A K-THEORY VERSION OF MONK’S FORMULA AND SOME RELATED MULTIPLICATION FORMULAS

CRISTIAN LENART

This paper is dedicated to Camelia.

Abstract. We derive an explicit formula, with no cancellations, for expanding in the basis of Grothendieck polynomials the product of two such polynomials, one of which is indexed by an arbitrary permutation, and the other by a simple transposition; hence, this is a Monk-type formula, expressing the hyperplane section of a Schubert variety in K-theory. Our formula is in terms of increasing chains in the k-Bruhat order on the symmetric group with certain labels on its covers. An intermediate result concerns the multiplication of a Grothendieck polynomial by a single variable. As applications, we rederive some known results, such as Lascoux’s transition formula for Grothendieck polynomials. Our results are reformulated in the context of recently introduced Pieri operators on posets and combinatorial Hopf algebras. In this context, we derive an inverse formula to the Monk-type one, which immediately implies a new formula for the restriction of a dominant line bundle to a Schubert variety.

2000 Mathematics Subject Classification: 14M15, 05E99, 19L64.

Keywords and phrases: Grothendieck polynomials, Schubert varieties, Monk’s formula, k-Bruhat order, Pieri operators.

1. Introduction

Grothendieck polynomials are representatives for Schubert classes in the K-theory of the variety of complete flags in C^n. They were introduced by Lascoux and Schützenberger in [15], and studied in more detail in [12]. These polynomials are generalizations of Schubert polynomials, which represent Schubert classes in cohomology, and were introduced by Lascoux and Schützenberger in [14]. Both Schubert and Grothendieck polynomials are indexed by permutations in the symmetric group. An important open problem in algebraic combinatorics is to describe combinatorially the expansion of a product of two Schubert polynomials in the basis of Schubert polynomials; the corresponding coefficients are known as Littlewood-Richardson coefficients. In the simplest case, one of the polynomials is indexed by a simple transposition. The corresponding multiplication rule is known as Monk’s formula [20]; in the context of generalized flag varieties, corresponding to arbitrary Lie groups, it is known as Chevalley’s formula [5]. Monk’s formula highlights the importance of a suborder of the Bruhat order on the symmetric group, known as the k-Bruhat order. Subsequent work on the Littlewood-Richardson coefficients confirmed the strong relationship between them and the combinatorics of the k-Bruhat order (see [3]). For instance, the Pieri formula for Schubert polynomials (which is concerned with

Part of this work was done while the author was supported by Max-Planck-Institut für Mathematik. 1

the multiplication of such a polynomial by an elementary or complete homogeneous symmetric polynomial) is expressed in terms of chains in the k-Bruhat order (see the next section).

In this paper we generalize Monk’s formula to Grothendieck polynomials, thus obtaining a formula for the hyperplane section of a Schubert variety in K-theory. As expected, the k-Bruhat order plays a central role again, although the generalized formula is more complicated, in the sense that it involves chains of arbitrary length in the k-Bruhat order (rather than just length 1, as in the classical Monk formula). It is interesting to compare these chains with those in the Pieri formula for Schubert polynomials (see below). In fact, there is a common generalization of the Monk-type formula in this paper and the Pieri formula for Schubert polynomials, which is a Pieri-type formula for Grothendieck polynomials [17]. Let us also note that none of the formulas mentioned above involves cancellations; furthermore, all formulas except the last, most general one, are multiplicity free.

An intermediate result in deriving the generalized Monk formula is a formula for multiplying a Grothendieck polynomial by a single variable, which appears in Section 3. A corollary to this formula is Lascoux’s transition formula for Grothendieck polynomials in [13].

In Section 5 we reformulate our two multiplication rules for Grothendieck polynomials in the context of Pieri operators on posets. These operators were recently introduced in [2], and one of the main applications was to a new framework for the Littlewood- Richardson problem for Schubert polynomials. In our context, Pieri operators prove to be useful too, allowing us to easily derive a formula which is, in a certain sense, the “inverse” of the generalized Monk formula. In fact, the inversion is best seen in the more general context of combinatorial Hopf algebras defined in [1], where it is just the convolution inverse in a certain Hopf algebra. We conclude by deriving a corollary to our inverse formula, which turns out to be a formula for the restriction of a dominant line bundle to a Schubert variety. This formula is no longer multiplicity free, but, on the other hand, it involves no negative terms.

There are a couple of related results in the literature. A Monk-type formula for Grothendieck polynomials already appeared in [12]. In a sense, it is more general than ours, because it involves double Grothendieck polynomials, and is thus relevant to the T -equivariant K-theory of the flag variety. However, the mentioned formula generally involves cancellations, unlike ours. Let us also note that a different formula for the restriction of a dominant line bundle to a Schubert variety appeared in [9]. It involves Young tableaux and a construction in terms of keys of tableaux. This formula was later generalized in [21] to flag varieties corresponding to arbitrary complex semisimple Lie groups, based on Littelmann paths. It is not clear how to relate the formulas in terms of tableaux and Littelmann paths to our formula in terms of chains in the k-Bruhat order. Although the existing formulas are in terms of double Grothendieck polynomials, unlike ours, there are two advantages to the latter: (1) it immediately gives the Monk-type formula by the inversion procedure mentioned above, whereas it is not clear how to invert the other two formulas; (2) it is an identity in an algebra of formal power series, not just for Schubert classes in K-theory.

I am grateful to the referee for his/her detailed comments, which led to several improvements.

2. Background

In this section we give a brief introduction to the theory of Schubert and Grothendieck polynomials; for more information, we refer the reader to [18, 19, 8, 12].

Let F l_n be the variety of complete flags (0 = V_0 ⊂ V_1 ⊂ . . . ⊂ V_{n−1} ⊂ V_n = C^n) in C^n. This is an irreducible algebraic variety of complex dimension

�_n 2 � . Its integral cohomology ring H^∗(F l_n) is isomorphic to Z[x_1, . . . , x_n]/I_n, where I_n is the ideal generated by symmetric functions in x_1, . . . , x_n with constant term 0; here, the elements x_i are identified with the Chern classes of the dual line bundles L^∗_i , where L_i := V_i/V_{i−1} are tautological line bundles. The variety F l_n is a disjoint union of cells indexed by permutations w in the symmetric group S_n. Their closures are the Schubert varieties X_w, of complex dimension l(w); here l(w) denotes the length of w, that is, the number of its inversions. The Schubert polynomial S_w(x) (defined below) is a certain polynomial representative for the cohomology class corresponding to X_w. It is a homogeneous polynomial in x_1, . . . , x_{n−1} of degree l(w) with nonnegative integer coefficients.

The K-theory K^0(F l_n) of the flag variety is the Grothendieck ring of complex vector bundles over F l_n under direct sum and tensor product. We have that K^0(F l_n) is isomorphic to the same ring as H^∗(F l_n); but this time we identify x_i with the K-theory Chern class 1 − 1/y_i of the line bundle L^∗_i , where y_i := 1/(1 − x_i) represents L_i in the Grothendieck ring. The classes dual to the structure sheaves of Schubert varieties form the natural basis of K^0(F l_n). The class indexed by w is represented by the Grothendieck polynomial G_w(x) (defined below). This is a nonhomogeneous polynomial in x_1, . . . , x_{n−1} whose lowest homogeneous component is the Schubert polynomial S_w(x).

