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ABSTRACT. We give a new and simple compactness criterion for com-
position operatorsCϕ on BMOA and the Bloch space in terms of the
norms ofϕn in the respective spaces.

1. INTRODUCTION

The study of composition operators on various Banach spaces of analytic
functions is currently a very active field of complex and functional analysis.
There are still many unsolved problems, some old and some new, that are of
interest to numerous mathematicians. In this article, we obtain a new result
about an old problem, namely, the compactness of composition operators
on BMOA (the space of analytic functions with bounded mean oscillation)
and the Bloch space on the unit disk.

Throughout the paper, we useϕ to denote an analytic self-map of the unit
disk ∆ = {z : |z| < 1} in the complex planeC. The composition operator
Cϕ is defined byCϕ(f) = f ◦ ϕ, f ∈ H(∆), whereH(∆) is the space of
all analytic functions in∆.

The compactness of composition operators on BMOA has been studied in
several papers. Bourdon, Cima, and Matheson first obtained a compactness
condition forCϕ on BMOA that involves the symbol functionϕ and the unit
ball of BMOA; see Theorem 3.1 in [2]. W. Smith then found a characteriza-
tion of compactCϕ on BMOA that only involves the symbol functionϕ; see
Theorem 1.1 in [9]. Smith’s condition is pretty complicated and it consists
of two parts: one in terms of the Nevanlinna counting function ofϕ and
the other in terms of a certain mapping property of the boundary function
ϕ(eit). From Smith’s work in [9], the first author derived a set of relatively
simple compactness conditions in [11] for the action ofCϕ on BMOA. For
the Bloch space, Madigan and Matheson [6] and Tjani [10] gave various
compactness conditions forCϕ.
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The compactness criterion forCϕ on BMOA that was obtained in [11]
also consists of two parts: one involves the powers of the symbol function
ϕ and the other concerns the action ofCϕ on Möbius maps. In this note we
show that the part of Wulan’s condition in [11] that involves Möbius maps
is abundant and thus can be dropped. We also show that the correponding
result holds for the Bloch space as well. Thus our main result can be stated
as follows.

Main Theorem. Let X denote BMOA or the Bloch space on the unit disk.
Then a composition operatorCϕ : X → X is compact if and only if
‖ϕn‖X → 0 asn →∞.

2. COMPACTNESS ONBMOA

Recall that an analytic functionf in ∆ belongs to the Hardy spaceHp,
0 < p < ∞, if

‖f‖p
Hp = lim

r→1

1

2π

∫ 2π

0

|f(reiθ)|pdθ < ∞.

Forp = ∞, f ∈ H∞ if

‖f‖H∞ = sup
z∈∆

|f(z)| < ∞.

For any pointa ∈ ∆ we write

σa(z) =
a− z

1− āz
, z ∈ ∆.

The space BMOA can then be defined as those functionsf ∈ H2 with the
property that

‖f‖∗ = sup
a∈∆

‖f ◦ σa − f(a)‖H2 < ∞.

See [1]. It is well known that BMOA is a Banach space with the norm

‖f‖BMOA = |f(0)|+ ‖f‖∗.

Note that (see [5] for example)

‖f‖∗ ≈ sup
a∈∆

∫
∆

|f ′(z)|2(1− |σa(z)|2)dA(z),

wheredA is area measure on∆ normalized so thatA(∆) = 1.
For an arcI ⊂ ∂∆ let R(I) denote the Carleson square

R(I) = {reiθ ∈ ∆ : 1− |I| < r < 1, eiθ ∈ I}.

Recall that a well-known result of L. Carleson [4] states that for a positive
measureµ on∆ the following conditions are equivalent:
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(a) There is a positive constantC such that∫
∆

|f(z)|2 dµ(z) ≤ C‖f‖2
H2

for all f ∈ H2.
(b) There exists a positive constantC such thatµ(R(I)) ≤ C|I| for all

subarcsI of ∂∆.

When the above conditions hold, the measureµ is called a Carleson mea-
sure. It is also well known (see [5]) that an analytic functionf in ∆ is in
BMOA if and only if |f ′(z)|2(1− |z|2) dA(z) is a Carleson measure.

In the remainder of the note we fix an analytic self-mapϕ of the unit disk
and letΦr(z) denote the characteristic function of the set

Ωr = {z ∈ ∆ : |ϕ(z)| > r}, 0 < r < 1.

