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Abstract

This paper applies queueing theory to derive the equilibrium of a
labor market with frictions. Queueing arises when workers can get jobs
by waiting at a firm for a position to open. Queueing theory provides
expressions for the expected numbers of vacancies, searching workers
and queueing workers. As the ratio of workers to firms increases,
unemployed workers shift from searching for vacancies to waiting in
queues.

1 Introduction

Queueing arises when individuals are not able immediately to obtain services
or goods they seek and instead must wait while others are served or receive
the goods before them. Queueing arises naturally in circumstances where
sellers’ capacity to provide services is limited or when sellers cannot keep
a sufficient inventory of goods. Queueing theory can be used to describe

*The author is indebted to John Kennan, Adrian Masters and Robert Shimer for helpful
comments. Any errors are the responsibility of the author.



the outcomes of processes using simple assumptions of agent behavior or it
can be embedded in market contexts where agent behavior is endogenous.
With different perspectives, statistics and probability, operations research
and economics all contribute to queueing theory.

This paper considers the possible application of queueing theory in labor
contexts and relates the subject to searching and matching. Basic questions
include whether queueing phenomena occur in labor markets in any form
and whether institutions that promote queueing could increase the efficiency
of labor markets. Further questions include whether queueing theory can
provide a microeconomic foundation for aggregate labor market phenomena
and whether it can contribute to matching models. In addition to waiting
unemployed in a queue for a job to open up at a firm, queueing in a labor
market could take the form of queueing within a firm, waiting for a job in an
industry, and waiting or queueing while employed at another firm.

Queueing theory as a discipline was developed by Agner Krarup Erlang.’
Erlang began his career as a schoolteacher but continued his studies of math-
ematics and probability. Dr. F. Johannsen wrote two early papers providing
approximate solutions to outcomes in telephone exchanges (“Waiting Times
and Number of Calls,” in 1907, and “Busy,” in 1908). In 1908, Johannsen
asked Erlang to treat the problems mathematically. The Copenhagen Tele-
phone Company appointed Erlang as head of a research laboratory on tele-
phone problems. In 1909, Erlang demonstrated that telephone calls arrive
according to a Poisson process (“The Theory of Probabilities and Telephone
Conversations”). In 1917, he wrote his most significant paper on the subject,
“Solution of Some Problems in the Theory of Probabilities of Significance in
Automatic Telephone Exchanges.”

As a background to extensions of queueing theory, consider the single
server problem that is often presented in texts on probability and statistics.
Buyers arrive at a firm and wait in line (queue) until they are served, obeying
the queue discipline “First In First Out.”?> With a single server, buyers do

'E. Brockmeyer, H.L. Halstrom and Arne Jensen (1948) have written a book about the
life and works of A.K. Erlang, available online at oldwww.com.dtu/teletraffic/Erlang.html.

2See Cox and Smith, 1961; Gnedenko and Kovalenko, 1989; and Gross and Harris,
1985, for standard treatments of queueing theory. Basic treatment of queueing theory
can also be found in texts on probability and stochastic processes such as Feller, 1957;
Karlin, 1966; Karlin and Taylor, 1981; Saaty, 1961; and Taylor and Karlin, 1984. Hassin
and Haviv, 2003, present recent developments in queueing theory including applications
of game theory.



not search for different queues or “balk” by refusing to enter the queue when
it is too long. Suppose the arrival of buyers is a Poisson process with average
rate of arrival a. Suppose the rate at which buyers get the good when
they get to the head of the queue is 0. The traffic intensity of the process
is p = a/o (defined in honor of Erlang after his death in 1929). It can
be shown that the portion of time the server is idle (with no one in the
queue) is 1 — p, and the expected number of buyers waiting in the queue is
p/(1—p). Thus the queueing process generates a relation between the number
of buyers in the queue, the proportion of time the server is idle, and sales
(given by po = «). This relation is equivalent to the “matching function”
in labor economics, which relates the number of unemployed workers, the
number of vacancies and the number of matches. This relation is inherent in
the queueing process and does not rely on any assumptions about searching
behavior of buyers. (Margaret Stevens, 2007, goes significantly beyond this
by providing a queueing theoretic foundation for a specific labor market
matching function based on behavioral assumptions.) The queueing process
also generates frictions in the form of positive probabilities of idle servers and
queueing buyers. (With multiple servers and no balking by changing queues,
there will be simultaneous server idle time and queueing buyers.)

Now consider how going beyond the single server model begins to involve
economic behavioral assumptions. Extending the single server model to mul-
tiple servers introduces the problem of how buyers find queues. Buyers must
then find a queue to enter, and may engage in search among servers. With
alternative servers, buyers may choose not to stay in a queue (i.e., they may
“balk”). Since servers suffer losses from idle time, they can offer a lower
price for the service or good in order to attract arrivals (consequences of a
lower price depend on the information available to buyers). This introduces
a pricing mechanism into the queueing process. Other behavior that is rele-
vant to the queueing process includes action to change position in the queue
depending on the queue discipline; sellers’ decisions to enter the market with
an additional server; and sellers’ decisions to offer more attractive combina-
tions of queue length and price. Game theory enters in priority auctions, in
which a person in the queue bids to advance in the queue (Moldovanu and
Kittsteiner, 2005). There is therefore a rich interplay between the economic
context, assumptions about the queueing process, and economic behavior. In
this way, a market equilibrium, with prices and quantities, can be determined



for a market with queueing.?