Note that both structure theorems above (for H^∗(F l_n) and K^0(F l_n)) hold, more generally, for flag bundles F l(V ) corresponding to a vector bundle V of finite rank n on a variety X. In this case, H^∗(F l(V )) and K^0(F l(V )) are free modules over H^∗(X) and K^0(X) with bases given by Schubert and Grothendieck polynomials, respectively.

Both the Schubert polynomials S_w(x) and the Grothendieck polynomials G_w(x), for w in S_∞, form bases of Z[x_1, x_2, . . .]; here S_∞ := � n S_n under the usual inclusion S_n → S_{n+1}.

The construction of Schubert and Grothendieck polynomials is based on the divided difference operators ∂_i and the isobaric divided difference operators π_i, which were originally introduced in the more general context of flag varieties corresponding to Kac-Moody Lie algebras. As operators on P := Z[x_1, x_2, . . .], these are defined as follows:

(2.1) ∂_i :=

1 − s_i x_i − x_{i+1}

, π_i := ∂_i(1 − x_{i+1}) = 1 + (1 − x_i)∂_i ;

here s_i is the adjacent transposition t_{i,i+1} acting in the obvious way on P , 1 is the identity on P , and x_i denotes multiplication by x_i. We will need the following formula for the action of π_i on a product of two polynomials, which is derived from a similar formula for ∂_i (see [18] p.23):

(2.2) π_i(fg) = (π_i f) g + (s_i f)((π_i − 1) g) .

Schubert and Grothendieck polynomials are defined inductively for each w in S_n by setting S_wn_0 (x) = G_wn_0 (x) = x^{n−1}_1 x^{n−2}_2 . . . x_{n−1} for w^n_0 := [n, n − 1, . . . , 1] the longest permutation in S_n (we use the one-line notation for permutations throughout, unless otherwise specified), and by letting

(2.3) ∂_i S_w(x) = S_{wsi} (x) , π_i G_w(x) = G_{wsi} (x) , if l(ws_i) = l(w) − 1 .

The definition of Grothendieck polynomials does not depend on the chosen chain in the weak order on S_n from w^n_0 to w because the operators π_i satisfy the braid relations

π_iπ_j = π_jπ_i if |i − j| ≥ 2 , π_iπ_{i+1}π_i = π_{i+1}π_iπ_{i+1} ;

similarly for Schubert polynomials. In addition, we have ∂^2_i = 0 and π^2_i = π_i. The latter relation implies the following counterpart to (2.3):

(2.4) π_i G_w(x) = G_w(x) if l(ws_i) = l(w) + 1 .

Also note that Schubert and Grothendieck polynomials have a stability property, in the sense that their definition does not depend on n; this allows us to define them for w in S_∞.

Finally, we mention the classical Monk formula. But first let us recall the Bruhat order on the symmetric group, and its suborder known as the k-Bruhat order, where k is a positive integer. The Bruhat order was first defined and studied by Ehresmann [6]; it is given by its covering relations w ≤ wt_{ab}, where l(wt_{ab}) = l(w) + 1. The k-Bruhat order first appeared in the context of Monk’s formula, and was studied in more detail in [3]; it is given by the same covering relations as the Bruhat order, with the exception of the extra condition a ≤ k < b. Note that both the Bruhat and the k-Bruhat orders have nonrecursive characterizations, which are not mentioned here. With these definitions, the classical Monk formula can be stated as

(2.5) S_v(x) (x_1 + . . . + x_k) = S_v(x) S_{sk} (x) = � w S_w(x) ,

where the summation is over all covers w of v in the k-Bruhat order.

Let us also mention at this point the Pieri formula for Schubert polynomials, since it is interesting to compare the chains in k-Bruhat order it involves and those in the generalized Monk formula below. As mentioned in the introduction, these two formulas have a common generalization, which is the Pieri-type formula for Grothendieck polynomials in [17]. Recall that the Schubert polynomial indexed by the cycle (k−p+1, k−p+2, . . . , k+1) is the elementary symmetric polynomial e_p(x_1, . . . , x_k). We have

(2.6) S_v(x) e_p(x_1, . . . , x_k) = � γ S_{end(γ)}(x) ,

where the summation is over all saturated chains in k-Bruhat order

γ := (v = w_0 <_k w_1 <_k . . . <_k w_p = end(γ)) ,

where w_i = w_{i−1} t_{aibi} ,

b_p ≤ b_{p−1} ≤ . . . ≤ b_1 , and a_i ≠ a_j for all i ≠ j .

It is not hard to see that this formula is multiplicity free.

3. Multiplying a Grothendieck polynomial by a single variable

Let v be a fixed permutation in S_∞, and k a positive integer. Define the set P_k(v) to consist of all permutations w = vt_{a1k} . . . t_{apk}t_{kb1} . . . t_{kbq} , in S_∞ such that p, q ≥ 0, p+q ≥ 1, the length increases by precisely 1 upon multiplication by each transposition, and a_p < a_{p−1} < . . . < a_1 < k < b_q < b_{q−1} < . . . < b_1 .

Given a permutation w in P_k(v), define σ_k(w, v) := (−1)^{q+1}.

The order in which the transpositions above are applied is best seen in the picture below.

Theorem 3.1. We have x_k G_v(x) = � w∈P_k(v)

σ_k(w, v)G_w(x) .

Proof. We may assume that v is a permutation in S_n and k ≤ n. We will prove the above statement by decreasing induction on the length of v. If v = w^n_0 is the longest permutation in S_n, we have x_k G_v(x) = G_{vtk,n+1} (x) ;

indeed, in this case both v and vt_{k,n+1} are dominant permutations, and it is known (see [12]) that G_w(x) = x^{c1}_1 x^{c2}_2 . . . , for any dominant permutation w, where (c_1, c_2, . . .) is the code of w (recall that a dominant permutation is one whose code is a weakly decreasing sequence).

It is now enough to show that if the formula holds for a permutation v in S_n (for any k = 1, . . . , n), it also holds for vs_i, where 1 ≤ i < n and l(vs_i) = l(v) − 1. We fix i and consider the following cases, depending on the value of k.

Case 1. Assume that k < i. According to (2.2), we have (3.2) x_k G_{vsi} (x) = π_i(x_kG_v(x)) . Consider the following sets of permutations P^′_k(v) := {ws_i : w ∈ P_k(v) and l(ws_i) = l(w) − 1} , P^{′′}_k (v) := {w : w ∈ P_k(v) and l(ws_i) = l(w) + 1} .

Using induction, (3.2), (2.3), and (2.4), it follows that

(3.3) x_k G_{vsi} (x) = � w∈P^′_k(v)

σ_k(ws_i, v)G_w(x) + � w∈P^{′′}_k (v)

σ_k(w, v)G_w(x) .

Hence we need to show that

(3.4) � w∈P^′_k(v)

σ_k(ws_i, v)G_w(x) + � w∈P^{′′}_k (v)

σ_k(w, v)G_w(x) = � w∈P_k(vs_i)

σ_k(w, vs_i)G_w(x) .