We can then state the compactness criterion forCϕ on BMOA given by
Bourdon, Cima, and Matheson in [2] as follows: the operatorCϕ is compact
on BMOA if and only if for everyε > 0 there exists somer ∈ (0, 1) such
that ∫

R(I)

Φr(z)(1− |z|2)|f ′(ϕ(z))|2|ϕ′(z)|2 dA(z) ≤ ε|I|

for every arcI ∈ ∂∆ and every unit vectorf in BMOA. The most unsatis-
factory aspect of this characterization is that it involves not only the symbol
functionϕ itself, but also a whole class of other functions.

The situation was somewhat improved by Smith in [9]. He was able to
come up with a criterion that is based on the symbol function alone. More
specifically, if we write

N(ϕ, w) =
∑

ϕ(z)=w

log(1/|z|), w ∈ ∆ \ {ϕ(0)}

for the classical Nevanlinna counting function ofϕ, then it was proved in
[9] thatCϕ is compact on BMOA if and only if

lim
|ϕ(a)|→1

sup
0<|w|<1

|w|2N(σϕ(a) ◦ ϕ ◦ σa, w) = 0

and
lim
t→1

sup
{a:|ϕ(a)|≤R}

m(σa(E(ϕ, t))) = 0

for all 0 < R < 1, where

E(ϕ, t) = {eiθ : |ϕ(eiθ)| > t}, 0 < t < 1,

andm(A) denotes the one-dimensional Lebesgue measure of a setA ⊂ ∂∆.
Obviously, these conditions are way from being intuitive and practical.
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Based on Smith’s work above, a more straightforward description for
the compactness ofCϕ on BMOA was obtained by Wulan in [11]. More
specifically, Wulan’s theorem states thatCϕ is compact on BMOA if and
only if

(1) lim
|a|→1

‖σa ◦ ϕ‖∗ = 0

and

(2) lim
n→∞

‖ϕn‖∗ = 0.

We now show that the first condition (1) in Wulan’s theorem above can
be dropped.

Theorem 1. The composition operatorCϕ is compact on BMOA if and only
if condition (2) holds.

Proof. First assume thatCϕ is compact on BMOA. ThenCϕ maps every
bounded set in BMOA to a set whose closure in BMOA is compact in the
norm topology. Let{fn} be a bounded sequence in BMOA that converges
to 0 pointwise. Since the closure of{Cϕ(fn)} is compact in BMOA, it
contains a convergent subsequence, say,‖Cϕ(fnk

) − f‖ → 0 ask → ∞.
Since norm convergence in BMOA implies pointwise convergence, we have
fnk

(ϕ(z)) → f(z) ask → ∞. But {fnk
} converges to 0 pointwise, so

f(z) = 0 and‖Cϕ(fnk
)‖ → 0 ask → ∞. By working with subsequences

of {fn} in the first place, we conclude that‖Cϕ(fn)‖ → 0 whenever{fn}
is a bounded sequence in BMOA that converges to0 pointwise.

Since the sequence{zn} is bounded in BMOA and it converges to0
pointwise, the compactness ofCϕ on BMOA implies that condition (2)
holds.

Next we assume that condition (2) holds. To show thatCϕ is compact on
BMOA, it suffices to verify condition (1).

It is easy to show that the Taylor expansion of the Möbius mapσa is given
by

σa(z) = a− (1− |a|2)
∞∑

n=0

anzn+1.

It follows from the triangle inequality that

(3) ‖σa ◦ ϕ‖∗ ≤ (1− |a|2)
∞∑

n=0

|a|n‖ϕn+1‖∗.
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If (2) holds, then for anyε > 0, we can find a positive integerN such
that‖ϕn‖∗ < ε for all n > N . Combining this with (3), we obtain

(4) ‖σa ◦ ϕ‖∗ ≤ (1− |a|2)
N∑

n=0

|a|n‖ϕn+1‖∗ + 2ε.

Since{‖ϕn‖∗} is a bounded sequence, letting|a| → 1 in (4) leads to

lim sup
|a|→1

‖σa ◦ ϕ‖∗ ≤ 2ε.

Sinceε is arbitrary, we conclude that the condition in (2) implies

lim
|a|→1

‖σa ◦ ϕ‖∗ = 0.

This completes the proof of the theorem. �

3. COMPACTNESS ON THEBLOCH SPACE

Recall that the Bloch spaceB consists of those analytic functionsf on∆
for which

(5) ‖f‖B = sup
z∈∆

(1− |z|2)|f ′(z)| < ∞.

