COMBINATORIAL ASPECTS OF THE K-THEORY OF GRASSMANNIANS

CRISTIAN LENART

Abstract. In this paper we study Grothendieck polynomials indexed by Grassmannian permutations, which are representatives for the classes corresponding to the structure sheaves of Schubert varieties in the K-theory of Grassmannians. These Grothendieck polynomials are nonhomogeneous symmetric polynomials whose lowest homogeneous component is a Schur polynomial. Our treatment, which is closely related to the theory of Schur functions, gives new information about these polynomials. Our main results are concerned with the transition matrices between Grothendieck polynomials indexed by Grassmannian permutations and Schur polynomials on the one hand, and with Pieri formulas for these Grothendieck polynomials on the other hand.

1. Introduction

The singular cohomology of flag varieties has attracted a great interest among algebraic combinatorialists in recent years. The seminal work of Bernstein, Gelfand and Gelfand [1] on the cohomology of the spaces G/P , and Lascoux and Schützenberger [12], who defined the Schubert polynomials as representatives for Schubert classes in type A, was the starting point of a vast literature on Schubert calculus. The K-theory of flag varieties, which is the next level of complexity after singular cohomology in encoding the topological structure of these varieties, leads to a generalization of Schubert calculus. The analogs of Schubert polynomials, as representatives for the K-theory classes determined by the structure sheaves of Schubert varieties, are the Grothendieck polynomials. They were introduced by Lascoux and Schützenberger in [14], and studied more extensively in [11]. These polynomials are defined using the so-called isobaric divided difference operators, as opposed to the divided difference operators defining Schubert polynomials. The literature on the K-theory of flag varieties is modest compared with that on Schubert calculus. The main references are: [10, 3] (where the general structure of the K-theory of G/P is studied), [13, 11] (where the Grothendieck polynomials are defined and their main properties presented), [6] (where a combinatorial formula for the Grothendieck polynomials similar to the one in [2] is presented), and [8] (where a Pieri formula for Grothendieck polynomials is given).

In this paper we study Grothendieck polynomials corresponding to Grassmannian permutations, which represent Schubert classes in the K-theory of Grassmannians. They are nonhomogeneous symmetric polynomials whose lowest homogeneous component is a Schur polynomial. Our treatment, which is closely related to the theory of Schur functions, gives new information about these Grothendieck polynomials. Our main results are concerned with the transition matrices between Grothendieck polynomials indexed by Grassmannian permutations and Schur polynomials on the one hand, and with Pieri 1

formulas for these Grothendieck polynomials on the other hand (note that the Pieri formula in [8] is not a polynomial identity, being valid only up to a certain ideal, and uses a different set of variables than the one below).

I am grateful to Alain Lascoux for useful conversations and several suggestions he made on a first version of this work.

2. Grothendieck Polynomials for Grassmannian Permutations and Schur Polynomials

Let Gr_k(C^n) denote the Grassmannian of k-dimensional subspaces in C^n, which is the simplest complex flag variety (n and k are fixed throughout this paper). It is well-known that the singular cohomology of Gr_k (C^n) is a certain quotient of the ring of symmetric polynomials in x_1, . . . , x_k, which is just the polynomial ring in the elementary symmetric polynomials e_i = e_i(x_1, . . . , x_k); the complete homogeneous symmetric polynomials h_i = h_i(x_1, . . . , x_k) are also polynomial generators. More precisely, H^∗(Gr_k(C^n)) is the quotient of Z[e_1, . . . , e_k] (the elements e_i are now viewed as symbols) by the ideal generated by all p × p determinants det(e_{1+j−i})_{1≤i,j≤p}, where n − k + 1 ≤ p ≤ n. Alternatively, the cohomology ring can be described as the quotient of the polynomial ring

Z[e1, . . . , ek, h1, . . . , hn−k ] by the ideal generated by relations which can be expressed in

the following way: (_k ∑ i=0 e_it^i ) (_{n−k} ∑ j=0 (−1)^j h_j t^j ) = 1 .

Recall that Gr_k (C^n) has a decomposition into Schubert cells, whose closures are the Schubert varieties. They are indexed by Grassmannian permutations of {1, . . . , n} which have their unique descent in position k, that is, permutations w = (w_1, . . . , w_n) with w_i < w_{i+1} if and only if i ≠ k (throughout this paper we use the one-line notation for permutations). A more natural indexing set is formed by partitions of n (identified with their Young diagrams) with at most k rows and n − k columns. All partitions considered in this paper have at most k nonzero parts, and we adopt the convention of appending extra parts equal to 0 in order to have exactly k parts. The correspondence between the Grassmannian permutations and the partitions mentioned above is given by w → λ = (c_k(w), . . . , c_1(w)) , where c(w) = (c_1(w), . . . , c_{n−1}(w)) denotes the code of a permutation w; recall that c_i(w) is defined to be the cardinality of the set {j > i : w_j < w_i}, and that c_i(w) = w_i − i for i ≤ k, if w is a Grassmannian permutation with descent in position k. The Grassmannian permutation corresponding to the partition λ will be denoted by w(λ). There are cohomology classes (known as Schubert classes) corresponding to Schubert varieties, and, in fact, they form an integral basis for cohomology. The natural representatives for Schubert classes are the Schur polynomials s_λ = s_λ(x_1, . . . , x_k) indexed by the partitions mentioned above; they are special cases of Schubert polynomials (see e.g. [17] or [7]).

