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Chi-square Test:
Association between Categorical 
Variables

GOG 502/PLN 504 2

Review: ANOVA
♦ The deviation of any case is determined by:

– the distance between a group mean and the 
grand mean: the “group effect” (a), common to 
group members

– the distance from group mean to a case’s value: 
the within-group deviation (e):  called “error”, 
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Mean Squares and Group Differences
MSbetween> MSwithin:

MSbetween< MSwithin:
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F- Distribution
♦ Assume only positive values

♦ Skewed to the right

♦ Shape is determined by two degrees of freedom: 
– J-1, one for number of groups

– N-J, one for total sample size N
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One table 
for each 
significance 
level
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Review: Hypothesis Test
♦ Z-test (or t-test) and ANOVA test the relationship 

between a continuous variable and a nominal 
variable

– Test score, wage, age …(mean)

– The grouping variable: gender, race…

– Two-sample, multiple-sample 

♦ Chi-square test is a tool to look at the relationship 
between two categorical variables
– E.g. Gender and party identification
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Today’s Topic

♦ Association between two categorical 
variables: independent or dependent?

♦ Chi-square test

♦ Measures of association
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Review: Cross-tabulation
♦ Tables may also have row and column totals

Women Men Total

Dem 27 10 37

Rep 16 15 31

Total 43 25 68

+ =
+

=
This is

the 

total N

Review: Cross-tabulation
♦ Use row% or column% to show relationship

– Row%: gender composition among party members
– Column%: gender difference in party affiliation

♦ Here is an example of column percentages

Women Men N

Dem 62.8% 40.0% 37

Rep 37.2% 60.0% 31

N 43 25 68

27                     10

16                     15

It looks like 
women are more 

likely to be 
democrats than 

men
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Cross-tabulation
♦ Question:  How can we tell if this difference is 

significant and there is a real relationship between 
the two variables?

♦ Consider this hypothetical table:

Women Men N

Dem 43 0 43

Rep 0 25 25

N 43 25 68
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Cross-tabulation
♦ Relationships aren’t always clearly visible

– Widely differing numbers of people in 
categories (e.g., 200 men and 15 women in the 
sample)

– Large tables with many categories (e.g. 
education*race)

♦ Looking at row or column percentages can 
make visual interpretation a bit easier

GOG 502/PLN 504 12

Independence vs. Dependence
♦ Two categorical variables are statistically 

independent if the population conditional 
distributions on one of them are identical at each 
category of the other. Otherwise, they are 
statistically dependent or associated.

♦ Example:  Statistically independent

Women Men N

Dem 54.4% 54.4% 37

Rep 45.6% 45.6% 31

N 43 25 68
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Chi-squared Test of Independence

♦ In the sample, women appear to be more likely to 
be democrats, men more likely to be republicans

♦ How do we know if there is such a relationship in 
the population? 

♦ Answer:  chi-square (χ2) test
– Another family of sampling distribution with known 

properties (similar to Z, t, and F-test)

Women Men N

Dem 62.8% 40.0% 37

Rep 37.2% 60.0% 31

N 43 25 68
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Chi-square Distribution

♦ Positive values
♦ Skewed to the right
♦ Larger means and s.d as df increases
♦ More closely resembles a normal curve as df increases
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Chi-square Test

♦ Table  in the book
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Chi-square Test of Independence

♦ Chi-Square test is a test of independence

♦ H0:  the two variables are statistically 
independent -- there is no relationship 
between them

♦ H1:  the variables are related, not 
independent of each other
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Chi-square Test of Independence
♦ The chi-squared test is based on comparing 

the observed cell values with the values 
you’d expect if there were no relationship 
between variables

♦ Jargon:

– Observed values= values in the crosstab 
cells based on your sample

– Expected values= crosstab cell values you 
would expect if your variables were unrelated
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Notation
♦ The value in a cell is referred to as a frequency 

– Math symbol = f

♦ Cells are referred to by row and column numbers
– In general, rows are numbered from 1 to i, columns are 

numbered from 1 to j

– the value in any cell of any table can be written as:  f ij

– Ex:  women republicans = 2nd row, 1st column: f21

Women Men

Dem f11 f12

Rep f21 f22
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Expected Cell Values
♦ If two variables are independent, cell values will 

depend only on row & column marginals
– It is not related to values in other rows, columns

♦ The formula for the expected value in a cell is:

N

ff
fe ji

ij

))((
=

• fi and fj are the row and column marginals

• N is the total sample size

Expected Cell Values
♦ Expected cell values are easy to calculate

– Expected = row marginal * column marginal / N

Women Men N

Dem 37

Rep 31

N 43 25 68

23.4

19.6 11.4

RowM * ColM 
/ N

(37*25)/68

=13.6
13.6

20GOG 502/PLN 504

GOG 502/PLN 504 21

Expected Cell Values
♦ What makes these values “expected”?