We now prove that an analogue of Theorem 1 holds for the Bloch space as
well.

Theorem 2. Let ϕ be an analytic self-map of∆. ThenCϕ is compact on
the Bloch spaceB if and only if

(6) lim
n→∞

‖ϕn‖B = 0.

Proof. Since{zn} is bounded in the Bloch spaceB and converges to0 uni-
formly on compact subsets of∆, the same argument from the first paragraph
of the proof of Theorem 1 shows that the compactness ofCϕ onB implies
that (6) holds.

To show that condition (6) implies the compactness ofCϕ, it suffices for
us to prove that‖Cϕfn‖B → 0 asn → ∞ whenever{fn} is a bounded
sequence inB that converges to 0 uniformly on compact subsets of∆.

So for the rest of this proof we assume that (6) holds and let{fn} be a
bounded sequence inB that converges to0 uniformly on compact subsets of
∆. Givenε > 0, there exists a positive integerN such that‖ϕn‖B < ε for
n ≥ N . It follows easily from Cauchy’s formula that{f ′n} also converges
to 0 uniformly on compact subsets of∆. Thus there exists another positive
integerN1 ≥ N such that

sup
|z|≤δ

|f ′n(z)|(1− |z|2) < ε, n ≥ N1,
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whereδ = (N − 1)/N .
For any positive integerk ≥ 2 we consider the set

(7) ∆k =

{
z ∈ ∆ :

k − 2

k − 1
≤ |ϕ(z)| ≤ k − 1

k

}
.

Observe that

‖Cϕ(fn)‖B = sup
z∈∆

|f ′n(ϕ(z))||ϕ′(z)|(1− |z|2)

≤ sup
k≥2

sup
z∈∆k

|f ′n(ϕ(z))||ϕ′(z)|(1− |z|2)

≤
(

sup
2≤k≤N

+ sup
k>N

)
sup
z∈∆k

|f ′n(ϕ(z))||ϕ′(z)|(1− |z|2)

= I1 + I2.

It is elementary to verify that for eachk ≥ 2 the function

h(x) = kxk−1(1− x),
k − 2

k − 1
≤ x ≤ k − 1

k
,

is increasing, so for anyx between(k − 2)/(k − 1) and(k − 1)/k we have

1

e
≤ f

(
k − 2

k − 1

)
≤ f(x) ≤ f

(
k − 1

k

)
≤ 1

2
.

From this we deduce that for eachk ≥ 2,

(8) inf
z∈∆k

k|ϕ(z)|k−1(1− |ϕ(z)|) ≥ 1

e
,

and

(9) sup
z∈∆k

k|ϕ(z)|k−1(1− |ϕ(z)|) ≤ 1

2
.

It follows that

I1 = sup
2≤k≤N

sup
z∈∆k

|f ′n(ϕ(z))||ϕ′(z)|(1− |z|2)

= sup
2≤k≤N

sup
z∈∆k

|f ′n(ϕ(z))|(1− |ϕ(z)|2)k|ϕ(z)|k−1|ϕ′(z)|(1− |z|2)
k|ϕ(z)|k−1(1− |ϕ(z)|2)

≤ e sup
2≤k≤N

‖ϕk‖B sup
z∈∆k

|f ′n(ϕ(z))|(1− |ϕ(z)|2)

≤ e sup
2≤k≤N

‖ϕk‖B sup
|ϕ(z)|≤δ

|f ′n(ϕ(z))|(1− |ϕ(z)|2)

≤ eε sup
2≤k≤N

‖ϕk‖B.
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On the other hand,

I2 = sup
k>N

sup
z∈∆k

|f ′n(ϕ(z))||ϕ′(z)|(1− |z|2)

= sup
k>N

sup
z∈∆k

|f ′n(ϕ(z))|(1− |ϕ(z)|2)k|ϕ(z)|k−1|ϕ′(z)|(1− |z|2)
k|ϕ(z)|k−1(1− |ϕ(z)|2)

≤ e‖fn‖B sup
k>N

sup
z∈∆

{
k|ϕ(z)|k−1|ϕ′(z)|(1− |z|2)

}
= e‖fn‖B sup

k>N
‖ϕk‖B

≤ eε‖fn‖B.