Now let us consider the K-theory of Gr_k (C^n), which is the Grothendieck ring of complex vector bundles over this Grassmannian. Using the λ-ring notation, we can describe K^0(Gr_k (C^n)) as the quotient of the ring of Laurent polynomials in a_1, . . . , a_n, which are symmetric in both {a_1, . . . , a_k} and {a_{k+1}, . . . , a_n}, by the ideal generated by the relations

Λ^{n−k} (a_{k+1} + . . . + a_n) = . . . = Λ^n(a_{k+1} + . . . + a_n) = 0 ;

see for instance [11]. There are K-theory classes which correspond to the structure sheaves of Schubert varieties; they are indexed by the same partitions as Schubert classes in singular cohomology, and they form a basis of the Grothendieck ring. The natural representatives for Schubert classes in K-theory are certain symmetric polynomials

Gλ(a1, . . . , ak) introduced by Lascoux and Schützenberger, who called them Grothen-

dieck polynomials; they are indexed by the partitions mentioned above. These polynomials are special cases of the more general Grothendieck polynomials indexed by permutations of {1, . . . , n}, which are representatives for Schubert classes in the K-theory of the variety of complete flags in C^n; in other words, we have Gλ(a1, . . . , ak) = Gw(λ)(a1, . . . , an) . There is a general recursive procedure for computing Grothendieck polynomials in the variables a_1, . . . , a_n, which is based on the isobaric divided difference operators π_i defined by π_i f(a_1, . . . , a_n) = a_i f(a_1, . . . , a_n) − a_{i+1} f(a_1, . . . , a_{i+1}, a_i, . . . , a_n) a_i − a_{i+1} . Given an arbitrary permutation w, we can associate with it an operator π_w by considering an arbitrary reduced word (i_1, . . . , i_{l(w)}) for w (that is s_{i1} . . . s_{il(w)} = w, where s_i is the transposition (i, i + 1) and l(w) denotes the length of w), and defining π_w := π_{i1} . . . π_{l(w)}; this definition does not depend on the choice of the reduced word. We can now define Grothendieck polynomials by Gw_0 (a1, . . . , an) =^{n−1∏}_{i=1} (1 − 1/ai)^{n−i} , (2.1) Gw(a1, . . . , an) = πw�1w_0 Gw_0 (a1, . . . , an) , (2.2)

where w_0 = (n, n − 1, . . . , 1) is the longest permutation in the symmetric group Σ_n.

It is easy to check that the operators π_i provide a faithful representation of the degenerate Hecke algebra H_n(0). This is generated by u_1, . . . , u_{n−1}, subject to the following relations:

u^2_i = −u_i , u_iu_j = u_j u_i if |i − j| ≥ 2 , (2.3) u_iu_{i+1}u_i = u_{i+1}u_iu_{i+1} ,

and has a basis consisting of elements which can be identified with permutations in Σ_n.

We now make the substitution x_i = 1 − 1/a_i for 1 ≤ i ≤ k, and define a ring homomorphism from the Grothendieck ring to the singular cohomology of Gr_k (C^n) by sending the elementary symmetric polynomials e_i(x_1, . . . , x_k) in K^0(Gr_k (C^n)) to the corresponding elements e_i in the singular cohomology ring. It turns out that this map is an isomorphism. In geometric terms, it corresponds to identifying the Chern classes in K-theory and singular cohomology of the dual of the tautological vector bundle on Gr_k(C^n). From now on, we will view the Grothendieck polynomials representing Schubert classes in K^0(Gr_k (C^n)) as polynomials in x_1, . . . , x_k, and simplify their notation to G_λ; more generally, we will view any Grothendieck polynomial indexed by a permutation w in Σ_n as a polynomial in x_1, . . . , x_n, and will denote it by G_w (see [14, 13, 6]). The isobaric divided difference operator discussed above can be expressed in terms of the x_i’s in the following way: f(x_1, . . . , x_k) → (1 − x_{i+1}) f(x_1, . . . , x_k) − (1 − x_i) f(x_1, . . . , x_{i+1}, x_i, . . . , x_k) x_i − x_{i+1} ; from now on we write π_i for this operator, and define π_w as usual, for every permutation w. We will also need the divided difference operators ∂_w, which are used to define Schubert polynomials (see [17] or [7]); recall that

∂_i f(x_1, . . . , x_n) = f(x_1, . . . , x_n) − f(x_1, . . . , x_{i+1}, x_i, . . . , x_n) x_i − x_{i+1} , and that ∂_w is defined in a similar way to π_w.

It follows from their definition that the Grothendieck polynomials are nonhomogeneous polynomials in the x_i’s, and that their lowest homogeneous component is the corresponding Schubert polynomial. Hence the lowest homogeneous component of G_w has degree l(w). In particular, the lowest homogeneous component of G_λ is the Schur polynomial s_λ, which has degree |λ| (i.e., the weight of λ, defined as the sum of its parts). A general property of Grothendieck polynomials ([11] (2.2)) tells us that G_λ is symmetric in x_1, . . . , x_k. Another fact about Grothendieck polynomials, which was proved in [6], is that the coefficients of monomials in different homogeneous components alternate in sign. In some of the proofs below, it is more convenient to use the slightly modified version of

Gλ in which all monomials have positive coefficients; thus, we define ~Gλ := (−1)^{|λ|} Gλ(−x1, . . . , −xk) . The following result shows that Grothendieck polynomials corresponding to Grassmannian permutations can be obtained from Schur polynomials by a simple λ-ring substitution. Before stating the result, we recall the definition of a flag Schur function indexed by an arbitrary composition α with k parts (see e.g. [17]):

s_α(X_1 − Y_1, . . . , X_k − Y_k ) := det(h_{αi−i+j} (X_i − Y_i))_{1≤i,j≤k} ;

here X_i, Y_i are alphabets, h_m(X −Y ) = ∑_m i=0 h_i(X)h_{m−i}(−Y ), h_i(−Y ) = (−1)^ie_i(Y ), and h_i(X), e_i(Y ) denote the corresponding complete homogeneous and elementary symmetric functions in the variables of X and Y . Recall that in λ-ring notation an alphabet is identified with the formal sum of its elements, so it makes sense to write m for the alphabet with m elements, all of which are equal to 1. For instance, we have e_i(m) = (_m i ) and h_i(m) = (_{m+i−1} i ) . In this sense, we write h_i(X − m) for h_i(X − Y ) with Y being the special alphabet m. We also need to consider the staircase shapes δ := (k − 1, k − 2, . . . , 1, 0) and δ := (0, 1, . . . , k − 1) . Theorem 2.4. We have that Gλ = (−1)^{k(k−1)/2} s_{λ+δ}(X, X − 1, . . . , X − (k − 1)) , where X := x_1 + x_2 + . . . + x_k.