Note that if we restrict formula (3.4) to the permutations in P^′_k(v) and P_k(vs_i) of length l(v), we obtain essentially Monk’s formula for Schubert polynomials. For simplicity we restrict (3.4) to the permutations in P^′_k(v), P^{′′}_k (v), and P_k(vs_i) of length l(v) + 1, since the cases of greater lengths are similar. Hence we consider permutations of the form vt_{kl1} t_{kl2} s_i in P^′_k(v), of the form vt_{kl} in P^{′′}_k (v), and of the form vs_it_{kl1} t_{kl2} in P_k(vs_i). The restriction of formula (3.4) to these permutations follows from the following remarks.

1. Assuming {l_1, l_2} ∩ {i, i + 1} = ∅, we have that w = vt_{kl1} t_{kl2} s_i lies in P^′_k(v) if and only if w = vs_it_{kl1} t_{kl2} lies in P_k(vs_i), and σ_k(ws_i, v) = σ_k(w, vs_i).

2. We have that w = vt_{ki}s_i lies in P^′_k(v) if and only if w = vs_it_{k,i+1} lies in P_k(vs_i), and σ_k(ws_i, v) = σ_k(w, vs_i). On the other hand, w = vt_{k,i+1}s_i lies in P^′_k(v) if and only if w = vs_it_{ki} lies in P_k(vs_i), and σ_k(ws_i, v) = σ_k(w, vs_i).

3. Based on the previous remark, it follows that w = vt_{kl1} t_{kl2} s_i lies in P^′_k(v), where the sets {l_1, l_2} and {i, i + 1} have precisely one element in common, if and only if w lies in P_k(vs_i), and σ_k(ws_i, v) = σ_k(w, vs_i).

4. We have that w = vt_{ki} lies in P^{′′}_k (v) if and only if w = vt_{k,i+1}t_{ki}s_i lies in P^′_k(v), and σ_k(w, v) = 1, σ_k(ws_i, v) = −1; hence the two terms corresponding to these permutations on the left-hand side of (3.4) cancel out.

5. The permutation vt_{kl} does not lie in P^{′′}_k (v) for l ≠ i, and the permutation vs_it_{k,i+1}t_{ki} does not lie in P_k(vs_i).

Case 2. Assume that k > i + 1. Formula (3.3) still holds, so we still need to prove (3.4). We proceed in a similar way. Remarks 1), 2), and 3) still hold, while remarks 4) and 5) are replaced with the following ones.

4’. We have that w = vt_{k,i+1} lies in P^{′′}_k (v) if and only if w = vs_it_{k,i+1}t_{ki} lies in P_k(vs_i), and σ_k(w, v) = σ_k(w, vs_i) = −1; hence we have two equal terms on the left and right-hand sides of (3.4).

5’. The permutation vt_{kl} does not lie in P^{′′}_k (v) for l ≠ i + 1, and the permutation vt_{k,i+1}t_{ki}s_i does not lie in P^′_k(v).

Case 3. Assume that k = i. According to (2.2), we have

(3.5) x_i G_{vsi} (x) = π_i(x_{i+1}G_v(x)) − x_{i+1}G_v(x) + G_v(x) .

Proceeding in a similar way to the previous cases, the induction step amounts to proving that � w∈P^′_{i+1}(v)

σ_{i+1}(ws_i, v)G_w(x) − � w∈P_{i+1}(v)\P^{′′}_{i+1}(v)

σ_{i+1}(w, v)G_w(x)

(3.6)

+ G_v(x) = � w∈P_i(vs_i)

σ_i(w, vs_i)G_w(x) .

Again, this is essentially Monk’s formula when restricted to permutations of length l(v). The formula restricted to permutations of length l(v) + r for r ≥ 1 follows from the following remarks.

1. We have that w = vt_{i+1,l1} . . . t_{i+1,lr+1} s_i lies in P^′_{i+1}(v) if and only if w = vs_it_{il1} . . . t_{ilr+1} lies in P_i(vs_i), and σ_{i+1}(ws_i, v) = σ_i(w, vs_i). Hence we have two equal terms on the two sides of (3.6). Note that in this case none of the indices l_1, . . . , l_{r+1} equals i or i + 1.

2. We have that w = vt_{i+1,l1} . . . t_{i+1,lr} lies in P_{i+1}(v) \ P^{′′}_{i+1}(v) if and only if w = vs_it_{il1} . . . t_{ilr} t_{i,i+1} lies in P_i(vs_i), and σ_{i+1}(w, v) = −σ_i(w, vs_i). Hence we have two equal terms on the two sides of (3.6).

Case 4. Finally, assume that k = i + 1. According to (2.2), we have

(3.7) x_{i+1} G_{vsi} (x) = π_i(x_iG_v(x)) + x_{i+1}G_v(x) − G_v(x) .

Proceeding in a similar way to the previous cases, the induction step amounts to proving that � w∈P^′_i (v)

σ_i(ws_i, v)G_w(x) + � w∈P^{′′}_i (v)

σ_i(w, v)G_w(x)

(3.8) + � w∈P_{i+1}(v)

σ_{i+1}(v, w)G_w(x) − G_v(x) = � w∈P_{i+1}(vs_i)

σ_{i+1}(w, vs_i)G_w(x) .

Again, this is essentially Monk’s formula when restricted to permutations of length l(v). The formula restricted to permutations of length l(v) + r for r ≥ 1 follows from the following remarks.

1. We have that w = vt_{il1} . . . t_{ilr+1} s_i lies in P^′_i (v) and l_{r+1} ≠ i + 1 if and only if w = vs_it_{i+1,l1} . . . t_{i+1,lr+1} lies in P_{i+1}(vs_i); furthermore, σ_i(ws_i, v) = σ_{i+1}(w, vs_i). Hence we have two equal terms on the two sides of (3.8). Note that in this case none of the indices l_1, . . . , l_{r+1} equals i or i + 1.

2. We have that w = vt_{il1} . . . t_{ilr} t_{i,i+1}s_i lies in P^′_i (v) if and only if w = vt_{il1} . . . t_{ilr} lies in P^{′′}_i (v), and σ_i(ws_i, v) = −σ_i(w, v). Hence the corresponding two terms on the left-hand side of (3.8) cancel out.

3. We have that w = vt_{i+1,l1} . . . t_{i+1,lr} lies in P_{i+1}(v) if and only if w = vs_it_{i+1,i}t_{i+1,l1} . . . t_{i+1,lr} lies in P_{i+1}(vs_i); furthermore, σ_{i+1}(w, v) = σ_{i+1}(w, vs_i). Hence we have two equal terms on the two sides of (3.8). �

Example 3.9. We have

x_3 G_{13452}(x) = (G_{13542}(x) − G_{14352}(x)) + (G_{14532}(x) − G_{34152}(x))+ + (G_{34512}(x) + G_{34251}(x)) − G_{34521}(x) .

The brackets contain the Grothendieck polynomials indexed by permutations of the same length, which have the same degrees of their lowest homogeneous components. The following tree illustrates the way in which the permutations in the formula are constructed; the edges are labeled by the corresponding transpositions.