– They simply reflect percentages of marginals

♦ Look at column %’s based on expected 
values:

Women Men N

Dem 54% 54% 37 (54%)

Rep 46% 46% 31 (46%)

N 43 25 68
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Chi-Square Test of Independence
♦ The Chi-square test is a comparison of 

expected and observed values
♦ For each cell, compute:

Expected

ObservedExpected 2)( −

• Then, sum this up for all cells

• If cells all deviate a lot from the expected values, 
then the sum is large

• Maybe we can reject H0
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Chi-square Test of Independence
♦ The actual Chi-square formula:

� �
= =

−
=

R

i

C

j ij

ijij

fe

fofe

1 1

2
2 )(

χ

• R = total number of rows in the table

• C = total number of columns in the table

• feij = the expected frequency in row i, column j

• foij = the observed frequency in row i, column j
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Chi-squared Test: Steps
♦ 1. Assumptions:

– Two categorical variables

– Random sample

– Large sample size, fe>=5 for all cells

♦ 2. Hypotheses
– H0:  Variables are statistically independent

– H1:  Variables are statistically dependent 

♦ 3. Calculate chi-squared test statistic

� �
= =

−
=

R
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C
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Chi-squared Test: Steps
♦ 1. Assumptions:
♦ 2. Hypotheses
♦ 3. Calculate chi-squared test statistic
♦ 4. Calculate degrees of freedom:  

– df=(R-1)(C-1)

♦ 5. Look up the critical value in a Chi-
squared table, with a chosen significance 
level (e.g. 0.05)

♦ 6. Conclusion: if chi-squared > c.v., reject 
H0, variables are dependent
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Example
♦ Gender and party affiliation

Women Men

Democrat
fo11: 27

fe11:  23.4

fo12 : 10

fe12 : 13.6

Republican
fo21 : 16

fe21 : 19.6

fo22 : 15

fe22 : 11.4

Example 

♦ Compute (fe – fo)2 /fe for each cell

Women Men

Democrat
(23.4 – 27)2/23.4

= .554
(13.6 – 10)2/13.6 

= .953

Republican
(19.6 – 16)2/19.6

= .661

(11.4 – 15)2/15

= 0.864
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Example 
♦χ2 = .554 + .953 + .661 + .864 = 3.03

♦ What is the critical value for α=.05?
– Degrees of freedom: (R-1)(C-1) = (2-1)(2-1) = 1
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Example 
♦χ2 = 3.03

♦ Critical value= 3.84 

♦ Q:  Can we reject H0?

– No, not quite. χ2 <3.84  

♦ Conclusion: Fail to reject H0.  We cannot 
conclude that there is a relationship between 
gender and political party affiliation
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Chi-square Test: Weakness
♦ It doesn’t tell us how strong the 

relationship is.
– It is only a test of “independence” vs. 

“dependence”

– Measures of Association address this 
shortcoming
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Measures of Association
♦ They are statistics that tell us how strong

the relationship is between two variables

Weak Association       Strong Association

Women Men

Dem. 51 49

Rep. 49 51

Women Men

Dem. 100 0

Rep. 0 100
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Measures of Association
♦ There are different measures

– Some only work for tables with 2 rows, 2 
columns, while others are more flexible

– They are based on different methods, and each 
have slightly different properties

♦ Commonalities
– Zero represents no association between 

variables

– 1 and -1 represents strong association
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Measures of Association 
♦ Phi coefficient (Φ)

– -1<= Φ <=1 for 2x2 tables

– 0 <= Φ <= min (sqrt (r-1), sqrt (c-1)) otherwise

♦ Contingency coefficient (C)
– 0<= C <=1

♦ Cramer’s V
– -1 <= V <=1 for 2x2 tables

– Otherwise, 0<= V <=1
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Symmetric Measures

-.139 .282

.139 .282

.138 .282

60

Phi

Cramer’s V

Contingency Coefficient

Nominal by
Nominal

N of Valid Cases

Value Approx. Sig.

Not assuming the null hypothesis.a. 

Using the asymptotic standard error assuming the null
hypothesis.

b. 

Strength of the association

Significance of the association
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Summary
♦ Association between two categorical variables

– 1. Cross-tabulation

– 2. Chi-squared test of independence
• Assumption: two categorical variables, random sample, large 

sample size

• H0:  Variables are statistically independent

H1:  Variables are statistically dependent

• Calculate Chi-squared test statistic

• df=(r-1)(c-1), C.V.

• Compare and conclude

– 3. Measures of association
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Chi-square Test Using SPSS
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ab * Gender Crosstabulation

5 8 13

6.7 6.3 13.0

26 21 47
24.3 22.7 47.0

31 29 60

31.0 29.0 60.0

Count

Expected Count

Count

Expected Count
Count

Expected Count

  n

  y

ab

Total

Female Male

Gender

Total

Chi-Square Tests

1.159b 1 .282

.582 1 .445

1.165 1 .280

.355 .223

60

Pearson Chi-Square

Continuity Correctiona

Likelihood Ratio

Fisher’s Exact Test

N of Valid Cases

Value df
Asymp. Sig.

(2-sided)
Exact Sig.
(2-sided)

Exact Sig.
(1-sided)

Computed only for a 2x2 tablea. 

0 cells (.0%) have expected count less than 5. The minimum expected count is 6.
28.

b. 

Symmetric Measures

-.139 .282

.139 .282

.138 .282

60

Phi

Cramer’s V
Contingency Coefficient

Nominal by
Nominal

N of Valid Cases

Value Approx. Sig.

Not assuming the null hypothesis.a. 

Using the asymptotic standard error assuming the null
hypothesis.

b. 
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Small sample, 
use Fisher’s Exact test