Proof. Let u be the permutation (k, k −1, . . . , 1, k +1, k +2, . . . , n), and note that w(λ)u is a dominant permutation, i.e., its code is a partition. Given this fact, we know from [11] Lemma 2.10 that Gw(λ)u = x^{λ+δ} , (2.5) where x^α := x^{α1}_1 x^{α2}_2 . . . for any composition α. From (2.2) and the fact that l(w(λ)u) = l(w(λ)) + l(u), it follows that Gλ = πu Gw(λ)u . (2.6) Now, according to formula (1.8) in [14], we have

π_u f(x_1, . . . , x_k) = 1 Δ A ( f(x_1, . . . , x_k) k∏ i=1 (1 − x_i)^{i−1} ) ; (2.7)

here Δ is the Vandermonde, and A is the antisymmetrization operator A(g(x_1, . . . , x_k)) := ∑ w∈Σk (−1)^{l(w)} g(x_{w(1)}, . . . , x_{w(k)}) .

Hence, up to a sign of (−1)^{k(k−1)/2}, the polynomial G_λ can be obtained by applying the usual maximal divided difference operator ∂_u to x^{λ+δ} ∏_k i=1(x_i − 1)^{i−1}; indeed, it is well-known (see e.g. [7]) that ∂_u has a similar expression to (2.7), namely ∂_u f(x_1, . . . , x_k) = 1 Δ A(f(x_1, . . . , x_k)) . We claim that the polynomial x^{λ+δ} ∏_k i=1(x_i − 1)^{i−1} can be expressed as the flag Schur polynomial s_{λ+(k−1)}k (X_1, X_2 − 1, . . . , X_k − (k − 1)) , where (k−1)^k denotes the partition with k parts equal to k−1, and X_i := x_1 +x_2+. . .+x_i. The proof of this fact is based on the following identity: h_i(X − Y ) − xh_{i−1}(X − Y ) = h_i((X − x) − Y ) , where x is an element of X. Indeed, let us consider the determinant in the complete homogeneous symmetric polynomials expressing the above flag Schur polynomial. We subtract column i multiplied by x_1 from column i + 1 for i = 1, . . . , k − 1, then we subtract column i multiplied by x_2 from column i + 1 for i = 2, . . . , k − 1, and so on. The obtained matrix is lower triangular, and its i-th diagonal entry is h_{λi+k−1}(x_i − (i − 1)) = x^{λi+k−i}_i (x_i − 1)^{i−1} , whence the above claim. The desired expression for G_λ now follows by applying Proposition 3.11 in [17]; indeed, according to this result we have ∂_u s_α(X_1 + Z_1, . . . , X_k + Z_k ) = s_{α−δ}(X_k + Z_1, . . . , X_k + Z_k) , where Z_i are arbitrary alphabets not containing x_j , and X_i are as above.

The following theorem gives an alternative expression for a Grothendieck polynomial corresponding to a Grassmannian permutation, namely as a linear combination of Schur polynomials. This expression is more useful in practical applications (such as our Pieri formulas in the next section) than the one in Theorem 2.4, because Schur polynomials are well understood. In order to state our result, we define ^λ as the unique maximal partition with k rows (in the Young lattice) obtained from λ by adding at most i − 1 boxes to its i-th row, for 2 ≤ i ≤ k.

Theorem 2.8. We have Gλ =^∑_{λ⊆μ⊆} b_λ^{(−1)} |μ|−|λ| g λμ s_μ . Furthermore, every coefficient g_{λμ} is nonnegative, and, in fact, is the number of row and column strict tableaux of shape μ/λ with entries in the i-th row (counted from the top row of λ and μ) restricted to 1, 2, . . . , i − 1 for all i.

Proof. It is more convenient to work with the polynomials ~G_λ. Now recall (2.5) and (2.6); in fact, we need to replace π_u in (2.6) with the following modified version ~π_u in order to compute ~G_λ: ~π_u f(x_1, . . . , x_k) = 1 Δ A ( f(x_1, . . . , x_k) k∏ i=1 (1 + x_i)^{i−1} ) . It follows by expanding the product ∏_k i=1(1 + x_i)^{i−1}, and by using the definition of a Schur polynomial s_λ as ∂_u x^{λ+δ}, that the coefficient g_{λμ} of an arbitrary Schur polynomial s_μ in ~G_λ is the determinant det (( i − 1 μ_j − j − λ_i + i )) 1≤i,j≤k . By the Gessel-Viennot method (see [9]), this is precisely the number of k-tuples of nonintersecting lattice paths with steps (1, 0) and (0, 1), such that the i-th path joins the points A_i(λ_i − i + 1, −λ_i) and B_i(μ_i − i + 1, i − 1 − μ_i). Furthermore, these paths are in bijection with semistandard Young tableaux of shape μ/λ whose entries in the i-th row are integers between −λ_i and i − 1 − μ_i (inclusive); here we use the numbering of the rows as they appear in the Young diagram of μ. By adding to every entry the index of its column, we obtain a bijection with the tableaux in the statement of the theorem. It is clear from this description that g_{λμ} = 0 unless λ ⊆ μ ⊆ ^λ. On the other hand, if μ is in this interval, then we can always find a tableau counted by g_{λμ} simply by filling in the boxes of μ/λ in row i from right to left with i − 1, i − 2, . . . .

The above theorem suggests that the expansion of an arbitrary Grothendieck polynomial in the basis of Schubert polynomials, which is investigated in [16], involves Schubert polynomials corresponding to permutations in a certain interval in Bruhat order.