We easily deduce, as a corollary to Theorem 3.1, the transition formula for Grothendieck polynomials, which forms the object of [13]. Recall that if k is the last descent of the permutation v in S_∞ (that is, the greatest k such that v(k) > v(k + 1)), then G_v(x) is a polynomial in x_1, . . . , x_k.

Corollary 3.10. [13] Let k be the last descent of v, and let u := vt_{kl}, where l is defined by v(l) = max {v(i) : i > k and v(i) < v(k)} .

Let 1 ≤ i_1 < . . . < i_m < k be the positions for which l(ut_{ij k}) = l(u) + 1. Then G_v(x) = G_u(x) + (x_k − 1) [G_u(x)·(1 − t_{i1k}) . . . (1 − t_{imk})] , where t_{jk} acts on G_w(x) by G_w(x)·t_{jk} := G_{wtjk} (x) .

Proof. Let I := {i_1, . . . , i_m}, and for any J ⊆ I, let t_{Jk} := t_{j1k} . . . t_{jpk} , where J := {j_1 < . . . < j_p}. By Theorem 3.1, the formula to prove is equivalent to (3.11) � ∅≠J⊆I

(−1)^{|J|+1}G_{utJk} (x) + � J⊆I � w∈P_k(ut_{Jk})

(−1)^{|J|}σ_k(w, ut_{Jk})G_w(x) = G_v(x) .

Each permutation w indexing a Grothendieck polynomial on the left-hand side of (3.11) can be written as w = ut_{j1k} . . . t_{jpk}t_{jp+1k} . . . t_{jqk}t_{jq+1k} . . . t_{jrk} , where

j_1 < . . . < j_{p−1} < j_p > j_{p+1} > . . . > j_q , j_{q+1} > . . . > j_r > k , and {j_1, . . . , j_p} ⊆ I . Assuming that q > 0, the permutation w appears precisely twice on the left-hand side of (3.11); indeed, the two appearances correspond to J = {j_1, . . . , j_p} and J = {j_1, . . . , j_{p−1} }. Furthermore, the corresponding two signs are opposite. On the other hand, it is easy to check that there is a unique permutation with q = 0, namely v. Hence (3.11) holds. �

4. Monk’s formula for Grothendieck polynomials

Let v be again a fixed permutation in S_∞, and k a fixed positive integer. Define the following order on pairs of positive integers:

(4.1) (a, b) ≤ (c, d) if and only if (b > d) or (b = d and a ≤ c) .

Consider the set Γ_k(v) consisting of saturated chains in the k-Bruhat order

v = w_0 <_k w_1 <_k . . . <_k w_p ,

where p ≥ 1, w_i = w_{i−1} t_{aibi} (with a_i < b_i), and

(4.2) (a_1, b_1) < (a_2, b_2) < . . . < (a_p, b_p) .

Given any chain γ, we denote by end(γ) its last element, and by l(γ) its length. Furthemore, we define the set Π_k(v) to consist of all permutations end(γ) for γ in Γ_k(v).

The order in which the transpositions above are applied is best seen in the picture below, being indicated by the numbers on the corresponding curves. It is interesting to notice, by comparison, that these chains in k-Bruhat order differ from those in the Pieri formula for Schubert polynomials (2.6) in two ways: (1) there might be coincidences between the left positions a_i in the corresponding transpositions; (2) the left positions a_i of the successive transpositions having the same right position b_j form an increasing sequence, whereas in (2.6) they are unordered. Being a common generalization of (2.6) and Theorem 4.3 below, the Pieri-type formula for Grothendieck polynomials in [17] involves chains in k-Bruhat order which generalize the two types of chains mentioned above.

Theorem 4.3. We have

G_v(x) G_{sk} (x) = � w∈Π_k(v)

(−1)^{l(w)−l(v)+1} G_w(x) .

Proof. We first prove the closely related formula

(4.4) G_v(x) G_{sk} (x) = � γ∈Γ_k(v)

(−1)^{l(γ)+1}G_{end(γ)}(x) .

It is known from [12], as well as [7, 16], that (4.5) G_{sk} (x) = 1 − (1 − x_1) . . . (1 − x_k) , whence (4.6) G_{sk} (x) = G_{sk−1} (x) + x_k − G_{sk−1} (x)x_k .

Note that the latter formula is just a special case of the transition formula in Corollary 3.10. Thus, we can prove (4.4) by induction on k. For k = 1 it is just a special case of Theorem 3.1, since G_{s1} (x) = x_1.

Each permutation w in the set P_k(v) (see the definition at the beginning of the previous section) determines a unique saturated chain in Bruhat order from v to w. Let C_k(v) denote the collection of these chains. Let ^C_k(v) and ^Γ_k(v) denote the sets obtained from C_k(v) and Γ_k(v) by adding the chain of length 0 consisting of the permutation v only. Given a chain γ in C_k(v), we denote by ~l(γ) the number of permutations in γ obtained by applying a transposition t_{kl} with l > k to the previous permutation.

Assuming that (4.4) holds for k − 1, and using (4.6), we have

(4.7) G_v(x) G_{sk} (x) = � (γ_1,γ_2)

(−1)^{l(γ1)+~l(γ2)+1} G_{end(γ2)}(x) ;

here the summation ranges over all pairs (γ_1, γ_2) of chains, not both of length 0, with γ_1 in ^Γ_{k−1} (v) and γ_2 in ^C_k(end(γ_1)).

We now define a sign-reversing involution on the above set of pairs (γ_1, γ_2). Let γ_1 := (v = w_0 < w_1 < . . . < w_p) and γ_2 := (w_p = w^′_0 < w^′_1 < . . . < w^′_q); let w_i := w_{i−1} t_{aibi} and w^′_j := w^′_{j−1} t_{klj} . It is convenient to represent the two chains by the sequences (t_{a1b1} , . . . , t_{apbp} ) and (t_{kl1} , . . . , t_{klq} ). If none of the two sequences contains a transposition of the form t_{lk} with l < k, then the pair (γ_1, γ_2) is fixed by the involution. Assume that p > 0, and b_p = k, and at least one of the following holds q = 0 , or l_1 > k , or a_p > l_1 .

Then we map the pair (γ_1, γ_2) to the pair of chains represented by the sequences of tranpositions (t_{a1b1} , . . . , t_{ap−1 bp−1} ) and (t_{apk}, t_{kl1} , . . . , t_{klq} ) .

In the remaining case, we have p = 0, or b_p ≠ k, or the following (simultaneously): q > 0 , and b_p = k , and a_p < l_1 < k .

Then we map the pair (γ_1, γ_2) to the pair represented by (t_{a1b1} , . . . , t_{apbp} , t_{l1k}) and (t_{kl2} , . . . , t_{klq} ) .

It is not difficult to check that the map defined above is indeed an involution on the set over which the summation in (4.7) ranges. Furthemore, the involution is clearly signreversing, because it increases or decreases l(γ_1) by 1, but does not change ~l(γ_2). Hence, all terms in the summation in (4.7), except those corresponding to the fixed points of the involution, cancel; indeed, the involution preserves end(γ_2). Thus we proved that (4.4) holds.

