

associated with single values (e.g. y=16); instead,

13

" Continuous distributions can be

histogram:

Probability: Continuous Variabltla

approximated by connecting peaks of a

N Line approximates

747 \& height of bars for

?4 5‘ all values of Y

/ ﬁ%
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Probability: Continuous Variables

For discrete variables, probability of Y=16
Is represented biyeight of bar in bar chart

For continuous variables, the probability g
picking a case within a given range is equ
to thearea under the curve in that range
divided by the total area under the whole
curve

"~ Mathematically, this is integration of the
density curve.

pla<x<b)= f(x)dx
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Continuous Distribution:

Example

Probability of the red area:
— P(a<Y<b) = Red Area / (Red Area + Blue Area)

Mathematically, o) = :f(x)dx

a kb
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Probability Distributions: Notation

" Notation: a

— Greek alphaq) is used to refer to probabilitigs
in a range for a continuous distribution

" p(15<Y<20) =a, probability of variable Y
having a value between 15 and 20

"~ Can have an open-ended range, multiple
ranges
—a=p(Y>4)
—a =p(2<Y<4 and Y>8)
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Continuous Probability

Distributions Examples
" a =P(a<Y<b)
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: Continuous Probability
' Distributions Examples
- a= P(Y<a)

" If a=mediana =?

19

; Continuous Probability

' Distributions Examples
" a=P(Y<a, Y>b)
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Properties of Continuous Distribution

Similar to those for discrete variables, but
now in continuous format.

O£ P(a<y<b)£l

P(min <y <max)=1
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2= 0 (standard normal)
la=16 |}

Continuous T . e
— Normal =T S
— Standard norma ; L

— Lognormal '

Lognormal |
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Basic Probability Distribution:
Discrete ,, l_h

— Blnomlal Point binomial p=.

— Poisson E E

x
0 2 4 6 8 100 2 4 6 8 16 01234
Binomial p=.5,n=10 p=.4,n=10 p=4,n=4

,,..._
©

e
g -F

¥

01234 * 0o 2 4 6 8
Poisson A=.75 A=30
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The “Normal” Distribution

A symmetric, bell-shaped curve defined by
its mean 1f) and standard deviatios

Normal Curve, Mean = .5, SD =.7
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The “Normal” Distribution
A special types of symmetrical distribution
that comes up a lot

— Some biological phenomena have this
distribution, such as height, cholesterol levels

Figure 4.4 Normal Distributions for Women's Height (& = 65, 0 = 3.5) and for Men’s Heigh

t
(w=170.0 =4.0) 25

Not all bell-shaped curvesyrametric
curvesare normal distributions

Leptokurtic
/I\/

1.0\
\

Figure 6.1 Symmetric distributions.
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Normal Curves

" Normal Curves are a “family” of curves,
with different means and standard
deviations

" They all share the same general curvaturg
and formula

- (Y- my )2 /253 — e refers to a constant (2.718)
_ e — prefers to a constant (3.142)
p(Y) - — mrefers to the mean of the
s 2 normal curve
Y — s refers to the standard

deviation of the normal curve
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Properties of Normal Curves

" A mean and standard deviation determineg
corresponding normal curve

" The proportion oreaunder the curve in a
given range is equal to the probability of
picking someone in that range
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Properties of Normal Curves

— 68% of area under the curve (and thus casesg
fall within 1 standard deviation of the mean

— 95% of cases fall within 2 standard deviation
— 99% of cases fall within 3 standard deviation

Figure 4.3 For Every Normal Distribution, the Probability Equals .68 Within o of , .95 Within 20 of
w, and .997 Within 30 of u 29

UJ

UJ

Normal curves have well-known propertiep:

N

Properties of Normal Curves

— 68% of area under the curve (and thus cases
fall within 1 standard deviation of the mean

— 95% of cases fall within 2 standard deviation
— 99% of cases fall within 3 standard deviation
" A percentage can be easily determined fo
given number of s.d., or vice versa
" This property makes normal curves very
usefull!!

Normal curves have well-known propertiepg:

N

UJ UJ

=
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Normal Distribution: Example

"~ Male height is normally distributed, mean = 70
inches, S.D. =4 inches

" What is the range of heights that encompasses
99% of the population?
— Hint: that's +/- 3 standard deviations

" Answer: 70 +/- (3)(4) =70 +/-12
— Range = 58 to 82

" What if the number of S.D. is not an integer, ang
the probability is not 68%, 95%, 99%7?

|-
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Standard Normal Distribution

" A special type of normal distribution, with
. mean=0 and s.d.=1

- Z-score: number of standard deviation tha
Y falls from mean

Y-n
S

— Use Z-score to transform normal distribution
into standard normal distribution

/=
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Standard Normal Distribution

T 17 z

-2 -1 0 41 +2
Figure 6.2 The standard normal density function.
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Calculating Z-score (example)

SAT score is a normal distribution, withr500,

s=100. What is the probability for a student to
have SAT score less than 350? Larger than 35

S 10C

« P(SAT<350)="?
« P(SAT>350)="?

1.500

GOG 502 Figure 4.8 Normal Distribution for SAT Scores
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0668

= 500

s ; 350 o =100
—
1.500

Figure 4.8 Normal Distribution for SAT Scores

« P(SAT<350)=0.0668
« P(SAT>350)=1 - 0.0668
=0.9332
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Normal Distribution

The z-score for a specific probability falls ii
left tail is the same as that in the right tail,
except the sign, because of symmetric

distribution (e.g. z for P>99%= - z for P<1%)

SAT scores withi=500,s=100. What is the
z-score for SAT= 650? What is the
probability for a student to have SAT> 650

—

:Y- n_ 650- 500
S 10C
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Z =15
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Normal Distribution
" One-tailed vs. two-tailed distribution

— One-tailed: larger than, smaller thai, n
percentile

— Two-tailed: falls within (outside) a range

— If it is a two-tailed scenario
e Z-score probability: multiply the probability by 2
» Probability z-score: divide the probability by 2

* Drawing a figure helps!
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One Taliled vs. Two Talled

T £=2.98, p=?

— One tailed: p=0.005, two-tailed: p=0.01
" P=0.01, z=?

— One tailed: z=2.33, two tailed: z=2.58
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Examples
" What proportion of a normal distribution falls in
the following range?
— Abovea z-score of 2.1
Belowa z-score of -2.1
Abovez-score of —2.1
— Betweerz-score of —2.1 and 2.1
Find out the z-score for the following percentage
of the distributiorexceedsntzs ?
- 1%
- 2.5%
Find out the z-score for the following percentage
of the distributiorfalls betweem/-zs ?
— 98%
- 95%
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Normal Distributions & Inference

" Imagine you are working on the X-files!

You suspect that a person is REALLY an

alien taking human form. How can you tell

for sure?

— You get a drop of his blood and observe that

blood cholesterol is 5 standard deviations abd

the average for humans

— And, you know that cholesterol is normally
distributed
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Nis
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Normal Distributions & Inferenct

“ According to known properties of a norma

curve, only .000000287 of all people fall
or more S.D.s from the mean (Z=5).

“ Conclusion: It is improbable thatitis a
human

— But, in a world of 6 billion people, there are

some with cholesterol that high. So you are

not 100% certain.
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Summary

“ Probability
— Discrete
— Continuous
“ Probability Distribution
“ Normal Distribution
— Properties
— Z-distribution (standard normal distribution)
— Z-score probability
— Normal distribution Table

GOG 502/PLN 504 Youqin Huang

44

22



Calculating Z-score in SPSS
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Check the box for “save standardized value
as variables”

S
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