We now give a recurrence relation for the coefficients g_{λμ} involving more familiar combinatorial quantities. For μ ⊇ λ, we let ρ = ρ(λ, μ) and τ = τ (λ, μ) be the partitions of smallest weight (identified with the corresponding Young diagrams) satisfying τ /ρ = μ/λ. We also denote by r = r(λ, μ) the number of rows above the first row of μ/λ, and by λ^′ the conjugate of λ, as usual. The recurrence relation below expresses g_{λμ} in terms of g_{ρν} with l(ν) < l(μ) and l(ν^′) < l(μ^′); also note that l(ρ) < l(λ) and l(ρ^′) < l(λ^′), since the first parts of λ and μ are equal. The recurrence relation also involves the number of semistandard Young tableaux of certain skew shapes τ^′/ν^′ with entries between 1 and r;

recall that the latter number is also the specialization of the skew Schur function s_τ 0_{/ν}0 obtained by setting the first r variables equal to 1, whence the notation s_τ 0_{/ν}0(1^r).

Proposition 2.9. We have g_{λμ} = ∑ ρ⊆ν⊆bρ∧τ g_{ρν} s_τ 0_{/ν}0(1^r ) ,

where ∧ denotes the meet in the Young lattice.

Proof. Every tableau enumerated by g_{λμ} (as specified by Theorem 2.8) can be decomposed into two row and column-strict tableaux, one of shape ν/ρ with entries in row i between 1 and i − r − 1, and the other of shape τ /ν with entries in row i between i − r and i − 1. By adding r − i + 1 to the entries in row i of the second tableau, we obtain a row-strict tableau of shape τ /ν with entries between 1 and r. Furthermore, this correspondence is a bijection, whence the recurrence relation follows.

Note that a similar recurrence relation was given in [15] for the action of Steenrod operations on the cohomology of Grassmannians. The proof, however, was more difficult and not combinatorial, since there was no simple combinatorial interpretation for the corresponding coefficients.

Corollary 2.10. If μ/λ is not a skew shape, then g_{λμ} is the number of semistandard Young tableaux of shape μ^′/λ^′ with entries between 1 and r(λ, μ).

Note that the recursive computation in Proposition 2.9 always ends by using Corollary 2.10. Also note that the number of semistandard Young tableaux of a nonskew shape is easy to compute (see e.g. [18] p. 45).

Finally, let us recall another combinatorial interpretation of the coefficients g_{λμ}, which appears in [5], and which is valid in fact for every stable Grothendieck polynomial. In order to state it, we need to consider the modified version ~H_n(0) of the degenerate Hecke algebra H_n(0), which is obtained by replacing the first relation in (2.3) with u^2_i = u_i. We also consider semistandard Young tableaux with entries between 1 and n−1. The column word of such a tableau is obtained by reading its columns bottom-up and left-to-right. In fact, for the purposes of our next result, we usually need to read u_i instead of i, so the corresponding word will in fact be an element of ~H_n(0). The two notions of column word will be used interchangeably. Also recall that the row word of a tableau is obtained by reading its rows left-to-right and bottom-up.

Theorem 2.11. [5] The coefficient g_{λμ} is the number of semistandard Young tableaux of shape μ^′ and entries between 1 and n − 1, whose column word is equal to w(λ) in ~H_n(0).

The tableaux in the above theorem are difficult to enumerate. Hence it makes sense to establish a bijection between the tableaux in Theorems 2.8 and 2.11. We do this below.

Consider the partitions λ ⊆ μ, and the row and column strict tableau T_0 of shape λ^′ corresponding to the nilplactic class of reduced words for the Grassmannian permutation w(λ) (see [4]). This means that both the row and column words of T_0 are reduced words for w(λ). Consider also an arbitrary tableau T of shape μ/λ and the type specified in Theorem 2.8, and let T^′ be its transpose (of shape μ^′/λ^′). We use T^′ to construct from

T_0 a tableau T_1 of shape μ^′ of the type specified in Theorem 2.11. Assuming that the entries in the r-th row of T^′ are i_1 < . . . < i_s, we consider the sequence j_1 ≤ . . . ≤ j_s with j_l := i_l − l + 1, and let m_k denote the number of times k appears in it. The r-th row of T_1 is then obtained from the r-th row of T_0 by inserting m_k extra copies of its k-th entry for every k. For instance, let λ = (4, 4, 3, 1, 1), μ = (4, 4, 4, 4, 3), w(λ) = (2, 3, 6, 8, 9, 1, 4, 5, 7). The tableau T_0, together with an example of a tableau T^′ and the associated tableau T_1, are presented below.

12345 ××× ×× 12345 456 ××× 1 2 44456 567 ××× 2 3 56667 78 ××1 3 7788

Theorem 2.12. The map T → T_1 defined above is a bijection between the tableaux in Theorems 2.8 and 2.11 corresponding to the partitions λ ⊆ μ.

Proof. For the purposes of this proof, it is useful to give another description of the algorithm for constructing T_1 given T . Assume, as above, that the entries in the r-th row of T^′ are i_1 < . . . < i_s. Then in order to obtain the r-th row of T_1 from the r-th row of T_0, we first insert an extra copy of the i_1-th entry, then an extra copy of the i_2-th entry in the row obtained after the first step etc.