In order to deduce Theorem 4.3 from (4.4), we need to show that the summation in the latter formula is multiplicity free (after collecting terms). This is done in the following Proposition, and thus the proof is complete. �

Proposition 4.8. For any w in Π_k(v), there is a unique chain γ in Γ_k(v) with end(γ) = w. Proof. We assume that v, w lie in S_n. Let γ be a chain in Γ_k(v) with end(γ) = w, which we represent as a sequence of transpositions t := (t_{a1b1} , . . . , t_{a1br} , t_{a2c1} , . . . , t_{a2cs} , . . .), as we did in the proof of Theorem 4.3; we have a_1 < a_2 < . . ., b_1 > . . . > b_r, c_1 > . . . > c_s etc. First note that v(i) = w(i) implies that none of the transpositions above act on position i. Hence we may assume without loss of generality that v(i) ≠ w(i) for all i = 1, . . . , n; thus a_1 = 1, a_2=2 etc.

Position b_r is clearly determined by v and w only; in fact b_r = v^{−1} (w(1)). Let α := v(1) and β := v(b_r) = w(1). We will show that b_1, . . . , b_{r−1} are also determined by v and w. We claim that we have either v(i) < α or v(i) > β for all i satisfying 1 < i < b_r or b_j < i < b_{j−1} for some j = 1, . . . , r, where we set b_0 := n. This implies that r = β − α and b_j = v^{−1} (α + j) for j = 1, . . . , β − α − 1. The uniqueness of c_1, . . . , c_s, . . . follows by an inductive argument.

The above claim is clearly true for i with 1 < i < b_r; indeed, otherwise one of the transpositions t_{1b1} , . . . , t_{1br} would increase length by more than 1 when successively multiplying v on the right (recall that l(wt_{ab}) = l(w) + 1 if and only if w(a) < w(b) and either w(i) < w(a) or w(i) > w(b) for all i = a + 1, . . . , b − 1). Now consider i with b_j < i < b_{j−1} for some j = 1, . . . , r. Let t_{mi} be the leftmost transposition in the sequence t which acts on position i, and let v^′ be the permutation in the chain γ it multiplies on the right. We may assume that v(m) < α, since otherwise v(m) > β, whence v(i) > β. Let γ := v(b_{j−1} ) if j > 1, and γ := α otherwise. By an argument similar to one used above, we have that v(i) < α or v(i) > γ. Hence, it is enough to show that we cannot have v(i) = v^′(i) > γ. Assuming that this is true, we are led to a contradiction once we prove that v(m) < v^′(b_j) ≤ γ, since it would follow that the transposition t_{mi} or one preceding it (and still acting on position m) increases length by more than 1.

The only thing left to prove is that v(m) < v^′(b_j) ≤ γ. The second inequality is clear since (vt_{1b1} . . . t_{1br} )(b_j) = γ, and the value on position b_j weakly decreases upon multiplication by subsequent transpositions. Now assume that v^′(b_j) < v(m). Then there has to be a permutation v^{′′} in the chain γ which is multiplied on the right by a transposition t_{lbj} , such that l < m, v^{′′}(l) < v(m), and v^{′′}(b_j) > v(m); indeed, (vt_{1b1} . . . t_{1br} )(b_j) = γ ≥ α > v(m), and the value on position b_j weakly decreases. But then the length increases by more than 1 upon multiplying v^{′′} by t_{lbj} , which is not possible. �

The above proof provides the following algorithm for finding the unique chain in k- Bruhat order from a permutation v to a permutation w in Π_k(v). More explicitly, we want to find the sets B_i (possibly empty) for i = 1, . . . , k, such that

w = v −→� i∈{1,...,k} ←−� b∈B_i

t_{ib} , where the right and left arrows indicate that the indices in the noncommutative products are increasing and decreasing, respectively. Algorithm 4.9.

Step 1. Let i := 1.

Step 2. If v(i) = w(i) then B_i := ∅; go to Step 5. Step 3. Let

B_i := {j : j > k , v(j) ≠ w(j) , and v(i) < v(j) ≤ w(i)} . Step 4. Let v := v ←−� b∈B_i

t_{ib} .

Step 5. Let i := i + 1; if v ≠ w then go to Step 2 else output the sets B_i. STOP. Example 4.10. We have

G_{21534}(x) G_{s3} (x) = (G_{23514}(x) + G_{31524}(x) + G_{216345}(x))− − (G_{32514}(x) + G_{236145}(x) + G_{316245}(x)) + G_{326145}(x) .

The brackets contain the Grothendieck polynomials indexed by permutations of the same length, which have the same degrees of their lowest homogeneous components. The following tree illustrates the way in which the permutations in the formula are constructed; the edges are labeled by the corresponding transpositions.

It would be interesting to compare the algorithmic complexity of generating these trees of permutations with the complexity of applying the operators in [12]. Recall that these operators give the expansion of the product in the Monk-type formula with cancellations, whereas our formula has no cancellations. So one would expect the latter to be more efficient.

It was shown in [12] that if the permutation v in S_n has unique ascent at some position k, that is, v(1) > v(2) > . . . > v(k) < v(k + 1) > v(k + 2) > . . . > v(n) , then Π_k(v) is the whole interval (v, w^n_0 ] in Bruhat order (recall that w^n_0 := [n, n−1, . . . , 1]). We can rederive this result from Theorem 4.3, but, since it seems that the proof is slightly longer than the one in [12], we do not reproduce it here. Instead, we rederive the special case of the Pieri-type formula in [16] for Grassmannian permutations, which corresponds to multiplication by G_{sk} (x).

Recall that a permutation is called Grassmannian if it has a unique descent at some position k, that is,

v(1) < v(2) < . . . < v(k) > v(k + 1) < v(k + 2) < . . . .

The name is motivated by the fact that the corresponding Schubert classes (both in cohomology and K-theory) are pulled back from a Grassmannian projection. Grassmannian permutations v are best represented by their corresponding partition

λ(v) = (v(k) − k ≥ v(k − 1) − k + 1 ≥ . . . ≥ v(1) − 1 ≥ 0) .

Conversely, given k and a partition λ with at most k parts, there is a unique Grassmannian permutation v(λ, k) with descent at k corresponding to the partition λ. It turns out that the Grothendieck polynomial G_{v(λ,k)} (x) is a symmetric polynomial in x_1, . . . , x_k; thus, it will be denoted by G_λ (x_1, . . . , x_k). In particular, G_{(1)}(x_1, . . . , x_k) = G_{sk} (x). With this notation, a special case of Theorems 3.1 and 3.2 in [16] can be restated as follows.

Corollary 4.11. [16] We have

G_λ (x_1, . . . , x_k) G_{(1)}(x_1, . . . , x_k) = � μ (−1)^{|μ|−|λ|} G_μ (x_1, . . . , x_k) .

Here |μ|, |λ| denote, as usual, the sum of parts of the corresponding partitions; the summation ranges over all partitions μ with at most k parts whose Young diagrams are obtained from that of λ by adding |μ| − |λ| boxes, with no two in the same row or column.

Proof. The fact that v is Grassmannian with descent at k combined with condition (4.2) on the saturated chains γ in k-Bruhat order appearing in Theorem 4.3 implies that

a_p < a_{p−1} < . . . < a_1 , b_p < b_{p−1} < . . . < b_1 and v(b_i) − v(a_i) = 1 , i = 1, . . . , p .

