Math 367 Exam 3 Solutions Fall ’99

1. Suppose that
1
REEEE
is the generating function for a random variable X. Find
a) P(X >0) b)P(X>1) ¢)EX) d) Var(X)

SoLUTION: We have f(z) = ag + a1z + agz® + -+ + a;2" + -+,
where a; = P(X =14). Thus,

P(X =0)=ag=f(0) = o5 =

SO
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P(X>0):1—P(X:O):1—Z:—.

4
Also, the calculus of power series tells us a; = f’(0). Differentiat-
ing the formula for f gives

P(X>1):1—[P(X:0)+P(X:1)]:1—FJrl]:1.

The expected value is given by f'(1):

B(X) = /(1) = (2_21)3 _o

We may compute the variance from this and the second deriv-
ative of f. The latter is given by

f'(z)=2(=3)2-2)7"(-1) = @

We obtain

Var(X) = f"(1) + f/(1) — (f'(1))*
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2. George goes to the casino with $200. He decides to keep betting,
$1 at a time for even money, on a game where he has a probability
of .45 of winning, until his money runs out. How long can he
expect to play?

SOLUTION: Here, “Peter” is the casino, and has unlimited credit.
p = .55, ¢ = .45, and the expected number of plays for Peter to
be ahead by 200 is

200 = @ = 2000.

pP—q

3. Bob goes to the casino with $300. He will bet $1 at a time, with
a probability of .47 of winning. He will leave if he ever gets $50
ahead, or, alternatively, if he goes broke.

a) What is the probability Bob gets the $507?
b) How many bets can he expect to make?

SorLuTioN: We'll take Bob to be Peter and the casino to be Paul.
So p = .47 and ¢ = .53. The most the casino will stake (net)
is $50, and the most Bob will stake is $300, so this is Gambler’s
Ruin, with t = 350 and s = 300. The probability Bob wins is
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1 — 300 )300
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The expected number of plays is

p* - 350 — 300
A7 — .53

where p* is the probability Bob wins.

4. Albert bets $1 at a time for even money on a game he has a
probability of .43 of winning. If you give him unlimited credit,
what is the probability he’ll ever get $10 ahead?

SOLUTION: Here, p = .43 and ¢ = .57. The probability Albert
ever gets $10 ahead is

() -(3)
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5. Consider the transition matrix

(22000 00 07
tito000}
00300401
000350030
0014t 1to001
0000O0CTE4ZO03
0004001210
(0020000 1]

a) Find R; for each state i = 1,...,8.

SOLUTION: Here,

Ry = {En, By, B3, Eg, Eg}
Ry = {En, By, B3, E3, Eg}
RS = {E3>E87E6}

Ry = {E4, Er}

Ry = {E3, Ey, B, Eg, Eg, Er}
Re = {Eg, Es, Es}

Ry = {E4, Er}

Ry = {E3, Es, Eg}

b) Classify the recurrent and the transient states.

SOLUTION: Ei, E5 and FEs are transitive, as Fj3 lies in all of
Rl, RQ and R5, but none of El, E27 and E5 lies in Rg.

The remaining states, F3, Fy, Fg, E7, and Eg, are recurrent.
c¢) If you start in Fy, what is the probability you will return there?

SOLUTION: Here, we seek

haa = pas + Zp%hkz
k42
1
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=1 + ZhIZ + th + Zh82-
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Since Fs lies in neither Rz nor Rg, hsy = hgs = 0, so

1 1
hoo = — + —hys.
22 4—1‘412

Thus, we need to find

hia = p1a + Zplkhkz
k#£2

1 3
= — + —hqo.
4+4 12

We can solve this immediately, getting

1

1
—hio = —
4 12 47

so his = 1. Substituting this into the equation for hoy, we get

1 1 1
hag = Z‘i‘zlhlz— 5

If you start in £, how many times do you expect to visit Fy?
SOLUTION: Here, we seek

h12 . 1

l—hy 1-1

=2

V12 =

by the calculations in part c).

If you start in E;, how long do you expect it to take you to
reach E5?

SOLUTION: We wish to find
rig =1+ Zplkrm
k#£2

3
=1+ “rp.
+47”12

So %Tlg = ]., hence T19 = 4.

For each transient state, compute the expected number of steps
needed to reach a recurrent state.



FExam 3 Solutions 5

SOLUTION: We combine all five recurrent states into one absorb-
ing state, rg. The new transition matrix is

1000
03 20
1 1 1
72 11 0
3 1
1 00 3

We wish to solve the following equations:

ri0 =1+ —r10 + <720

4 4
1 1
0 = 1+Z7“10+Z7‘20

T'so = 1 -+ ZT50.
The last equation can be solved alone: %7*50 =1,s0r5 = %. Thus,
it takes about % steps to reach a recurrent state from FEj.

The first two equations give

1 1 ]

—7r10 — —T20 =

110~ 720

! + 1
—=r —Top =

4710+ 720

Adding these up, we get %7’20 = 2, 50 199 = 4. The first equation
now gives 1—117“10 =1+ }17’20 =1+1=2,50r,y=38. Thus, it takes
about 4 steps to get from F5 to a recurrent state, and about 8
steps to get from E; to a recurrent state.



