Topics in Algebra: Reflection Groups (Spring 2017)
Class: AMAT 820-0002 (7743). Meets Tuesdays and Thursdays between 11:45 am – 1:05 pm in ES-142.

Instructor: Cristian Lenart, ES-116A, 518-442-4635, clenart@albany.edu.
Overview. Finite reflection groups are one of the most basic classes of groups, which appear in many areas of mathematics: Euclidean geometry, Lie theory, representation theory of groups, commutative algebra, algebraic geometry, simplicial complexes, algebraic combinatorics etc. Think about the dihedral group, generated by the reflections which are symmetries of a regular n-gon; or the symmetric group on n letters, which can be generated by n-1 reflections (these are in fact the adjacent transpositions). There is a beautiful classification of these groups that partially overlaps with the classification of simple Lie algebras (types A, B, C, D, and the exceptional ones). This classification is based on the collection of vectors (with strong symmetry properties) that are orthogonal to the reflecting hyperplanes; this collection is known as the root system. What reflection groups have in common is their simple presentation. By naturally generalizing this presentation, we define Coxeter groups, which might be infinite. The simplest examples of infinite Coxeter groups are the affine ones, which are closely related to affine Lie algebras, and which have a parallel classification to the one mentioned above. 

Reflection groups and Coxeter groups have interesting combinatorics, which involves words. Think about the ways to write a permutation as a composition of adjacent transpositions, which gives you a word with letters in the alphabet 1, …, n-1; then think about the way to get from one expression to a different one for the same permutation (it turns out that this can always be done by exchanges of the form ij (( ji if |i-j|>2, and i(i+1)i ((  (i+1)i(i+1), which come from the presentation of the symmetric group). The combinatorics also involves a certain partial order on the group. 

Tentative syllabus. Reflection groups and root systems. Reduced decompositions and their combinatorics. The weak and strong Bruhat orders. Classification. Affine reflection groups. 
One or more additional topics chosen from the following, depending on interest. Invariants and coinvariants of reflection groups under the action on polynomial algebras. Combinatorics of symmetric functions (with applications to the representation theory of the symmetric group and the general linear group). Hecke algebras, which are q-deformations of the group algebras of reflection groups (with relations to quantum groups, physics etc). The topology of certain simplicial complexes associated with the Bruhat orders (based on techniques in topological combinatorics). Quivers: representations and classification results, which are closely related to the classification of reflection groups. 
Prerequisite. Mat 520B or permission of instructor.
Text: 
1. James Humphreys, Reflection Groups and Coxeter Groups, Cambridge University Press, Reprint edition 1992, ISBN: 0521436133.

2. Anders Bjorner and Francesco Brenti, Combinatorics of Coxeter Groups, Springer (Graduate Texts in Mathematics), 2005, ISBN: 3540442383 (recommended).
Evaluation: Your grade in this course is based on solving the problems on the weekly problem sets. 
Homework. You are allowed to work together on the problem sets (just discuss ideas, and everyone writes up his/her own solution). All problems assigned during one week will be collected at the end of the following week. Late homework is accepted for half credit. You are welcome to ask for help (during office hours, or in class in case of short questions) after you made some attempts at the problems.
Office hours: Tuesday 1:05 pm – 3:05 pm and Thursday 3:50 pm – 4:50 pm.  

Attendance: Attendance in class is an integral part of the course, and hence is required. Every absence starting with the fourth will lower your overall score by 5%. Absences are only excused upon presentation of written medical excuse or comparable evidence of an emergency.

Important: You typically have to spend twice as much time or more on studying outside of class than you spend in class. In particular, it is very important to work regularly on exercises in order to test your understanding and in order to master the required techniques. Reading the book is considered part of the homework. The assigned homework represents a bare minimum amount of work needed, so you are strongly advised to work on other problems in the book. Those having difficulty are urged to contact the instructor as soon as possible (not just before the tests and exam), and to come to office hours. You are also strongly encouraged to actively participate in class and exchange ideas with the instructor and your colleagues. 

Out of consideration for your fellow students’ efforts to learn, and your instructor’s efforts to teach, you are required to arrive on time for class and to remain seated (barring an emergency) until the class is finished. For the same reasons, please turn off cell phones, do not surf the internet, play video games, read etc., or otherwise goof off and distract other people in the room. Loud eating or drinking, as well as repeated talking while the instructor or other students are talking are not allowed during the class. Repeated violations of any of the above rules shall be grounds for sanction or dismissal from the class.