Let us first note that the row restrictions on T precisely say that every i_l is less or equal to the index of the previous column, which means that the algorithm is well defined. Now let us consider two consecutive rows in T_0, say rows r − 1 and r. It is easy to check that the entries in row r − 1 of T_0 are the consecutive integers between λ^′_1 − λ^′_{r−1} + r − 1 and λ^′_1 + r − 2, while the entries in the r-th row of T_0 are the consecutive integers between λ^′_1 − λ^′_r + r and λ^′_1 + r − 1 (all we need to check is that the row word of the tableau with these entries is a reduced word for w(λ)). We insert extra copies of certain entries in these two rows in parallel, according to the entries in rows r − 1 and r of T^′, which are scanned columnwise (from left to right). Let ~T denote the intermediate array. We want to show that the following property holds at every step: ~T_{r,j} > ~T_{r−1,j} and ( ~T_{r,j} = ~T_{r,j−1} ⇒ ~T_{r,j} − ~T_{r−1,j−1} ≥ 2 ) (2.13)

for every j such that the corresponding entries of ~T exist. This is clearly true until the length of the r-th row of ~T becomes equal to the length of row r − 1; indeed, we only have to use (T_0)_{r,λ}0_r = (T_0)_{r−1,λ}0_r�_1 + 1, and the fact that the entries in rows r − 1 and r of T_0 are consecutive. We now start to insert extra copies of entries in rows r − 1 and r of ~T alternatively. Assume that (2.13) holds until we insert extra copies of ~T_{r−1,p} and ~T_{r,q}, where p < q are entries in the same column of T^′ (which is column strict). The column strictness of ~T after the insertion is a simple consequence of the fact that p < q. So we only need to show that we cannot have ~T_{r−1,q} = ~T_{r−1,q+1}; but this is a consequence of the fact that T^′ is row strict, which means that before repeating the p-th entry in row r − 1 of ~T , the entries in positions p, p + 1, . . . are strictly increasing. Property (2.13) clearly continues to hold after we finished scanning the entries in the r-th row of T^′.

In particular, we have shown that T_1 is column strict. We will now use the second part of (2.13) to show that the column word of T_1 is equal to w(λ) when evaluated in ~H_n(0).

We mentioned above that the column word of T_0 is a reduced word for w(λ). Hence, it suffices to define a sequence of transformations of T_1, which preserve the evaluation of the column word in ~H_n(0), such that the output of the process is T_0. These transformations are as follows: we scan the rows of T_1 from right to left and from bottom to top, and remove the current entry (shifting the rest of that row by one position to the left) if it appears at least one more time in that row. Let ~T denote the tableau obtained at an intermediate step, and assume we are removing the repeated entry in position (r, p). Since row r + 1 of ~T (if it exists) has no repeated entries, we have ~T_{r+1,j} − ~T_{r,j} ≥ 2 , for all j ≥ p . (2.14)

On the other hand, the second part of (2.13) and the fact that there are no more repeated entries in the r-th row of ~T after the p-th one, imply ~T_{r,j} − ~T_{r−1,j−1} ≥ 2 , for all j ≥ p . (2.15)

Now observe that shifting an entry of ~T from one column to the previous one, corresponds, in terms of the column word, to moving that entry past the entries below it in the same column, and then past the entries above it in the previous column. Combining this observation with (2.14) and (2.15), shows that the column words of ~T and of the tableau obtained from it by removing the entry ~T_{r,p} and shifting the entries following it are equal in ~H_n(0). Note that we do not need the third relation in (2.3) to deduce this equality.

Now let us observe that the map T → T_1 between the tableaux in Theorems 2.8 and 2.11 corresponding to some partitions λ ⊆ μ is injective; indeed, since T^′ is row strict, there is a unique way to reconstruct it. Since the two sets of tableaux have the same cardinality by Theorem 2.11, it follows that the above map is a bijection.

We conclude this section with the study of the transition matrix from Schur polynomials to Grothendieck polynomials.

Theorem 2.16. We have

s_λ = ∑ μ⊇λ l(μ)≤k, μ1=λ1 f_{λμ} G_μ ,

where f_{λμ} is the number of semistandard Young tableaux of shape μ/λ with entries in the i-th row (counted from the top row of λ and μ) restricted to 1, 2, . . . , i − 1 for all i.

Proof. It suffices to show that if λ and ν are fixed partitions with λ strictly contained in ν and λ_1 = ν_1, then we have ∑ λ⊆μ⊆ν (−1)^{|μ|−|λ|}g_{λμ}f_{μν} = 0 . (2.17)

We recall our convention of appending extra parts equal to 0 to a partition, such that it has precisely k parts. By the Gessel-Viennot theory, the left-hand side of (2.17) can be interpreted as a sum over k-tuples of nonintersecting lattice paths (p_1, . . . , p_k ) with steps (1, 0) and (0, 1), where p_i joins the point A_i(λ_i − i + 1, −λ_i) to the point C_i(ν_i − i + 1, k + i − 1); we also impose the condition that the subpath lying between the lines y = −x and y = k + 1 consists entirely of vertical steps (indeed, we need the i-th path to intersect the line y = −x in a point B_i(μ_i − i + 1, i − 1 − μ_i), and the line y = k + 1 in a point B^′_i(μ_i − i + 1, k + 1)). Every k-tuple of paths makes a contribution of 1 or −1 to the left-hand side of (2.17), depending on the total number of horizontal steps below the line y = −x being even or odd, respectively. We now define a sign-reversing involution on the above k-tuples of paths, which will prove (2.17).

Assuming that λ_i < ν_i, and that p_i is a path between A_i and C_i as above, we define a new path S(p_i) between the same points in the following way. First note that the number of steps of p_i below the line y = −x is one more than the number of its vertical steps above the line y = k + 1; furthermore, every path has at least a horizontal step. Hence, precisely one of the following two cases may arise.

Case 1: The path p_i contains a subpath passing through the points (−u − 1, u − δ), (−u, u−δ), (−u, u), (−u, k+1), and (−u, k+1+δ). Then we define S(p_i) by replacing this subpath with the (unique) one passing through (−u − 1, k + 1 + δ). This case corresponds to replacing the continuous path with the dotted one in the figure below.

Case 2: The path p_i contains a subpath passing through the points (−u, u − δ − 1), (−u, u), (−u, k + 1), (−u, k + 1 + δ), and (−u + 1, k + 1 + δ). Then we define S(p_i) by replacing this subpath with the (unique) one passing through (−u + 1, u − δ − 1). This case corresponds to replacing the dotted path with the continuous one in the figure below.