Additionally, queueing theory can contribute to the analysis of market
disequilibrium. In a Walrasian market model with an auctioneer, no trades
occur out of equilibrium. If prices are such that markets do not clear, the
auctioneer adjusts the prices until the equilibrium allocation arises, at which
point trade commences. With price determination linked to allocation, the
Walrasian model is uninformative about disequilibrium behavior or how mar-
kets actually clear (Dennis Carlton, 1989; Sattinger, 2002b). In contrast, a
market model with queueing operates to allocate goods or services whether
or not prices are in equilibrium. Decentralized choice of queues by buyers
generates compensating expected wait times. As a consequence, a market
with queueing involves one mechanism that allocates goods or services in all
circumstances and a separate mechanism to change prices over time. The
significance of this separation of pricing from the allocation mechanism is
that a market with queueing can be used to study the consequences of price
dispersion and the dynamics of price adjustment over time.

Queueing can be applied in a natural manner to labor markets since labor
is a non-storable service. Either firms could queue at workers (the providers
of services) or workers could queue at firms. It is possible to construct a
queueing model of a labor market completely without search, depending on
assumptions. For example, with standard assumptions for the rest of the
model, suppose workers have full information about queue lengths at firms.
Unless queues increase in length indefinitely, there must always be vacancies,
so workers would never choose a firm with a worker in queue. If the number of
workers is sufficiently high that some queueing will occur, both vacancies and
unemployment (in the form of worker queueing) could occur simultaneously
without any search taking place.

However, since search occurs naturally in a multi-server queueing model
without full information, it is more appropriate to construct a model with
both queueing and searching. The following schematic shows one way in
which queueing could occur in a labor market. Workers leave firms at a fixed
rate. Firms can allow workers to enter a queue to take the next available job
at the firm. If there are workers in the queue, a firm can avoid vacancies.

3See Allon and Federgruen, 2004; Knudsen, 1972; Leeman, 1964; Naor, 1969; Sattinger,
2002a; and Stahl, 1987, for applications of queueing in market contexts.

4The model developed by Lagos (2000) in the context of taxicabs and locations gener-
ates frictions endogenously. The model, which exhibits some aspects of common resource
problems, would be well suited to a queueing theoretic treatment.



Otherwise, with no workers in the queue, a firm would experience vacancies
when workers leave. Unemployed workers search among firms either for a
vacancy or for a queue that is not too long. With fairly straightforward
assumptions, it is possible to obtain analytical expressions for the expected
numbers of firm vacancies, searching workers and queueing workers for a
given aggregate ratio of workers to firms. Queueing modifies the results of a
labor market with only search behavior. At low ratios of workers to firms, the
labor market operates in the same manner whether or not queueing occurs,
since vacancies would be common and queues would be rare. At high ratios of
workers per firm (and with high unemployment), most unemployed workers
would be waiting in queues, and vacancies would be substantially reduced by
the presence of queues. Most workers would be searching for queues to join
rather than vacancies.

In addition to modifying the outcomes in a search and matching model,
queueing methodology can be used to generalize the standard model without
requiring queueing. In the standard model, a job is coextensive with a firm.
This greatly simplifies the analysis and is justified by assuming that every
job is different. As a consequence of the one worker-one job assumption, jobs
are in one of two states, filled or vacant, and the proportions of time in each
are easily expressed in terms of the matching function and ratios of workers
to jobs. However, it is unnecessary for the standard model. A firm with n
workers will have n + 1 states depending on the number of vacancies. The
proportions of time in each of these states can be calculated using methods
of queueing theory. (If there are also queues, the number of states will be
greater.) Then it is possible to dispense with the fixed proportions technology
of one worker per firm.

As an alternative to the development in this paper, it is possible to con-
sider queueing as the result of on-the-job search. Currently employed workers
could queue at firms without vacancies, prepared to shift to the firm if a va-
cancy arises. In that way, a firm could avoid the cost of a vacancy, and
workers could wait in a queue for a higher-paying job without losing their
current income.

The next section develops the queueing theory of a symmetric equilibrium
model of labor market equilibrium. This includes determination of the pro-
portion of time firms have vacancies and queues, the maximum queue length,
the proportion of worker times spent employed, searching and queueing, the
firm arrival rate given the ratio of workers to firms, and the wage rate. Section
3 shows how a labor market with queueing generates a dual wage equilibrium
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Figure 1: Schematic of Labor Market with Queueing



at higher arrival rates.” Section 4 describes the operation of a labor market
with queueing. In particular, the operation changes qualitatively as the ratio
of workers to firms increases, shifting from searching to queueing. Section 5
summarizes conclusions, discusses applications, and describes how queueing
workers would appear in the Current Population Survey.

2 Symmetric Equilibrium Model

2.1 Overview and Definitions

This section describes the steady-state symmetric equilibrium in a model of
labor queues in continuous time. The next section will extend these results to
equilibria that are not symmetric, specifically with two arrival rates at firms,
two wage rates and two unemployment rates. Nonsymmetric equilibria arise
at higher ratios of workers per firm.

Production at a firm is proportional to employment up to a maximum
n, the same for all firms. A firm employing j workers has n — j vacancies.
Unemployed workers may contact the firm to see if there is a vacancy and
can also decide to enter a queue to wait for a job if the queue is not too
long. Suppose workers in a queue are hired in the order that they enter the
queue (i.e., the queue discipline is First In First Out). Define the balk level
q as the maximum length of a queue, so that an unemployed worker would
refuse to enter a queue of length ¢ or longer. Let o be the arrival rate of
unemployed workers at a firm looking for vacancies or a queue shorter than
q. Suppose there are Ny, workers and Np firms. The arrival rate will be
determined endogenously from the ratio of workers to firms in Section 2.5.
Let v be the rate at which employed workers depart jobs. Assume ~ is the
same for all workers and firms. Let —i be the firm’s state when there are ¢
vacancies, i = 1,n, and let p_; be the (long run) proportion of time a firm is
in this state. Let ¢ be the firm’s state when it has ¢ unemployed workers in
the queue for a job, ¢ = 1, ¢, and let p; be the proportion of time the firm is
in this state. Let 0 be the state when the firm has n workers with no workers
in the queue and let py be the proportion of time a firm is in this state. The
proportions p;, i = —n, ...q, are determined by the arrival and departure rates
a and v and are derived in Section 2.2. At higher arrival rates «, firms are

®Gaumont, Schindler and Wright, 2006, review labor markets that generate dual wage
equilibria.



less likely to have vacancies and more unemployed workers are in queues.