This translates into the above condition on the partitions μ corresponding to end(γ); clearly, end(γ) is still Grassmannian with descent at k. �

Remark 4.12. Theorem 4.3 still holds if we use a slightly different order on pairs on positive integers than the one defined in (4.1), namely

(4.13) (a, b) ⪯ (c, d) if and only if (a < c) or (a = c and b ≥ d) ;

all the other definitions remain unchanged. This fact is deduced from the following observation: if (a, b) ≤ (c, d) and (a, b) ⪰ (c, d) , then the integers a, b, c, d are all distinct, whence the transpositions t_{ab} and t_{cd} commute. The same is true if (a, b) ⪯ (c, d) and (a, b) ≥ (c, d) .

In fact, it turns out that the two orders ≤ and ⪯ on pairs are used in the Pieri-type formulas in [17] for multiplying G_v(x) by G_{(1}p_)(x_1, . . . , x_k) and G_{(p)}(x_1, . . . , x_k), respectively. This is the reason for which both work in the context here.

5. Pieri operators and related multiplication formulas

In this section we introduce two new families of noncommutative Pieri operators on the Bruhat order and the k-Bruhat order on the symmetric group, which are inspired by Theorems 3.1 and 4.3. Pieri operators on posets were introduced in [2]. We briefly recall the main elements of the constructions involved.

Let (P, ≤) be a graded poset with rank function rk : P → Z_+, and let ZP be the free graded Z-module generated by the elements of P . For an integer m > 0, a (right) Pieri operator on P is a linear map h_m : ZP → ZP which respects the poset structure; by this it is meant that for all x in P , the support of x·h_m in ZP consists only of elements y in P such that x < y and rk(y) − rk(x) = m.

Now recall the Hopf algebra NC of noncommutative symmetric functions defined in [10]; as an algebra, this is just the free associative algebra over Z with a generator h_m in each positive degree m. Its dual is the Hopf algebra Qsym of quasi-symmetric functions (see [11, 10]). The latter has two remarkable bases, namely the monomial quasi-symmetric functions M_α and the fundamental quasi-symmetric functions F_α ; both are indexed by compositions α = (α_1, . . . , α_l) of positive integers of arbitrary length l = l(α). Note that the basis {M_α } is dual to the basis of complete NC-functions {S^α := h_{α 1} . . . h_{α l} }.

Given an infinite family of Pieri operators {h_m : m = 1, 2, . . .}, the map h_m → h_m turns ZP into a (right) graded NC-module. Given x, y in P , the association to any Ψ in NC of the coefficient of y in x·Ψ is a linear map on NC. Hence, these matrix coefficients are elements of Qsym, and we have a collection of quasi-symmetric functions K_{[x,y]} associated to every interval [x, y] of P .

Now let HP be the free Z-module with basis given by cartesian products of intervals of P , modulo identifying all singleton intervals [x, x] with the unit 1, and empty intervals with 0. Then HP is a graded Z-algebra whose product is cartesian product of intervals, and there is a natural coalgebra structure which turns it into a Hopf algebra (see [22]). According to [2], the map which associates to every interval [x, y] of P the quasi-symmetric function K_{[x,y]} can be extended to a map K on HP , and we have the following result justifying the construction.

Theorem 5.1. [2] The map K : HP → Qsym is a morphism of Hopf algebras.

An important family of Pieri operators, called descent Pieri operators in [2], are associated with (edge)-labeled posets. These are graded posets whose covers are labeled with elements of a totally ordered set; in fact, the definition in [2] is based on posets with edges labeled with integers, but for our purposes it is helpful to allow labelings with elements of any totally ordered set. One of the main examples of descent Pieri operators in [2] was suggested by the Pieri formula for Schubert polynomials (2.6). Since these Pieri operators commute, the corresponding quasi-symmetric functions are, in fact, symmetric, and contain information about the Littlewood-Richardson coefficients corresponding to the multiplication of a Schubert polynomial by a Schur polynomial.

Recall that given a labeled poset P , the descent Pieri operator is defined by

x·h_m := � γ end(γ) ,

where the summation ranges over all saturated chains γ of length m starting at x ,

γ : x^{λ 1}−−→ x_1^{λ 2}−−→ · · ·^{λ m}−−→ x_m = end(γ) , with no descents, that is, λ_1 ≤ λ_2 ≤ . . . ≤ λ_m. We define Pieri operators e_m similarly, with the only exception that we require (strictly) decreasing chains, that is, λ_1 > λ_2 > . . . > λ_m. The reason for the notation is that, according to Proposition 5.4 below, the map h_m → h_m turning ZP into a graded NC-module maps the noncommutative elementary symmetric functions e_m to e_m (cf. the definition of e_m in [10]).

To a subset I = {i_1 < . . . < i_p} of {1, . . . , m − 1}, we associate the composition α(I) := (i_1, i_2 − i_1, . . . , m − i_p) of m. Given a saturated chain γ in a labeled poset with labels λ_1, . . . , λ_m, let D(γ) be the descent composition of γ, that is, the composition associated to the descent set {i : λ_i > λ_{i+1}} of γ. Then it was proved in [4] that the quasi-symmetric functions associated to descent Pieri operators can be written

(5.2) K_{[x,y]} = � γ F_{D(γ)} ,

where the sum is over all saturated chains γ in the interval [x, y].

We have the following result, for which we present two proofs: the first is more algebraic, while the second is more combinatorial. Let

(5.3) H := ∞� m=1 (−1)^{m−1} h_m .

Proposition 5.4. We have

(1 − H)^{−1} = ∞� m=0 e_m .

First proof. Consider x < y in P with rk(y) − rk(x) = m. The coefficient of y in x·H^p multiplied by (−1)^{m−p} is obtained by summing over all compositions α = (α_1, . . . , α_p) of m the coefficients of y in x·h_{α 1} . . . h_{α p} . But these are just the coefficients of M_α in K_{[x,y]}, by the definition of the latter. We deduce that the coefficient of y in x·(1 − H)^{−1} is (−1)^mf(K_{[v,w]}), where f : Qsym → Z is the specialization map defined by f(M_α ) = (−1)^{l(α)} . It is convenient to switch to the basis of fundamental quasi-symmetric functions. Recall that given a subset I of [n − 1] := {1, . . . , n − 1}, we have

F_{α(I)} = � I⊆J⊆[n−1]

M_{α(J)} .

Thus, we have

f(F_{α(I)} ) = � (−1)^n if I = [n − 1] 0 otherwise .

Therefore, the coefficient of y in x · (1 − H)^{−1} is just the coefficient of F_{α([m])} in the expansion of K_{[x,y]} in the basis of fundamental quasi-symmetric functions. By (5.2), the latter coefficient is the number of decreasing saturated chains from x to y. �

Second proof. We prove that the operator �_∞ � m=0 (−1)^mh_m

� �_∞ � m=0 e_m �

is just the identity. Thus, we have to prove that for m > 0 we have m� i=0 (−1)^ih_ie_{m−i} = 0 .