It is obvious that S(S(p_i)) = p_i, and that the parity of the number of horizontal steps below the line y = −x in p_i and S(p_i) is different. Now consider the k-tuple (p_1, . . . , p_k ), and find the largest l ≥ 2 such that p_l does not consist entirely of vertical steps and S(p_l) does not intersect p_{l−1} (note that if p_{l−1} consists entirely of vertical steps, then the second condition is automatically satisfied). We claim that the map (p_1, . . . , p_k ) → (p_1, . . . , p_{l−1}, S(p_l), p_{l+1}, . . . , p_k ) is a sign-reversing involution on the set of k-tuples of lattice paths considered above. First note that S(p_l) does not intersect p_{l+1} either, if l < k. Indeed, if p_{l+1} consists entirely of vertical steps, then this is clear. Otherwise, since S(p_{l+1}) intersects p_l, it follows that S(p_{l+1}) is obtained as in Case 2 above. Using the same assumptions for p_{l+1} as for p_i in Case 2, we deduce that p_l must have a subpath passing through (−u + 1, u − δ − 1). The only interesting case to check is when S(p_l) is obtained as in Case 1. Clearly, only the portion of p_l between the lines y = u − δ − 1 and y = k + δ is affected, whence S(p_l) does not intersect p_{l+1}. Secondly, we note that if S(p_{l+1}) intersects p_l, then S(p_{l+1}) intersects S(p_l) too, because the point (−u+1, u−δ−1) lies on both p_l and S(p_l). Hence the map defined above is an involution, and it is clearly sign-reversing, which concludes the proof.

3. Pieri Formulas for Grothendieck Polynomials Corresponding to Grassmannian Permutations

In this section we present Pieri formulas for Grothendieck polynomials corresponding to Grassmannian permutations, that is a rule for expanding the products G_λ G_{(1}n_) and

Gλ G(n) in the basis of Grothendieck polynomials. We note that the Pieri formula in

[8] for arbitrary Grothendieck polynomials is not a polynomial identity, being valid only up to a certain ideal, and uses the variables a_i = (1 − x_i)^{−1} instead of x_i. Our Pieri formulas are direct generalizations of the classical Pieri formulas for Schur functions. We let c(μ/λ) and r(μ/λ) denote the number of columns and rows of the skew diagram μ/λ.

Theorem 3.1. We have that Gλ G(1n) =^∑_μ (−1)^{|μ|−|λ| (c(μ/λ) − 1}_{|μ/λ| − n}^) Gμ , where the number of variables is k ≥ max(l(λ), n), and the summation ranges over all partitions μ with l(μ) ≤ k obtained by adding a vertical strip to λ (of weight at least n).

Proof. It is more convenient to work with the polynomials ~G_λ. We first show that ~Gλ en =^∑_ν (−1)^{|λ+ν|−|λ+ν| ~}G_{λ+ν} , (3.2)

where the summation ranges over all binary sequences ν of length k and weight |ν| := ∑ ν_i equal to n, and λ + ν is the smallest partition containing λ + ν. Let us first note that A ( x^{λ+δ} k∏ i=1 (1 + x_i)^{i−1} ) ( ∑ ν x^ν ) = ∑ ν A ( x^{λ+δ+ν} k∏ i=1 (1 + x_i)^{i−1} ) , where the summations over ν involve the same binary sequences as above. Hence, in order to prove (3.2), it suffices to show A ( x^{λ+δ+ν} k∏ i=1 (1 + x_i)^{i−1} ) = (−1)^{|λ+ν|−|λ+ν|} A ( x^{λ+ν+δ} k∏ i=1 (1 + x_i)^{i−1} ) . (3.3)

This follows by an argument involving nonintersecting lattice paths. Indeed, if ρ is a fixed partition, we have seen in the proof of Theorem 2.8 that the coefficient of the Schur polynomial s_ρ (in k variables) in the left-hand side of (3.3) is a certain binomial determinant. By Lindström’s theorem (see [9]), this determinant can be expressed in terms of k-tuples of nonintersecting lattice paths with steps (1, 0) and (0, 1), such that the i-th path joins the point A_i(λ_i + ν_i − i + 1, −λ_i − ν_i) to some point B_{j(i)}(ρ_{j(i)} − j(i) + 1, j(i)−1−ρ_{j(i)}); more precisely, every such k-tuple gives a contribution of 1 or −1 to the coefficient of s_ρ, according to the sign of the permutation i → j(i). Now let us consider the unique maximal partition of the set {1, . . . , k} (with respect to the refinement order) into subsets of consecutive integers {m_j + 1, . . . , m_{j+1}} (we set m_0 := 0) such that the following conditions are simultaneously satisfied for all j = 0, 1, . . . :

1. λ_{mj +1} = . . . = λ_{mj+1} ;

2. if ν_{mj+1} = 1 then ν_{mj +1} = . . . = ν_{mj+1 −1} = 0, otherwise m_{j+1} = m_j + 1.

Define points A^′_i for 1 ≤ i ≤ k by

x(A^′_i) = { x(A_i) + 1 if (∃) j : m_j + 1 ≤ i < m_{j+1} x(A_i) otherwise ,

y(A^′_i) = { y(A_i) − 1 if (∃) j : m_j + 1 ≤ i < m_{j+1} y(A_i) otherwise ,

where x(P ) and y(P ) denote the x and y-coordinates of the point P . The x-coordinates of the points A^′_i are strictly decreasing (as i increases), and their y-coordinates are weakly increasing. Indeed, there is a unique k-tuple μ satisfying x(A^′_i) = μ_i − i + 1 and y(A^′_i) = −μ_i for all l = 1, . . . , k, and that is precisely the partition λ + ν. We claim that there is a one-to-one correspondence between the k-tuples of nonintersecting lattice paths joining the points A_i to B_j (1 ≤ i, j ≤ k), and the k-tuples of nonintersecting lattice paths joining the points A^′_i to B_j . The crucial observation is that if m_j + 1 < m_{j+1}, then the first m_{j+1} − m_j − 1 steps of the path starting at A_{mj+1} are necessarily (1, 0); after these steps, the path reaches the point A^′_{mj+1}. On the other hand, under the same assumption, the first step of a path starting at A^′_i, with m_j + 1 < i ≤ m_{j+1}, is necessarily (0, 1); after this step, the path reaches the point A_{i−1}. This bijection can be best understood by examining the two figures below, where l = m_j + 1 and m_{j+1} = m_j + 5. Since the only k-tuples of nonintersecting lattice paths joining A^′_i to B_j are those in which A_i is joined to B_i, it follows that the only k-tuples of nonintersecting lattice paths joining A_i to B_j are those in which A_i is joined to B_{i+1} if m_j + 1 ≤ i < m_{j+1} for some j, and to B_{mj +1} if i = m_{j+1}. The sign of the corresponding permutation of the set {1, . . . , k} is (−1)P^{mj+1−mj −1} = (−1)^{|λ+ν|−|λ+ν|}. This completes the proof of (3.2).

