Math 331 Exam 1 Solutions Spring 11

1. Let ¢ be the line y = —v/3z + 2. Compute Qepo,—z explicitly.
SOLUTION: Write py—z = 2,82, with m||¢. Thus,

slope(m) = slope(£) = —V/3.

Since mNn = 0, m is the line y = —v/3z. Since po,—z = Qnfln,
the directed angle from n to m is —%, so the directed angle from
mtonis g.

Since the directed angle from the positive r-axis to m is —%, the
directed angle from the z-axis to n is —§. Thus slope(n) = ——.

Since 0 € n, n is the line y = —\/ig x. We have
Qgp()’,% = QngQn
Since m||¢,
QZQm = Tow,
where v is the directed distance from m to /¢, i.e., if ¢ is a line
perpendicular to ¢ and m,
v=qgN¥l{—qgnNm.

We have
1 1

1 = -1 = —,
slope(q) slope(m) /3
We may take 0 € ¢, in which case ¢ is the line y = \/Lg x. Since

0em,0=gNm,sov=gN¥ which we compute by setting

1
—x=—V3x+ 2.

V3
Multiplying both sides by v/3, we get

= —3z+2V3
4r =23
V3
r=—:
2
Soy:%x:%,hencev:(—‘o’,%),so
O, =T, 1) hence
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To proceed, we write (v/3,1) = w + z with w|n and z L n. To
do this, note that since the directed angle from the positive x-axis

to n is —% and since 0 € n, n = [u] for

= (on () () - (£1)

Since u is a unit vector, a unit normal to n is given by
N=ut= (1, \/—g)
27 2
By construction, u, N is an orthonormal basis of R?, so
(V3,1) = ((v/3,1), uu+ ((v/3,1), N)N
—u+ V3N

(2--(£)

So set w = u = (%g, —%) and z = (‘/75, %) We have

7'(\/31)9” = T, T80,
= 7,

n—&-%z?
as z L n. Since w|n, this is a glide reflection in standard form,
and it suffices to compute the line p = n+%z. Since 0 € n, %z € p.
So the point-slope form of p is

y—3 1

_B B

4

giving
1
y=——x+ 1

V3
. Compute P(2,0),7 Po 2 explicitly.

SOLUTION: We write p(0),x = €2, and Po, 2 = Q,,82,, SO

us
3

{Nm = (2,0), the directed angle from m to ¢ is %,
mNn =20, the directed angle from n to m is %

Since m goes through both 0 and (2,0) it is the z-axis, i.e., the
line y = 0. Since the directed angle from m to n is —%, the slope

of n is tan(—’—g) = —+/3. Since 0 € n, n is the line y = —V3z.
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Since the directed angle from m to £ is %, £ has slope \/%; Since
(2,0) € ¢, the point-slope formula for ¢ is

y=0_ 1
x—2_\/§’
solistheliney= Lo -2

V3
Since the sum of the two angles of rotation is m,

P(2,0),5P0,2z = PP,
where P = ¢ Nn. Thus, P is obtained by solving

12
V3TV

r—2=-3x

—V3x, so

Ths, 2 = 5, henee y = 4, 50 P = (4, ).

. Compute p(; 3 _rpox explicitly.

SOLUTION: Here, the sum of the rotational angles is 0, so the
composite is a translation. As above, we write PG, -7 = Qe
and po» = £2,,(2,, so that

(nm=(1,v3), the directed angle from m to ¢ is —g,

T
mNn =0, the directed angle from n to m is 5

Thus, m is the line through 0 and (1,v/3), i.e., m is the line y =
V3. So the angle from the positive z-axis to m is arctan /3 = 3
By the directed angles given above, ¢ and n both have slope
—\/ig (in fact, both are perpendicular to m as the angles are £7
— but the angles, and hence the slope, can be computed directly
without that).
Since 0 € n, n is the line y = —

formula for ¢:

L

75T We use the point-slope
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Since £||n,

P(1,v3),—nPor = ulln = Tay,
where v is the directed distance from n to £. To compute v, note
that m is, in fact, perpendicular to £ and n, so that
v=LNm—nNm=(1,v3)-0=(1,V3),
SO
P1,v/3),—7Pom = T(2,2:/3)"

Note that we actually didn’t need to calculate the slope-intercept
form of /.