Workers maximize their present discounted asset values from future em-
ployment with an infinite horizon. They know wage rates and expected queue
lengths at different firms (which would be identical in a symmetric equilib-
rium) and can calculate the value of searching at different firms. Workers
do not know actual queue lengths and therefore do not direct their search
towards firms with shorter actual queues. Firms offer wages that do not vary
with queue length.

Among firms paying the same wage rate, workers optimally choose the
balk level ¢ by comparing the expected time until they get a job if they
continue searching with the expected time if they join a queue with ¢ —
1 workers in queue ahead of them. Let Vg, Vs and Vy be the expected
asset values for a worker entering the states of employment, searching and
queueing, respectively. These asset values are derived in Section 2.6. An
individual firm takes the asset value of searching, Vs, as given. An individual
firm can choose the wage rate it pays but then the arrival rate at the firm
will adjust to a level such that the value of searching at the firm is the same
as searching in the rest of the labor market, given by Vg, with balk level ¢
adjusting. The firm optimally chooses the wage subject to the constraint on
the arrival rate. It is then possible to determine the symmetric equilibrium
of a labor market consisting of identical workers and firms.

2.2 Steady-State Firm Proportions of Time in Each
State

Following standard procedures in queueing theory, proportions of time a
firm is in each state can be found from transition rates into and out of
particular states. Beginning with the state of no workers (state —n), the
average transition rates for a firm into and out of the state must be equal:

YP1—n = QP_y, (1)

The average transition rate of firms into state —n equals the departure rate ~
times the proportion of time the firm is in state 1 —n. The average transition
rate of workers out of state —n equals the arrival rate of workers « times the
proportion of time the firm is in state —n.

The average transition rate into state 1 —n arises from worker departures
when the firm is in state 2 — n and arrivals when the firm is in state —n.



The average transition rate out of state 1 — n arises from worker arrivals or
departures. Setting the flows equal yields

27p27n +ap_, =api—n + VP1-n (2)

Similarly, the average transition rates into and out of state j —n, with n — j
vacancies, are

(J + 1)yPj+1-n + OPj—1-n = OPj—p + jVDj-n (3)

The firm moves into state j — n from state j + 1 — n when any of the j + 1
workers depart, or from state j — 1 — n when a worker arrives. The firm
moves out of state ; —n when a worker arrives or when any of the j workers
departs. In state —1, with one vacancy, the average transition rates are

nypo + ap_s = ap_1 + (n — 1)yp_y (4)

When the firm has workers in the queue, n workers are employed. Then
the average transition rates in states 0 and 1 are

nyp1 + ap_1 = apo + nypo (5)
nype + apo = api + nypy (6)

In state j > 0,
nypj+1 + apj_1 = ap; + nyp; (7)

and in state ¢
apg-1 = NPy (8)

The equations 1 through 8 can be solved for the proportions p;, i = —n, q.
First, the proportions of time that the firm has vacancies can be expressed
in terms of p_,. From 1,

«
P1—n = —P-n (9)
Y
Combining 1 with 2 yields
2’7p2—n + ap_n + YP1—n = QP1—n + YP1—n + ap_n (]-O)



Canceling out terms yields

1o 1 [« 2 (1)
P2—n = 2 f}/pl—n - 9 v P—n

Similarly, combining equations for successive numbers of vacancies yields

1l « 1 a gt
= ———pi = —— | — . 12
Preten = 5951 (j+ 1) (7) P (12
From 4 . . "
«Q «Q
Po=——p1=— <—> D-n (13)
n -y n! \ vy

In the second step, the proportions of time with workers in the queue can
be expressed in terms of p,. Beginning with 8,

9
Pg—1 = napq (14)

Then at successively lower numbers of workers in the queue,

7y YN\
pj =n-pjp1 =nt’ <a) Pq (15)
At =1,
Y q
po = n (a) Pq (16)

Now solve 9 through 16 to yield the proportions of time in terms of pyg,
the proportion of time with no vacancies or workers in the queue.

n! Y\J ‘

e B (a) po, J=1,mn (17)
-« J

pj = n’ (;) po, J=1,q (18)

The sum of all the proportions of time must add up to 1, so that

e REES Wal ) I
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An immediate consequence of 17 through 19 is that it is possible to calculate
the proportions of time that the firm has vacancies or workers in the queue.
The effects of variables and parameters on these proportions follow directly.
The proportion of time the firm has vacancies decreases and the proportion
of time the firm has workers in the queue increases as the arrival rate «
increases, the departure rate v decreases, or the balk level ¢ increases.

2.3 Balk Level ¢

Workers are free to balk at joining a queue to get a job. If wage and arrival
rates were the same for each firm, a worker would balk at joining a queue if
the expected wait time until employed would be greater than if the worker
continued searching for a vacancy or a shorter queue. The comparison gen-
erates a condition that determines the optimal balk level for workers in a
symmetric equilibrium.

Consider first the expected wait until getting a job when there are j
workers currently in the queue and the balk level among workers is ¢, j < g.
The rate at which the firm experiences the loss of a worker is yn. If the
worker joins the queue, j + 1 workers must leave the firm before the worker
gets a job. The probability density function for the waiting time until 7 + 1
events is

yn (ynt) e
The expected time until the worker gets a job, if there are already j workers
in the queue, is

(20)

J+1
n
If there are ¢ — 1 workers in the queue, and the worker joins the queue, the
expected wait would then be ¢/(yn).

