Math 367 Final Exam Solutions Fall ’99

1. A committee consists of 8 men and 7 women. Pick 5 at random.
a) What is the probability you get more men than women?

SOLUTION: We seek the probability there are at least 3 men:
8Y (7 8\ (7 8
(5) () + () + ()
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b) What is the probability you get more men than women if there
are at least two women?

SOLUTION:
P(> 3 men and > 2 women)
P(> 2 women)
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P(> 3 men|> 2 women) =

2. Find
a) the expected value
b) the variance
for the number of suits in a 7-card poker hand.

SOLUTION: Let X be the number of suits represented in the hand.
Then X =4 —Y, where Y is the number of suits not represented
in the hand. Also, Y =Y; 4+ --- 4+ Y,, where

%

_J 1 if the ¢-th suit is not represented in the hand
0 otherwise.

So

39
E(Y;) = P(¢-th suit not in hand) = %,
7
as there are 39 cards not in the i-th suit. Also, if i # j,
E(Y1Y;) = P(neither i-th nor j-th suit in hand)

_ ()
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as there are 26 cards not in either the i-th or the j-th suit.
Because X =4 —-Y,

E(X)=4-E(Y)=4—[EY) + -+ E(Y4)]
(7) ( (39)>
=4 -4 =411—- 255
(7) (7
Also,

Var(X) = Var(Y) = E(Y?) — (E(Y))?
=E(Y?) + -+ E(Y]) + ) E(Y}Y)) — [E(V) + -+ + E(V)))?
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3. Find
a) the expected value
b) the variance
for the number of aces in a 5-card poker hand.

SOLUTION: This time, X = X; + -+ + X5, where

B 1 if the i-th card is an ace
" 10 otherwise.

So E(X;) = P(i-th card ace) = 4/52 = 1/13. If i # j, then
E(X;X;) = P(i-th and j-th are aces)
= P(i-th is ace | j-th is ace) - P(j-th is ace)
3 4 1 1
T 51 52 17 13
Thus,

=E(X7) + -+ E(X3) + Y E(X:X)) — [B(X1) + - + B(X;5)]?
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4. Urn A contains 7 red balls and three green balls. Urn B contains
5 red balls and 5 green balls. Pick an urn at random and draw
two balls without replacement. Suppose they both come up red.
a) What is the probability they came from Urn A?

SOLUTION: Since the urn is chosen at random, the probability

of choosing Urn A is %, and similarly for Urn B. If the balls

are drawn from Urn A, the probability both are red is % . g. It

the balls are drawn from Urn B, the probability both are red

is 1—% . 4 Thus, we have the following tree diagram:

;
1
/
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first 2 R

first 2 R

We obtain:

A and first 2 R)
P(first 2 R)

P(A|first 2 R) = L\

b) If a third ball is drawn from the same urn (without replace-
ment), what is the probability it is red?

SOLUTION: We now make a conditional tree diagram, starting
with the condition that the first two balls are red:

5
8

) A and 1-st 2 R 3-rd R

2

1-st 2 R

u/
w

8

1 B and 1-st 2 R 3-rd R

Thus,

21 5 1
P(3-rd R|1—st2R):ﬁ- 0.
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5. Flip three coins. Then draw letters with replacement from a word,
to be detemined below, until you get a vowel.

If you get no heads, draw from APPLE.

If you get one head, draw from PEAR.

If you get two heads, draw from PLUM.

If you get three heads, draw from KUMQUAT.

How many letters do you expect to draw?

SorLuTiON: This is a conditional expected value problem. For
whichever word is used, the conditional expected value for the
number of draws from that word is %, where p is the probability

of drawing a vowel in a single draw from that word. We obtain

E(X) = E(X | 0H) - P(0H) + E(X | 1H) - P(1H) + E(X | 2H) - P(2H) + E(X | 3H) - P(3H)
1 1 1 3 1 1

1 3
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6. Suppose that
4
U ER

is the generating function for a random variable X. Find
a) P(X>0) b)P(X>1) c¢)EX) d) Var(X)

SOLUTION: We will need f’(z) and f”(z), and we may as well
calculate them now. We have f(z) =4(3 — 2)~2

/ A —2_3— — _2—3: 8
F) =4(-2)(3 - 2) (-1 =83 - ) = =
" o —4 _ -4 24
P =8(=8)(3 - )1 =243 - =
For a), we have
4 5
P(X>O):1—P(X:O):1—f(0):1—§:5.

For b), we have
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For ¢), we have

8
B(X)=/(1)=¢=1
For d), we have
2 / / 2 24 2 3
Var(X) = f'(1) + (1) = (f())° = p+1- 1 =2
7. Consider the transition matrix
_1 2 -
0020000
0+ 220000
0103310410
000350300
00003500 2
100430000
00031010
(0000100 0.

a) Find R; for each state i =1,...,8.

SOLUTION:

Ry = {En, Ey, Eg}
Ry = {Es, B3, By, Es, Er, By, Fg, Eg}
R3 = {Es, B3, By, B, B, B, E, Eg}
Ry ={E4, Es, E1}
Rs = {Es, Es}
R = {En, Ey, Eg}
Ry = {E1, Es, Er, Ey, B, Es}
Rs = {Es5, Es}.

b) Classify the recurrent and the transient states.

SOLUTION: FE,, E3, and F; are transient, as E; is in Ry, Rj,
and R;, but none of Fy, F3, and F; is in Ry. The remaining
states (E1, Ey, E5, Eg, and Eg) are recurrent.
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c¢) If you start in F3, what is the probability you will return there?

SoLuTION: We wish to find hz3. The general formula is
hij = pij + sz‘khkj-

k#j
Thus,
1 1 1 1
hgs = 0 + ZhQS + Zh43 + Zh53 + th
1
= —hos.
1123

Here, we’ve used that FE3 is not in Ry, Rs, or R7, so hyy =
hss = h73 = 0. Thus, we must calculate hos.

1 1 1
hos = — + —h —h
23 4+423+243

= 411 + ih%
as hyz = 0. Collecting terms, we see %hgg = }1, SO hog = %
Thus, h33 = % : % = %
d) If you start in Fs, how many times do you expect to visit F3?

SOLUTION: This time, we want v,3. We have
1—hsy 1-(1/12) 11

V23
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e) For each transient state, compute the expected number of steps
needed to reach a recurrent state.

SoLuTION: We combine the recurrent states into a single absorb-
ing state, Ey. The new transition matrix is

1000
1 1 1
72 11 0
1 1 1
72 10 3
1 1
2 00 3

We wish to find rog, r39 and r7g for this new matrix. The general
formula is r;; = 1+ Zk# pikTrj. Thus,
1 1

7"20=1+Z7“20+Z7‘30

r30 = 1+ 10T

r7o =1+ 57“ 70-
The last equation may be immediately solved: ;o = 2. Substitut-
ing this into the second equation, we get r3y = %—i— %17’20. Collecting
terms in the first two equations, we get

3 1
ZTQO - 17’ 30 =1
3
" + 730 = 5
Multiplying the first equation by 4 and adding, we get
11 11
ZT 20 = 7;
S0 199 = 2. Thus, r39 = %4—%-2 = 2. So for any one of the transient
states, it takes about two steps to reach a recurrent state.