In order to do this, we construct a sign-reversing involution on the saturated chains of length m determined by the operator on the left-hand side of the above identity. A typical chain γ produced by the operator (−1)^ih_ie_{m−i} has two sequences of labels

(λ_1 ≤ . . . ≤ λ_i) and (λ_{i+1} > . . . > λ_m) ,

where at most one can be empty. If we have (i = m) or (0 < i < m and λ_i > λ_{i+1}), then the same chain is produced by the operator (−1)^{i−1} h_{i−1} e_{m−i+1} . Otherwise, we have (i = 0) or (0 < i < m and λ_i ≤ λ_{i+1}). Hence, in this case, γ is also produced by the operator (−1)^{i+1}h_{i+1}e_{m−i−1} . �

Remark 5.5. In the framework of combinatorial Hopf algebras in [1], the operator

ζ := ∞� m=0 h_m

based on increasing chains is viewed as a multiplicative functional on the Hopf algebra HP associated to a labeled poset P . Indeed, we can define ζ([x, y]) to be the coefficient of y in x·ζ; hence ζ([x, y]) is the number of increasing saturated chains from x to y. Such a functional is called a zeta function for the corresponding Hopf algebra, and the pair (HP, ζ) is called a combinatorial Hopf algebra. Similarly, ζ^′ := 1−H defined in (5.3) can be viewed as a different zeta function. According to Proposition 5.4, the linear functional

μ := ∞� m=0 (−1)^me_m

counting decreasing chains is the convolutional inverse of ζ; this means μ = ζ ∘ S, where S is the antipode of HP . The functional μ is called the Möbius function of (HP, ζ).

The first family of Pieri operators we define is suggested by Theorem 3.1 (the notation is the same as in Section 3). Thus, we take our poset to be S_∞ with Bruhat order, fix a positive integer k, and set

(5.6) v·h_m := � w∈P_k(v) l(w)−l(v)=m

σ_k(w, v)w .

These operators do not commute, as shown in the example below; hence the corresponding quasi-symmetric functions K_{[v,w]} are not symmetric.

Example 5.7. For n = 4 and k = 1, we have

[1, 3, 2, 4]·h_2 = −[3, 2, 1, 4] , whence [1, 3, 2, 4]·h_2h_1 = −[4, 2, 1, 3] .

But [1, 3, 2, 4]·h_1 = [2, 3, 1, 4] + [3, 1, 2, 4] , whence [1, 3, 2, 4]·h_1h_2 = 0 .

The multiplication of a Grothendieck polynomial G_v(x) by x_k is modeled by the operator

�_∞ i=1 h_i. But the quasi-symmetric functions K_{[v,w]} encode more information than just the mentioned multiplication. Indeed, we have the following result.

Proposition 5.8. The coefficient of G_w(x) in the expansion of the product x^p_k G_v(x) in the basis of Grothendieck polynomials is obtained by applying to K_{[v,w]} the specialization map f_p : Qsym → Z defined by

f_p(M_α ) := � 1 if l(α) = p 0 otherwise .

Proof. The argument is the same as the one used in the first proof of Proposition 5.4. �

Let us now define a family of Pieri operators suggested by Theorem 4.3 (the notation is the same as in Section 4). Thus, we fix a positive integer k, take our poset to be S_∞ with k-Bruhat order, and set

(5.9) v·h_m := � w∈Π_k(v) l(w)−l(v)=m w .

Based on Proposition 4.8, we can see that this operator is a descent Pieri operator; indeed, we label a cover w < wt_{ab} (with a < b) of the k-Bruhat order with the pair (a, b), and use the order on pairs defined in (4.1).

Our descent Pieri operators (5.9) do not commute, whence the corresponding quasisymmetric functions are not symmetric; indeed, Example 5.7 shows this too. On the other hand, the multiplication of a Grothendieck polynomial G_v(x) by G_{sk} (x) is modeled by the operator H defined in (5.3). The quasi-symmetric functions K_{[v,w]} encode more information than just the mentioned multiplication. For instance, it is easy to derive a similar result to Proposition 5.8 related to the multiplication of a Grothendieck polynomial G_v(x) by G_{sk} (x)^p.

Proposition 5.4 immediately implies an inverse formula to our Monk-type formula in Theorem 4.3; note that the former has no negative signs, unlike the latter. In order to state the inverse formula, let Δ_k(v) be the set of all decreasing saturated chains starting at v, including the chain of length 0; the total order on labels is still the one defined in (4.1). Let also Q_k(v) consist of all permutations end(γ) for γ in Δ_k(v).

Theorem 5.10. The following identity holds in the algebra of formal power series Z[[x_1, x_2, . . .]], where y_i := 1/(1 − x_i):

(y_1 . . . y_k) G_v(x) = � w∈Q_k(v)

G_w(x) .

Proof. According to (4.5), we have 1 1 − G_{sk} (x)

= y_1 . . . y_k .

Hence the above multiplication is modeled by the operator (1 − H)^{−1} , and, thus, Proposition 5.4 applies. We only have to prove that the formula obtained in this way is multiplicity free, and this is done in the next Proposition. �

Proposition 5.11. For any w in Q_k(v), there is a unique chain γ in Δ_k(v) with end(γ) = w. Proof. Let γ be a chain in Δ_k(v) with end(γ) = w. As in the proof of Proposition 4.8, we represent γ as a sequence of transpositions t := (t_{a1b1} , . . . , t_{a1br} , t_{a2c1} , . . . , t_{a2cs} , . . .). We now have a_1 > a_2 > . . ., b_1 < . . . < b_r, c_1 < . . . < c_s etc.

Positions a_1, a_2, . . . are clearly determined by v and w only. So is position b_r; in fact b_r = v^{−1} (w(a_1)). We claim that

b_1 = min {i : k < i ≤ b_r and w(a_1) < w(i) ≤ w(b_r)} .

Similarly, for 1 ≤ p < r, we claim that

b_{p+1} = min {i : b_p < i ≤ b_r and w(b_p) < w(i) ≤ w(b_r)} .

Indeed, denote the minimum by m, and assume that b_{p+1} > m (we cannot have b_{p+1} < m, because b_{p+1} must clearly lie in the above set). Since w(b_p) < w(m) < w(b_r) and (wt_{a1b1} . . . t_{a1bp} )(a_1) = w(b_p), it follows that one of the transpositions t_{a1bp+1} , . . . , t_{a1br} must increase length by more than 1 (cf. the necessary and sufficient condition for a transposition to increase length by 1, stated in the proof of Proposition 4.8). This is a contradiction, and therefore all positions b_i are uniquely determined by v and w. The uniqueness of c_1, . . . , c_s, . . . follows by an inductive argument. �

Remarks 5.12.

(1) The proof of Proposition 5.11 provides a similar algorithm to 4.9 for constructing the unique chain in Δ_k(v) from a permutation v to some permutation w in Q_k(v).

(2) It is not hard to see that the lengths of increasing chains in k-Bruhat order starting at any given permutation in S_∞ are bounded, but the lengths of decreasing chains are not. This explains why the summation in Theorem 4.3 is finite, whereas the one in Theorem 5.10 is infinite.