Now consider the alternative that arises if the worker continues search-
ing. Suppose the worker meets firms at the rate m, a constant that does not
depend on the number of workers searching.® The worker gets a job imme-
diately if the firm has a vacancy, joins the queue if the length is less than

(21)

6 As in search theory, it would be possible to incorporate a matching function relating
the rate of meetings between workers and firms to the ratio of searching workers to firms.
At this stage in the development of labor queues, the simpler assumption that m is constant
is adopted.

11



the worker’s balk level, and continues searching if the queue length equals
or exceeds the worker’s balk level. In a symmetric equilibrium, all workers
would have the same balk level and all firms would have the same proportions
of time with vacancies and queues. The expected proportion of time a firm
is in a particular state will equal the expected proportion of all firms in that
state at a particular point of time. If the balk level for all workers and firms
is q, the expected wait time until employment, conditional on a firm having
a queue to enter, is

-1 .
> opi(G+1)/ ()
1
Z?:o bj
The expected time until employment for a searching worker, Es[q], satisfies
the implicit condition generated by the alternatives facing a searching worker:

(22)

ol = 403y S =R ) ()

Solving for E[q| yields

1 1 q-1
E,lq] = - (74+1 24
=12 (24 X+ 1/6m)) (21)

Now consider whether ¢ is a balk level that could prevail for all workers
in equilibrium. If

4 < Eglq] <

q+1
o on

then workers facing queue length ¢—1 or less would join the queue. Addition-
ally, workers would balk at joining a queue of length ¢q. Then ¢ would be an
equilibrium balk level. Suppose instead that ¢/(yn) is also less than Fg[q].
Then consider ¢ 4+ 1 as the possible equilibrium balk level. In recalculating
the expected wait time from searching for balk level g + 1, Eg[q + 1] could
increase or decrease. If Eg[q + 1] > q/(yn), ¢ + 1 could then be considered
as the equilibrium balk level. Suppose instead that Fg[q + 1] decreases (i.e.,
is less than FEg[q]) and Eglg + 1] < ¢/(yn) if all workers chose balk level
¢+ 1. Then there would be a mix of workers choosing balk levels ¢ and ¢+ 1
such that workers would be indifferent between the two balk levels and the
expected time until employment would be ¢/(vyn) for workers with both balk

(25)
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levels.”. Considering sequentially higher balk levels (and checking for mixed
balk levels), a balk level consistent with symmetric equilibrium arises for the
first value such that 25 holds.

Figure 2 shows the calculation of the balk level for particular paramet-
ric assumptions, assuming workers face a single arrival rate in a symmetric
equilibrium.® It exhibits general features of the relation between the balk
level and the arrival rate. Since the balk level only takes integer values, it
is a non-decreasing step function of the arrival rate. At low arrival rates,
firms have many vacancies on average and the expected time until employ-
ment depends mostly on the rate at which searching workers meet with firms.
Then the balk level will be constant over a wide range at low arrival rates, as
shown in the figure.® As the arrival rate increases, vacancies at firms decline,
the expected wait until employment for searching workers increases, and the
optimal balk level goes up. At high arrival rates, firms generally have queues
and few vacancies, and searching workers must find a queue to join in order
to get a job. The balk level then goes up rapidly as vacancies disappear.

The rapid increase in the balk level at higher arrival rates can also be
understood in terms of formal queueing theory. Consider a queueing process
with arrival rate «, service rate o at a single server, and no balking. As the
ratio /o (the erlang or traffic intensity) increases and approaches one, the
expected queue length increases indefinitely. In labor queues, as the ratio
a/(yn) increases, the expected queue length also increases. With reduced
alternatives to joining a queue as «/(yn) increases, workers increase the
length of the queue they are willing to join.

2.4 Worker Times Spent in Each State

As a step towards the construction of asset values for workers in each state,
it is necessary to calculate the proportions of time workers spend in each
state, taking the arrival and departure rates and the balk level as given. Let
T; be the proportion of time workers spend in state 7, where the states are

"The specifics of such a solution can be determined from the condition that the expected
times until employment equal g/(yn).

8The figure assumes n = 20, p = 1, b = 2, v = .1, r = .05, m = 1, and K = 2.
Variation in arrival rate arises from variation in the ratio of workers to firms.

91f instead the meeting rate depended on the ratio of vacancies to searching workers, as
in the standard matching function for search models, the expected time until employment
would approach zero at lower arrival rates and the balk level would also approach zero.
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E, @ and S for employed, queueing and searching, respectively. Let S;; be
the transition rate for workers from state ¢ to state j, where the possible
states are again F, () and S. Equating flows of workers into and out of states
generates the following three conditions.

SQETQ+SSETS = SpilEg (26)
SESTE = SSETs—l-SSQTS (27)
SSQTS = SQETQ (28)
In the above,
SSE e mzj:1p j (30)
q—1
SSQ = mzj:()pj (31)

q q .
Sop = Y . pi/Y . b (32)

In 32, Sgg solves the condition that the average number of workers in a
queue (given that there is a queue) times the transition rate into employment
equals yn, the rate at which jobs become available when there are n workers
employed. Imposing the condition that Tx + Ts 4+ T = 1 and substituting
the transition rates from 29 through 32, it is possible to solve for Tg, T's and
To.

2.5 Arrival Rate «

The arrival rate « is determined endogenously and in a symmetric equilibrium
does not depend on the wage rate. Let Ny, be the number of workers and let
Nr be the number of firms (assuming the labor force is fixed). The expected
number of workers at a firm is given by

Fp=3 (n=ilp-j+ Y _ mp, (33)

In equilibrium, the number of workers employed can be calculated as the
number of workers times the proportion of time employed or as the number
of firms times expected employment per firm. Setting the two measures of

15



the number of workers employed equal yields:
NwTg = NpFg (34)

Since Tr and Fg are functions of «, 34 provides a condition on « (treating the
balk level ¢ as being determined by «). As « approaches zero, employment
per firm approaches zero, the transition rate from searching to employment
approaches m (since almost all firms have vacancies), and T approaches
m/(m + 7). As « increases, employment per firm increases, the balk level
goes up or stays the same, and Tx declines. As « continues to increase, em-
ployment per firm approaches n and Tr approaches zero. There will therefore
exist an arrival rate such that 34 holds, and the arrival rate will be unique.
The relation between the arrival rate o and the ratio of workers to firms can
be found by solving 34 for Ny /N as a function of a.

