Math 367 Exam 1 Solutions Summer ’00

1. How many ways can you arrange the letters in
PHILADELPHIA PENNSYLVANIA
so that no two vowels are next to each other?

SOLUTION: The distribution of letters is as follows:
Consonants Vowels

= | | —
N W

<|wn| 2| 0| | =
| = ool | wol po| wo

14 10

We first count the number of ways to pick slots for the vowels.
It is equal to the number of ways to arrange 10 |’s and 14 *’s so
that no two |’s are next to each other. There are 9 spaces between
I’s and each must have at least one * in it, so we may throw out 9
of the x’s and ask how many ways we can arrange the remaining 5
s with the 10 |’s with no restrictions on the arrangement. There

are
(10+5)!  (15\ (15
1!-5  \10/ \5

ways to do this.

The answer to our question will be (155) times the number of
ways to arrange the vowels in the vowel-slots times the number of
ways to arrange the consonants in the consonant-slots. We get

15 10! 14!
5 31-41.20 31.21.3!. 3!

2. a) How many ways can you distribute 9 different letters to 6 mail-
boxes?

SOLUTION: This is the number of ways to chose 9 things from
6 things, where order counts, with replacement: 6°.
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b) How many ways can you distribute 9 identical flyers to 6 mail-
boxes?

SOLUTION: This is the number of ways to chose 9 things from
6 things, where order does not count, with replacement. Here,
we can represent the 6 things by the chambers created by 5 |’s
so we seek the number of ways to order 5 |'s and 9 *’s. This is

just
(5+9)! (14
5.9\ 5

3. A poker-like game has 9-card hands. What is the probability you
get three cards of at least two kinds, and no more than three of
any kind?

SOLUTION: The possible distributions of cards in kinds are 3,3,3,
3,3,2,1 and 3,3,1,1,1. The probability comes to
3 2 2 3
()G +G)E) CEE)E+ )6 ()G
2
(%)
Here, for instance, the number of ways to get a 3,3,1,1,1 distri-

bution is given by (pick two kinds)(pick three of each)(pick three
kinds)(pick one of each).

. A committee consists of 7 Democrats and 8 Republicans. You
select a b-member subcommittee at random.
a) What is the probability you get more Republicans than Democrats?

SOLUTION: You can have 3, 4, or 5 Republicans, so the prob-

ability is
8Y (7 8\ (7 8
() )+ ()G +6)
(5) |
5
b) What is the probability you get more Republicans than Democrats
if you know you have at least 1 Republican?

SOLUTION: By definition,

P(>3R| > IR) = P<2Pi1;ﬂ1§>m> _ llzg ?g
_ () @)+ G Q)+ G/ (5)
(D@ +EE+EE+O0+E1E)
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5. A marksman gets bullseyes on 80% of his shots.
a) What is the probability he gets at least 14 bullseyes in 17 shots?
SoLuTION: We're doing Bernoulli trials with p = .8.
P(>14Sin17T)=P14Sin 17 T)+P(15Sin 17 T)
+P(16 Sin 17 T)+P(17Sin 17 T)

_ GD (8)1(2)* + Gg) (8)3(2)?
+ GZ) (.8)19(.2)? + G;) (.8)17(.2)°

Here S stands for success and T for trial.

b) Suppose he shoots until he gets 14 bullseyes. What is the
probability it takes him at most 17 shots?

SOLUTION:
P(14 Sin <17 T) = P(14th S on 14th T) + P(14th S on 15th T)
+ P(14th S on 16th T) + P(14th S on 17th T)

= Gg) (:8)"(:2)° + Gg) (.8)1(.2)"
+ (12)(-8)14(-2)2 + (1?)(.8)14(.2)3.
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6. Urn A has 8 red balls and 2 green balls. Urn B has 3 red balls
and 7 green balls.

Flip a coin twice. If you get two heads, draw from Urn A.

Otherwise, draw from Urn B.

a)

If the ball is red, what is the probability it came from Urn A?

SOLUTION: The probability we draw from Urn A is the prob-

ability of two heads in two tosses: (3)? = ;. We obtain the

2
following tree diagram.

8
A——R
1
/
[ J
N
B——R
Thus,
P(ANR)
P(A|R) =
(A|R) PR
Wi _ 8
8 1 3 .3
woitios 17

If the ball is red, what is the probability you get another red
ball if you draw without replacement from the same urn?

SOLUTION:
P(2nd R N 1st R)
P(1st R)

From diagram (1), we have P(1st R) = & -
P(2nd R N 1st R), we extend diagram (1) a

P(2nd R | Ist R) =

3 3
+EZ TOﬁIld

1
4
s follows:
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Here, P(2nd R N 1st R) is the sum of the probabilities of the
paths that go through both (1st R) and (2nd R). We get

P(2ndRﬁ1stR):§~E.Z+§.E.Z
Thus,

P(2nd R N Ist R
P(nd R | 1st R) — D20 st R)