Let us now deduce the Pieri formula from (3.2). According to Theorem 2.8, we have ~G(1n) =^{k∑}_{i=n}^{(i − 1}_{i − n}^) ei . Combining this formula with (3.2), we deduce that ~G_λ ~G_{(1}n_) can be written as a sum of

~Gμ with μ/λ a vertical strip of weight p ≥ n. Furthermore, it is not difficult to see that

the corresponding coefficient is min(p−n,p−c(μ/λ)) ∑ i=0 (−1)^i ( p − 1 − i p − n − i )( p − c(μ/λ) i ) . On the other hand, this is precisely the coefficient of x^{p−n} in the expansion of (1 − x)^{p−c(μ/λ)} (1 − x)^{−n} = (1 − x)^{−(n+c(μ/λ)−p)} . In other words, it is 0 if n + c(μ/λ) ≤ p, and it is equal to (_{c(μ/λ)−1} p−n ) otherwise.

Theorem 3.4. We have that Gλ G(n) =^∑_μ (−1)^{|μ|−|λ| (r(μ/λ) − 1}_{|μ/λ| − n}^) Gμ , where the number of variables is k ≥ l(λ), and the summation ranges over all partitions μ with l(μ) ≤ k obtained by adding a horizontal strip to λ (of weight at least n).

Proof. Again, it is more convenient to work with the polynomials ~G_λ. We first show that ~Gλ hn =^∑_ν (−1)^{|ν|−|λ|−n ~}Gν , (3.5)

where the summation ranges over all partitions ν (identified with their Young diagrams) containing λ and satisfying l(ν) ≤ k and c(ν/λ) = n. Let us first rephrase (3.2) and (3.5) in terms of certain tableaux T of shape sh(T ) = ν/λ with entries 0 and 1, for which the bottom element in every column is 1. We denote by α_i(T ) the number of entries equal to i in T , and by λ + (1^k ) the partition obtained by incrementing all parts of λ by 1. With this notation, (3.2) and (3.5) can be written

~Gλ en =^∑_{T : sh(T )=ν/λ}(−1)^{α0(T ) ~}Gν ,

(3.6)

~Gλ hn =^∑_{T : sh(T )=ν/λ}(−1)^{α0(T ) ~}Gν ;

(3.7)

the first summation ranges over those tableaux T mentioned above for which ν ⊆ λ+(1^k ) and α_1(T ) = n, while the second summation ranges over those T which satisfy α_1(T ) = n, and which have no two 1’s in the same column.

We now prove (3.7) by induction on n using the well-known fact

h_n = n∑ i=1 (−1)^{i−1}e_ih_{n−i} . Induction starts at n = 1 by (3.6), so assume (3.7) holds for all i < n. Combining the formula for h_n with (3.6) and (3.7) (the latter for i < n), we can express ~G_λ h_n as a sum over certain tableaux T = T_1 ∪ T_2 of shape ν/λ, where T_1 and T_2 are of the types mentioned above for the tableaux in (3.6) and (3.7), respectively. Fix such a tableau T , and let us evaluate its contribution to the coefficient of ~G_ν in the above sum. This amounts to investigating all possible ways of splitting T into T_1 and T_2. First assume that there is a column of T containing at least two entries equal to 1. All columns of T which do not lie entirely in the vertical strip (λ + (1^k ))/λ are partitioned in a unique way between T_1 and T_2. As far as the other columns are concerned, we have the following choice: we can place the bottom entry in each of them in either T_1 or T_2. Hence, if there are m such columns (if n > 0 then m > 0), then the contribution of T to the coefficient of ~G_ν is ± (∑_m i=0(−1)^i (_m i )) = 0. The case when all the columns of T have only their bottom entry equal to 1 is similar. Indeed, we only have to take care not to place in T_2 all bottom entries of the columns contained in (λ + (1^k))/λ. Hence, such a tableau T contributes (−1)^{α0(T )} to the coefficient of ~G_ν .

We can now use (3.5) to prove the theorem. According to Theorem 2.8 and a wellknown formula for hook Schur functions (see, e.g., [18] p. 47), we have ~G(n) =^{k−1∑}_{i=0} s(n,1i) =^∑_{i,j≥0} i+j≤k (−1)^ih_{n+i}e_j .

Combining this formula with (3.2) and (3.5), we can express ~G_λ ~G_{(n)} as a sum over partitions λ ⊆ ν ⊆ μ, where ν ⊆ λ + (1^k) and n ≤ c(μ/ν) ≤ n + k. Fix a partition μ containing λ, and let us compute the coefficient of ~G_μ in the above sum. First assume that μ/λ is not a horizontal strip, and let ν be as above. If m := r(ν/λ) − c(ν/λ) > 0, then the contribution of ν to the coefficient of ~G_μ is ± (∑_m i=0(−1)^i (_m i )) = 0. On the other hand, since μ/λ is not a horizontal strip, there is a row p ≤ k such that column λ_p + 1 of μ/λ contains at least two boxes, and either p = 1 or λ_p < λ_{p−1}. Hence, we can pair all partitions ν with r(ν/λ) = c(ν/λ) in the following way: if ν is such a partition with ν_p = λ_p, we pair it with ν + ε_p; here ε_p is the binary sequence of length k having a unique entry equal to 1 in its p-th position. The crucial fact is that c(μ/ν) = c(μ/(ν + ε_p)), which means that ν + ε_p satisfies the same properties (stated above) as ν. If ν and ν + ε_p are paired, then their contributions to the coefficient of ~G_μ cancel out.