2.6 Worker Asset Values for Each State

Let V;,7 = FE, S and @, be the expected asset values for workers entering each
of the three states.!? Since workers in a queue become employed after some
time, Vg can be calculated from Vg by discounting. Let r be the discount
rate used by workers to calculate the present value of future income. Then
if a worker enters employment ¢ units of time later, the present value of the
asset value Vg is e "'V, i.e. Vg is discounted by a factor e~ If there are j
workers in line, the expected discount factor is

[ slwtemae= (Y (39

where f;[t] is from 20. Multiplying discount factors by the probabilities of
queue lengths and summing over queue lengths yields the expected discount
factor, Cpr :

q
) 1_ a
Cop = Zq'—lpj ( n )] M-« ('yn+r> (36)

=0 m+1r)  An—a+r 1_<i>q
yn

10The expected asset value while in the queue will differ from the expected asset value
upon entering a queue since the expected time until employment will decline as the worker
advances in the queue.
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Then
Vo = CprVE (37)

The other relations among the asset values are

rVg = w+ ’}/(VS — VE) (38)
rVs = b+ Sse(Ve —Vs) + Ssq(Vg — Vs) (39)

where Sggr and Sgq are given by 30 and 31. Then it is possible to solve for
the worker asset values Vg, Vi and Vj. The solution for Vg is:

Ve = w(bSSE + CDFSSQ> (40)
r(r 4+ bSse + Ssq) +v(r + (1 — Cpr)Ssq)

where Cpr, Ssg and Sgq are functions of a.

2.7 Firm Profits

As a further step towards determination of the equilibrium wage rate, firm
profits can be expressed as

T=(p—w)Fg—rnK (41)

where p is the price of output, w is the wage rate, F is expected firm
employment from 33, and K is the amount of capital required per position
at the firm. The interest rate r is assumed to be the same as the worker
discount rate, although this simplification is not essential. Firms choose a
wage rate to maximize firm profits, with Fz depending on the arrival rate
and corresponding balk level at the firm.

2.8 Wage Determination

Wage determination in the symmetric equilibrium of a labor queueing market
follows the methodology in queueing markets for products (Sattinger, 2002)
and is based on similar methods in product and labor markets (Carlton,
1978, 1989; Sattinger, 1990; and Moen, 1997). The method assumes that a
firm can attract more workers to search at it by offering a higher wage, as in
models of directed search with wage posting.

Suppose that workers are able to achieve an expected value of searching

17



given by Vg. Each firm is small relative to the labor market and takes Vg as
given. Suppose that, starting from a symmetric equilibrium, a firm deviates
by offering a higher wage than other firms. If workers can influence where
they search, they would initially be more likely to search at the firm with the
higher wage. To be consistent with the previous assumption that workers get
interviews at the rate m, assume that workers can change the probabilities
that interviews occur at specific firms without changing the interview rate.
Then in response to a higher wage rate, the arrival rate at the firm would
increase, reducing the likelihood of vacancies, lengthening the expected queue
length, and reducing the value of searching at the firm. Workers could choose
an optimal balk level at the firm that could differ from balk levels at other
firms. Eventually, the arrival rate at the firm would rise to a level such that
the value of searching at the firm, given by Vs in 40, falls to the level in the
rest of the labor market, Vg. At that arrival rate, workers would not change
further their probabilities of getting interviews at different firms. In response
to a wage rate that deviates from the prevailing wage rate, worker behavior
generates an arrival rate such that the value of searching at the firm is the
same as searching at other firms in the labor market. Treating the arrival
rate at the firm «; as a function of the firm’s wage rate w;, the firm maximizes
profits in 41 with respect to w;. The second order condition on maximizing
firm profits requires

0*Fg/0ai  0*a;/ow?
(p=wi) ( 0Fy/0a;  Oay/dw ) —2<0 (42)

The symmetric equilibrium for the labor market consists of an arrival rate
satisfying 34, and a value of searching Vs and wage rate w that satisfy 37
through 39 and the firm’s first and second order conditions for maximization
of profits (with firm proportions and balk level determined as before from
Q).

Figure 3 shows how wages are determined in a symmetric equilibrium,
using the same parametric assumptions as in Figure 2 and an equilibrium
arrival rate of 1.6.!' The equilibrium solution (with @ = 1.6 and w = .899)
yields a value of searching in the market of Vg = 15.93. The indifference curve
in Figure 3 shows all combinations of wage and arrival rate at a firm that
yield V. The equilibrium also generates firm profits of -.446. The isoprofit

HU'Moen (1997, p. 393) provides an analogous figure showing the determination of the
wage.
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curve shows all combinations of wage and arrival rates that yield the same
level of profits. At the point of tangency, firms are maximizing their profits,
taking Vs as given. The locus of tangencies in Figure 3 shows the equilibria
that would arise with other arrival rates.

3 Dwual Wage Equilibria at Higher Balk Lev-
els

3.1 Incentives to Deviate from a Symmetric Solution

The previous section described the symmetric equilibrium that would prevail
at arrival rates such that the balk level was at a minimum. To understand
why a symmetric equilibrium would not prevail at higher arrival rates, sup-
pose all firms faced an arrival rate @ that yields a higher balk level than the
minimum and consider a firm’s incentive to deviate from that solution. To be
specific, suppose the parametric assumptions for Figure 1 hold and suppose
all firms face an arrival rate of @ = 2.2. Then workers would choose a balk
level ¢ = 3, higher than the minimum balk level of 2 that holds for arrival
rates between 0 and 2.019.