Combining the estimates forI1 and I2 above, and using the assumption
that the sequence{‖fn‖B} is bounded, we obtain a positive constantM ,
independent ofε, such that

lim sup
n→∞

‖Cϕfn‖B ≤ Mε.

Sinceε is arbitrary, we conclude that

lim
n→∞

‖Cϕ(fn)‖B = 0.

This proves the compactness ofCϕ on B and completes the proof of the
theorem. �

Theorem 2, together with a result of Madigan and Matheson [6], shows
that the condition

lim
n→∞

‖ϕn‖B = 0

is equivalent to

lim
|ϕ(z)|→1

(1− |z|2)|ϕ′(z)|
1− |ϕ(z)|2

= 0,

which, according to [10], is also equivalent to

lim
|a|→1

‖Cϕσa‖B = 0.

This gives Theorem 3 below. But we think a direct proof without appeal-
ing to the notion of composition operators should be of some independent
interest.

Theorem 3. Letϕ be an analytic self-map of∆. Then the following condi-
tions are equivalent.

(a) ‖ϕn‖B → 0 asn →∞.
(b) ‖σa(ϕ)‖B → 0 as|a| → 1−.
(c) (1− |z|2)|ϕ′(z)|/(1− |ϕ(z)|2) → 0 as|ϕ(z)| → 1−.
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Proof. To show that (a) implies (b), we employ the same argument used in
the proof of Theorem 1. The interested reader should have no trouble filling
in the details.

If condition (b) holds, then for givenε > 0 there is anr ∈ (0, 1) such
that‖σa(ϕ)‖B < ε wheneverr < |a| < 1. In particular, ifz ∈ ∆ satisfies
|ϕ(z)| > r, then‖σϕ(z)(ϕ)‖B < ε. Thus

sup
w∈∆

1− |ϕ(z)|2

|1− ϕ(z)ϕ(w)|2
|ϕ′(w)|(1− |w|2) < ε.

Takingw = z in the above supremum, we obtain

|ϕ′(z)|
1− |ϕ(z)|2

(1− |z|2) < ε.

This shows that (b) implies (c).
It remains to show that (c) implies (a). So we assume

lim
|ϕ(z)|→1

|ϕ′(z)|(1− |z|2)
1− |ϕ(z)|2

= 0.

Givenε > 0 there exists aδ ∈ (0, 1) such that

(10)
|ϕ′(z)|(1− |z|2)

1− |ϕ(z)|2
< ε

wheneverδ < |ϕ(z)| < 1. By elementary calculations, the function

h(x) = nxn−1(1− x), 0 ≤ x ≤ 1,

attains its maximum value1 at the point(n− 1)/n. Therefore,

n|ϕ(z)|n−1(1− |ϕ(z)|) ≤ 1

for all z ∈ ∆. It follows that

n|ϕ(z)|n−1|ϕ′(z)|(1− |z|2) ≤ |ϕ′(z)|(1− |z|2)
1− |ϕ(z)|2

.

This along with (10) shows that

(11) sup
δ<|ϕ(z)|<1

n|ϕ(z)|n−1|ϕ′(z)|(1− |z|2) < ε.

On the other hand,

(12) sup
|ϕ(z)|≤δ

n|ϕ(z)|n−1|ϕ′(z)|(1− |z|2) ≤ nδn−1‖ϕ‖B.

Combining (11) and (12), we see that

lim sup
n→∞

‖ϕn‖B ≤ ε.

Sinceε is arbitrary, we conclude that‖ϕn‖B → 0 asn → ∞. This proves
that (c) implies (a). �
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4. FURTHER REMARKS

We conclude the article with several remarks and questions.
First, the second part of the proof of Theorem 1 works for much more

general spaces than BMOA and the Bloch space. Thus for a large class of
spaces(X, ‖ ‖), the condition‖σa(ϕ)‖ → 0 (|a| → 1−) is a consequence
of the condition‖ϕn‖ → 0 (n →∞).

Second, for the Bloch space, the condition‖ϕn‖ → 0 (n →∞) is equiv-
alent to the condition‖σa(ϕ)‖ → 0 (|a| → 1−). We have been unable to
determine if this holds for BMOA as well.

Finally, there is a class of M̈obius invariant spaces that are closely related
to both BMOA and the Bloch space, namely, the so-calledQp spaces. See
[12]. A characterization for compact composition operators on these spaces
is still lacking, despite the effort by several mathematicians in recent years.
It is our hope that this article will further motivate someone to solve the
problem forQp spaces.
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