Finally, we have to deal with the case when μ/λ is a horizontal strip. In each row i of μ/λ we have a choice: we either let ν_i = λ_i or we let ν_i = λ_i + 1. Hence the coefficient of ~G_μ in the expansion of ~G_λ ~G_{(n)} is equal to |μ/λ|−n ∑ i=0 (−1)^{|μ/λ|−n−i} ( r(μ/λ) i ) = ( r(μ/λ) − 1 |μ/λ| − n ) . The latter is a well-known binomial identity, which can be easily proved by induction.

We note that it is not possible to deduce the formula in Theorem 3.4 from the formula in Theorem 3.1 directly. Indeed, the involution on the ring of symmetric polynomials in k variables sending G_λ to G_λ0 is not a ring homomorphism, although the two formulas above suggest that it might be.

Theorem 3.4 allows us to define an “augmented” Kostka matrix. Recall that the classical Kostka matrix is the transition matrix between complete homogeneous symmetric functions and Schur functions; its entry K_{μλ} represents the number of semistandard Young tableaux of shape μ containing λ_r entries equal to r for every r. Given a sequence of positive integers α = (α_1, . . . , α_m) with |μ| ≥ |α| := ∑ α_r, we define ^K_{μα} to be the number of semistandard Young tableaux T of shape μ with entries 1 < 1 < 2 < 2 < . . . < m < m satisfying the following conditions for r = 1, . . . , m:

1. the number of entries equal to r is α_r; 2. there is at most one entry equal to r in a row;

3. the first (possibly unique) row containing an entry equal to r contains no entries equal to r.

Hence we have the following Corollary of Theorem 3.4.

Corollary 3.8. For any sequence of positive integers α := (α_1, . . . , α_m), we have that

G(α_1) . . . G(α_m) =^∑_{μ : l(μ)≤k} |μ|≥|α| (−1)^{|μ|−|α|} ^K_{μα}G_μ .

We conclude with two open problems. First, there is the problem of generalizing the well-known Littlewood-Richardson rule to the polynomials G_λ. This would lead to a complete combinatorial description of the multiplication of Schubert classes in K^0(Gr_k (C^n)). Secondly, there is the problem of finding a representation-theoretical interpretation for the polynomials ~G_λ similar to the one for Schur functions. For instance, we might ask for the construction of polynomial representations of the general linear group whose characters are ~G_λ.

References

[1] I. N. Bernstein, I. M. Gelfand, and S. I. Gelfand. Schubert cells and cohomology of the spaces G/P .

Russian Math. Surveys, 28:1–26, 1973.

[2] S. C. Billey, W. Jockusch, and R. P. Stanley. Some combinatorial properties of Schubert polynomials.

J. Algebraic Combin., 2:345–374, 1993.

[3] M. Demazure. Désingularization des variétés de Schubert. Annales E.N.S., 6:53–88, 1974. [4] P. Edelman and C. Greene. Balanced tableaux. Adv. Math., 63:42–99, 1987. [5] S. Fomin and C. Greene. Noncommutative Schur functions and their applications. to appear in Discrete Math.

[6] S. Fomin and A. Kirillov. Grothendieck polynomials and the Yang-Baxter equation. In Proceedings of the Sixth Conference in Formal Power Series and Algebraic Combinatorics, pages 183–190, Rutgers University, NJ, 1994. DIMACS.

[7] W. Fulton. Young Tableaux, volume 35 of London Math. Soc. Student Texts. Cambridge Univ. Press, Cambridge and New York, 1997.

[8] W. Fulton and A. Lascoux. A Pieri formula in the Grothendieck ring of a flag bundle. Duke Math.

J., 76:711–729, 1994.

[9] I. Gessel and X. Viennot. Determinants, paths, and plane partitions. Preprint, Brandeis University and Université de Bordeaux I, 1989.

[10] B. Kostant and S. Kumar. T-equivariant K-theory of generalized flag varieties. J. Diff. Geom., 32:549–603, 1990.

[11] A. Lascoux. Anneau de Grothendieck de la varieté de drapeaux. In The Grothendieck Festschrift, volume III of Progr. Math., pages 1–34, Boston, 1990. Birkhäuser.

[12] A. Lascoux and M. P. Schützenberger. Polynômes de Schubert. C. R. Acad. Sci. Paris Sér. I Math., 294:393–396, 1982.

[13] A. Lascoux and M. P. Schützenberger. Structure de Hopf de l’anneau de cohomologie et de l’anneau de Grothendieck d’une variété de drapeaux. C. R. Acad. Sci. Paris Sér. I Math., 295:629–633, 1982.

[14] A. Lascoux and M.-P. Schützenberger. Symmetry and flag manifolds. In F. Gherardelli, editor, Invariant Theory, volume 996 of Lecture Notes in Math., pages 118–144, Berlin-Heidelberg-New York, 1983. Springer-Verlag.

[15] C. Lenart. The combinatorics of Steenrod operations on the cohomology of Grassmannians. to appear in Adv. Math.

[16] C. Lenart. Noncommutative Schubert calculus and Grothendieck polynomials. Preprint, M.I.T., 1998.

[17] I. G. Macdonald. Notes on Schubert Polynomials. Laboratoire de combinatoire et d’informatique mathématique (LACIM), Université du Québec à Montréal, Montréal, 1991.

[18] I. G. Macdonald. Symmetric Functions and Hall Polynomials. Oxford Mathematical Monographs.

Oxford University Press, Oxford, second edition, 1995.

Department of Mathematics, Massachusetts Institute of Technology, Cambridge, MA 02139

E-mail address: lenart@math.mit.edu