At @ = 2.2, the cost to workers of the increase in balk level to 3 is greater
than the benefit of the higher balk level to firms. Specifically, if all workers
could agree to set ¢ = 2, workers would be just as well off if the wage rate
were .565, but firms would be just as well off if the wage were .567. Although
a solution with ¢ = 2 and a wage rate of .566 would make both workers
and firms better off, this solution is infeasible since it is inconsistent with
individual worker choice of balk level.

With the parameter values from Figure 2, an individual firm has an in-
centive to deviate from the symmetric solution by lowering the wage a small
amount. Define o, as the arrival rate at which the balk level jumps from j
to j + 1. In response to the lower wage rate, workers would refuse to search
at the firm as long as the arrival rate were greater than «,». When the arrival
rate falls to a2, workers would be willing to search at the firm but would
set a balk level of 2 (workers could do better by continuing to search than
by being third in the queue at a firm paying a lower wage rate than other
firms in the labor market). By offering workers a lower balk level and arrival
rate, a firm can lower the wage enough to make a greater profit than at the
symmetric solution. Therefore when a@ > a2, the symmetric solution cannot
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be an equilibrium.

The condition for firms to deviate from a symmetric solution at @ can be
developed formally as follows. Let Vg be the value to workers of searching
at firms in the symmetric solution at @, and let Py be the profits of those
firms. Let Wy (Vs, a, q) be the wage rate for a worker that would yield a
value of searching Vg at a firm with arrival rate « if the balk level is ¢. Let
Wg(Pr, a,q) be the wage rate for a firm that would yield a profit rate Pg
when the arrival rate is a and the balk level is q. Suppose j is less than the
balk rate at @. Then a firm has an incentive to deviate from a symmetric
solution at @ whenever

WF(P_R,Oéqj,j>_WW(VS,Oéqj7j) >0 (43)

The reason firms have an incentive to deviate from a symmetric solution
is that worker choice of a higher balk level generates more negative externali-
ties for other workers than it generates positive externalities for firms. Firms
then have an opportunity to offer a better combination of labor market op-
portunities at a lower wage.

3.2 Equilibrium with Higher Arrival Rates

Now consider how the labor market evolves as more firms start to offer lower
wages for lower balk rates. As the number of firms offering a lower wage at
Qg2 increases, the arrival rate at remaining firms increases. Then there are
two possible types of equilibrium in the market. First, suppose @ reaches
a level (less than ay3) such that the symmetric solution generated for @ in
Section 2 yields

WF<P_R7 g2, 2) - WW(VSa g2, 2) =0 (44)

Then at w = Wg(Pg, g, 2), firms would make the same profits whether
they chose aye or @, and workers would be indifferent between searching at
the two types of firms. (The numbers of workers and firms choosing the
two submarkets will be determined in the next subsection.) Since workers
and firms are indifferent between the two submarkets, the wage rate, value
of searching and profit rate for @ will be as determined in Section 2 for a
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symmetric equilibrium.!? Considering the two markets together, there will
be two arrival rates, two unemployment rates and two wage rates. For firms
choosing @, the wage rate and unemployment rate will be higher than for
firms choosing as.

If 44 does not hold for some @ between o, and a3, then firms would
continue to prefer o until @ = 3. Then the wage rate would no longer be
determined by the tangency condition in the symmetric solution of Section
2. Instead, there would be two wage rates, w2 and w3, such that the worker
values of searching would be the same at firms with the two arrival rates, and
firm profits would also be the same. These two conditions (equality of the
values of searching and of the profit rates) generate analytical expressions
for the two wage rates, so the solution exists and is unique. The wage rate is
higher at firms with the higher arrival rate and balk level. The higher wage
rate compensates for a lower expected time employed. The wage rates do
not depend on the proportions of firms choosing age and ays.

Since a3 is a corner solution for firms (the maximum arrival rate without
workers increasing their balk levels to 3), the condition for equilibrium is that
the slope of the isoprofit curve (the change in the wage rate in response to
a change in the arrival rate, holding the balk level fixed) should be steeper
than the indifference curve at o,3 and wgs. Then firms would not gain by
offering a marginally lower arrival rate (by lowering the wage) and could not
offer a higher arrival rate without generating a higher balk level that would
make workers much worse off.

3.3 Proportions of Firms and Workers Choosing Ar-
rival Rate Submarkets

If the equilibrium consists of some firms choosing one arrival rate and the
rest choosing a higher arrival rate (with a higher balk level), the proportions
of workers and firms choosing each can be determined in a straightforward
manner. Suppose that the two arrival rates are oy and «s, with the average
rate at all firms given by o, a; < a < ay. Let Pry be the proportion of firms
choosing a;. Then

PF1051 + (]_ - Ppl)OZQ = (45)

12 Assume workers and firms consistently choose one type of submarket over time. Then
the submarket with arrival rate @ can be considered in isolation, and the symmetric
equilibrium from Section 2 applies.
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Rearranging,
Qo — (X

Ppy =

46
p—— (46)

Let Py be the proportion of workers choosing oy, let (Ny /Ng); be the
ratio of workers to firms choosing «;, and let Ny /Np be the ratio of all
workers to all firms for the aggregate labor market. Then

(Nw/Np)1 = ];—V;:]]\\ff—‘;/ (47)
(Nw/Nr)2 = (1= Pry) Ny (48)

From 34,
(Vi Np): = 7 (49)

where Fg; is employment per firm with arrival rate a; from 33 and Tg; is
proportion of worker time employed from Section 2.4. Then it is possible
to solve 47 and 48 for the proportion of workers Py, and aggregate ratio
Nw /Np in terms of a, a; and as. The worker proportion Py, approaches
zero as Pr approaches zero, and approaches 1 as Pr; approaches 1. The
relationship is roughly (but not exactly) linear.