Finally, we present a new formula for the restriction of a dominant line bundle to a Schubert variety. This is in terms of chains in the k-Bruhat order, and, unlike all the other formulas in this paper, it is not multiplicity free. As stated in the introduction, it is not clear how to relate this formula to the one in [9] in terms of Young tableaux, and the more general one in [21], based on Littelmann paths. The advantages of our formula are the fact that it is straightforward to invert, and the fact that it is an identity in an algebra of formal power series, not just for Schubert classes in K-theory.

Recall that y_i := 1/(1 − x_i) are representatives for the classes [L_i] of the tautological line bundles V_i/V_{i−1} on the flag variety F l_n (or, more generally, on the flag bundle F l(V ), cf. Section 2). A dominant line bundle is one of the form L^λ := L^{⊗λ 1}_1 . . . L^{⊗λ n}_n , where λ := (λ_1 ≥ . . . ≥ λ_n ≥ 0) is a partition. Its class in K-theory is represented by the monomial y^λ := y^{λ 1}_1 . . . y^{λ n}_n . Let μ := (μ_1 ≥ . . . ≥ μ_k > 0) be the conjugate partition of λ.

Corollary 5.13. The following identity holds in the algebra of formal power series Z[[x_1, x_2, . . .]], where y_i := 1/(1 − x_i):

y^λ G_v(x) = � γ G_{end(γ)}(x) ,

where the summation is over all chains of the form

γ : v = w_0^{γ1}−−→ w_1^{γ2}−−→ · · ·^{γk}−−→ w_k = end(γ) ,

where γ_i is a (decreasing saturated) chain in Δ_{μ i} (w_{i−1} ) with end(γ_i) = w_i, for i = 1, . . . , k.

Proof. Just notice that y^λ = (y_1 . . . y_{μ 1} ) . . . (y_1 . . . y_{μ k} ). We can now apply Theorem 5.10 repeatedly. �

Example 5.14. We reproduce the example on page 721 in [9], working with Grothendieck polynomials in only one set of variables instead. We have

(y^3_1y_2y_3) G_{3124}(x) = G_{3124}(x) + (3G_{4123}(x) + G_{3142}(x))+ + (2G_{4132}(x) + G_{3241}(x)) + 2G_{4231}(x) + . . . .

The brackets contain the Grothendieck polynomials indexed by permutations of the same length, which have the same degrees of their lowest homogeneous components. In the right hand side of the formula, we only indicated the Grothendieck polynomials indexed by permutations in S_4; indeed, if we are working in K^0(F l_4), as in [9], the others do not appear. Here λ = μ = (3, 1, 1), so we have three subchains, in 3-, 1-, and 1-Bruhat orders, respectively. The following tree illustrates the way in which the permutations in the formula are constructed; the edges are labeled by the corresponding transpositions, as well as by the numbers of the subchains (1, 2, or 3) to which those transpositions can possibly belong.

References

[1] M. Aguiar, N. Bergeron, and F. Sottile. Eulerian combinatorial Hopf algebra and generalized Dehn- Sommerville relations. Preprint, Texas A&M Univ., York Univ., and Univ. of Mass. Amherst, 2002.

[2] N. Bergeron, S. Mykytiuk, F. Sottile, and S. van Willigenburg. Non-commutative Pieri operators on posets. J. Combin. Th. Ser. A, 91:84–110, 2000.

[3] N. Bergeron and F. Sottile. Schubert polynomials, the Bruhat order, and the geometry of flag manifolds. Duke Math. J., 95:373–423, 1998.

[4] N. Bergeron and F. Sottile. Hopf algebras and edge-labeled posets. J. Algebra, 216:641–651, 1999.

[5] C. Chevalley. Sur les décompositions cellulaires des espaces G/B. In Algebraic Groups and Generalizations: Classical Methods, volume 56 Part 1 of Proceedings and Symposia in Pure Mathematics, pages 1–23. Amer. Math. Soc., 1994.

[6] C. Ehresmann. Sur la topologie de certaines espaces homogènes. Ann. Math., 35:396–443, 1934. [7] S. Fomin and A. Kirillov. Grothendieck polynomials and the Yang-Baxter equation. In Proceedings of the Sixth Conference in Formal Power Series and Algebraic Combinatorics, pages 183–190, Rutgers University, NJ, 1994. DIMACS.

[8] W. Fulton. Young Tableaux, volume 35 of London Math. Soc. Student Texts. Cambridge Univ. Press, Cambridge and New York, 1997.

[9] W. Fulton and A. Lascoux. A Pieri formula in the Grothendieck ring of a flag bundle. Duke Math.

J., 76:711–729, 1994.

[10] I. M. Gelfand, D. Krob, A. Lascoux, B. Leclerc, V. S. Retakh, and J.-Y. Thibon. Noncommutative symmetric functions. Adv. Math., 112:218–348, 1995.

[11] I. Gessel. Multipartite P-partitions and products of skew Schur functions. In C. Greene, editor, Combinatorics and Algebra (Boulder, Colo., 1983), volume 34 of Contemp. Math., pages 289–317, Providence, RI, 1984. Amer. Math. Soc.

[12] A. Lascoux. Anneau de Grothendieck de la variété de drapeaux. In The Grothendieck Festschrift, volume III of Progr. Math., pages 1–34, Boston, 1990. Birkhäuser.

[13] A. Lascoux. Transition on Grothendieck polynomials. In A. Kirillov and N. Liskova, editors, Proc.

Nagoya Workshop on Physics and Combinatorics (2000), pages 164–179. World Scientific, 2001. [14] A. Lascoux and M. P. Schützenberger. Polynômes de Schubert. C. R. Acad. Sci. Paris Sér. I Math., 294:393–396, 1982.

[15] A. Lascoux and M.-P. Schützenberger. Symmetry and flag manifolds. In F. Gherardelli, editor, Invariant Theory, volume 996 of Lecture Notes in Math., pages 118–144, Berlin-Heidelberg-New York, 1983. Springer-Verlag.

[16] C. Lenart. Combinatorial aspects of the K-theory of Grassmannians. Ann. Combin., 4:67–82, 2000. [17] C. Lenart and F. Sottile. A Pieri-type formula for Grothendieck polynomials. Preprint, SUNY Albany and Univ. of Mass. Amherst, 2002.

[18] I. G. Macdonald. Notes on Schubert Polynomials. Laboratoire de combinatoire et d’informatique mathématique (LACIM), Université du Québec à Montréal, Montréal, 1991.

[19] L. Manivel. Fonctions symétriques, polynômes de Schubert et lieux de dégénérescence. Cours Spécialisés – Collection SMF. Société Mathématique de France, 1998.

[20] D. Monk. The geometry of flag manifolds. Proc. London Math. Soc., 9:253–286, 1959. [21] H. Pittie and A. Ram. A Pieri-Chevalley formula in the K-theory of a G/B-bundle. Electron. Res.

Announc. Amer. Math. Soc., 5:102–107, 1999.

[22] W. R. Schmitt. Incidence Hopf algebras. J. Pure Appl. Algebra, 96:299–330, 1994.

Department of Mathematics and Statistics, SUNY at Albany, Albany, NY 12222

E-mail address: lenart@csc.albany.edu