3.4 Dual Wage Numerical Solutions

This section calculates the dual wage equilibria for arrival rates that gener-
ate balk rates greater than the minimum, using the parametric assumptions
for Figure 2. Table 1 presents the arrival rates at which balk levels jump,
together with tests for the presence of a dual wage equilibrium. In the row
for balk level 2, the lower arrival rate is o2, the arrival rate at which the
balk level jumps to 3. The upper arrival rate, in column 3, is the arrival rate
at which the balk level jumps to the next level, 4. The incentive to deviate in
column 4 presents the calculation of Wr(Pg, aga, 2) — Wi (Vs, a2, 2). When
this difference is positive, firms would have an incentive to offer a lower wage
and a lower balk rate for some interval of arrival rates above a,. The con-
dition for a corner solution in column 5 calculates the ratio of the slope of
isoprofit curve to the slope of the indifference curve at a,3. When this ratio
is greater than one, firms with arrival rate ay3 and balk level 3 will not have
an incentive to raise or lower the arrival rate. Table 2 shows the conditions at
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the lower and upper arrival rates for dual wage equilibria, including workers
per firm, unemployment rate and wage rate.

4 Vacancies, Unemployment, Queueing and
Search

This section demonstrates the underlying relations derived in labor queues.
A fundamental result of search theory is that there will be an inverse re-
lation between firm vacancies and worker unemployment. This relation is
generated by the matching function, which yields the transition rates for
unemployed workers and firms with vacancies as a function of the ratio of
vacancies to unemployed (market tightness). Analogously, the results in the
previous sections on labor queues generate an inverse relation between firm
vacancies and worker unemployment as a consequence of the proportion of
time a firm has vacancies or queues shorter than the balk level. With labor
queues, however, unemployment consists of workers either searching or wait-
ing in queues. Labor market conditions (as reflected in the firm arrival rate
«) determine the mix of unemployed workers between those searching and
queueing. As « increases, the labor market passes from circumstances where
most unemployed workers are searching to circumstances where most are in
queues.

4.1 Arrival Rate Versus Workers per Firm

From Section 2.2, employment per firm, Fg, is an increasing function of the
arrival rate o, and the proportion of worker time employed, T, is a decreasing
function (with the balk level ¢ optimal at each «). In the dual wage equilibria,
the results of section 3.3 yield a relation between the average arrival rate o
and the aggregate ratio of workers to firms, Ny, /Ng Combining the results
from the symmetric and dual wage equilibria, the equilibrium arrival rate
will be a non-decreasing function of the ratio of workers per firm. Figure 4
shows the relationship for the same parametric assumptions as Figure 2 and
exhibits some general features.

At low ratios of workers per firm, most firms have vacancies because of
the low arrival rate, worker expected time to employment is constant, and
the balk level is also constant at the minimum level. When vacancies decline
at higher ratios of workers per firm, workers would raise their balk level as
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described in the previous sections. At the arrival rate at which a balk level
increases from the minimum, additional workers (from more workers per firm)
are absorbed in queues in the dual wage equilibrium. As the ratio of workers
per firm reaches high levels, vacancies decline to zero, and additional workers
are absorbed in increasingly lengthy queues without raising the arrival rate
significantly. As a consequence, the arrival rate approaches a maximal level.

4.2 Proportions of Workers Searching and Queueing

With queues, the labor market is qualitatively different at low and high
ratios of workers per firm. At a low ratio of workers per firm, firms often
have vacancies and seldom have queues. Unemployed workers are essentially
searching for vacant positions as in standard search theory. At a high ratio
of workers to firms, the arrival rate is high and firms rarely have vacancies.
Workers, to get a job, must find a firm with a queue shorter than their
balk level. Most unemployed workers are then in queues rather than actively
searching. Proportion of time spent searching remains substantially constant,
however, because workers must continue searching when they meet firms with
queues at the balk level.

Figure 5 shows proportions of workers searching and queueing as functions
of the ratio of workers to firms. The figure is constructed by combining
results from the symmetric equilibrium (in the interval for workers per firm
generating the minimum balk level) with the results for dual wage equilibria
at higher intervals of workers per firm. Proportion of time queueing starts
at negligible levels for low ratios of workers per firm and increases rapidly at
high levels when vacancies disappear. The proportion of workers searching
varies over a small range when workers per firm increase, as workers shift
from searching for vacancies to searching for queues shorter than their balk
levels.

4.3 Unemployment Versus Vacancies

A fundamental accomplishment of search theory is the generation of the
relation between unemployment and vacancies observed by Beveridge. This
relation is constructed by deriving the transition rates between employment
and unemployment and between vacant and filled jobs from the matching
function. Queueing provides an alternative relation between unemployment
and vacancy rates generated by the proportion of a firm’s positions that are
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vacant and the proportion of time workers are not employed. Unemployment
in a queueing model of the labor market is defined here as including searching
as well as queueing workers.'?

Figure 6 shows the Beveridge Curve generated by queueing using the same
assumptions as for earlier figures. Different points on the Beveridge Curve
arise from different ratios of workers to firms and the steady states resulting
from arrival rates. As with Figures 3 and 4, it combines results from the
symmetric and dual wage equilibria. The vacancy rate is given by 1 — F/n,
and the unemployment rate (combining searching and queueing) is given by
1 —Tg. The curve shares the general inverse shape with the Beveridge Curve
derived from standard search theory.

13Bureau of Labor Statistics procedures may not classify queueing workers as unem-
ployed. See Section 5.
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5 Conclusions

This paper has applied methods of queueing theory to the analysis of a labor
market with frictions. Queueing theory provides expressions for the equilib-
rium numbers of vacancies, searching workers and queueing workers in terms
of the arrival rate. As the ratio of workers to firms and the arrival rate in-
crease, unemployed workers shift from searching to queueing and the balk
level increases. At arrival rates that would generate a balk level greater than
the minimum, a dual wage equilibrium arises in which some firms have an ar-
rival rate at which the balk level would jump above the minimum level while
other firms would have a higher arrival rate (and a higher balk level and wage
rate). The results generate a Beveridge Curve without the assumption of a
non-trivial matching function. Queueing theory also carries implications for
the dynamic adjustment of labor markets with frictions. Changes in unem-
ployment take place mostly through the number of workers in queues rather
than through the number of workers actively searching. In a comparison
with the standard search and matching model, queueing places limits on the
numbers of unemployed workers who are searching. As a result, at higher
ratios of workers per firm, the arrival rate is lower when there is queueing.
This paper only sets forth a basic model of queueing in a labor market.
With this model established, there are several immediate questions that can
be addressed. First, how do outcomes of the model differ from outcomes
when queueing is absent? In particular, how is the ratio of vacancies to
unemployed affected by queueing? An evaluation of labor queues requires
that models with and without queues be placed on a comparable basis, so
that the only difference is the presence or absence of queues. One immediate
difference between the labor queues model introduced in Section 2 and the
standard search and matching model (Pissarides, 2000; Mortensen and Pis-
sarides, 1999) is the use of a matching function. Although the labor queueing
model can be constructed without a matching function, there is no inconsis-
tency and a matching function can be incorporated to facilitate comparison.
A second difference is that in the standard search and matching model, a
firm is coextensive with a single job. The job moves between the two states
of filled and vacant, generating a well-defined vacancy. Despite the almost
universal adoption of this simplifying assumption, it is unnecessary for the
construction of the basic relationships in a search and matching model. Sec-
tion 2 describes methods that can be applied to determine the probabilities
that a firm with up to n workers has 0 through n vacancies. In the stan-
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dard model, an unemployed worker searches only among jobs that are vacant.
The number of matches then depends on the numbers of unemployed workers
and vacant jobs. When firms are greater than a single job, it is necessary
to specify how the arrival rate varies with the number of vacancies at the
firm. However, to be consistent with the determination of state probabilities
in Section 2, the arrival rate must be independent of the number of vacancies
or number in queue. One resolution is to assume searching workers seek jobs
or queues at all firms, not just firms with vacancies. Specifically, assume the
number of interviews between workers and firms is given by m[S, N¢|, where
S is the number of searching workers not in queues, and N; is the number
of firms.!* An interview results in employment if the firm has a vacancy. If
there are queues and the queue length is less than the balk level, the interview
could result in a transition of the worker from searching to queueing. As in
the standard literature, assume m|[S, Ny] is a continuous, concave function of
its arguments and is homogeneous of degree one. With these assumptions,
the same matching function can be used for the model with and without
queueing. In this extension, queueing again places limits on the number of
unemployed workers who are searching. As a result, at higher ratios of work-
ers per firm, the arrival rate is lower when there is queueing. Then the wage
rate is less sensitive to the ratio of workers per firms when there is queueing.
Another general area for extensions concerns heterogeneous workers or
firms, corresponding to heterogeneous servers or customers. With this ex-
tension, the queueing model could explain the assignment of heterogeneous
workers to heterogeneous firms. Shimer (2005) considers queueing with het-
erogeneous workers in the context of coordination frictions. Heterogeneous
firms could generate common resource externalities in a queueing model (pos-
sibly relevant to the Lagos model, 2000). One source of firm heterogeneity
is firm size. Firm size effects have been extensively studied, and queueing
theory may provide alternative explanations for observed phenomena.
There are a number of efficiency questions related to queueing. Efficiency
of search has been analyzed in terms of search congestion and the external-
ities associated with the decision to enter the labor market. Search conges-
tion may be affected by queueing since queueing workers reduce the ratio
of searching workers to firms. Corresponding to search congestion, queueing
theory suggests that there will be externalities from the decision to enter a

14 This implicitly assumes that firms are passive in the matching process, except for their
influence on the arrival rate through the wage rate.
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queue because entry increases wait times for those who enter later (Hassin
and Haviv, 2003, pp. 18-19). Firm decisions to increase or decrease their
queue lengths will affect the arrival rate of workers at other firms. As noted
above, heterogeneous firms could generate common resource externalities if
workers choose firms on the basis of average queue length rather than mar-
ginal queue length increase.

Immediate evidence of labor queues is lacking because of the absence of
direct measures in U.S. labor force statistics. In the Current Population
Survey, a person who is waiting to start a job is not separately classified
as in a queue. Instead, the individual could be classified as unemployed or
out of the labor force depending on whether he or she meets the criteria for
unemployment (primarily having actively looked for a job within the last
four weeks). Before 1994, a person waiting to start a new job within 30 days
would be treated as unemployed without regard to their search activity. A
consequence of these practices is that if workers queue for jobs, they would be
counted as out of the labor force if they do not continue searching. At times
of high unemployment, the amount of unemployment would be understated
by the numbers of workers in queues. Dynamic changes in the numbers of
workers in queues would appear as movements of workers into or out of the
labor force. It is not yet clear which labor force data would be used to
establish whether workers queue for jobs.

Given the externalities associated with queueing, it would be important to
determine whether queueing can increase the efficiency of operation of labor
markets. In the comparison using a matching function described above, a
labor market with queueing is less efficient than a labor market without
queueing. However, when queueing length is limited to one, a labor market
with queueing is more efficient at high ratios of workers to firms. Then
queueing carries the potential to increase the efficiency of operation of labor
markets, by reducing vacancies or unemployment. Queueing may not arise
if firms cannot commit to hiring workers in the order in which they queue,
so that workers would be unwilling to wait unemployed in a queue for a
job. Then a change in labor market institutions (for example, by formalizing
the firm’s commitment to hire workers in the queue) could bring about an
increase in efficiency.
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