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ABSTRACT. It was shown in [2] that a holomorphic functionf in the
unit ball Bn of Cn belongs to the weighted Bergman spaceAp

α, p >
n + 1 + α, if and only if the function|f(z) − f(w)|/|1 − 〈z, w〉| is in
Lp(Bn × Bn, dvβ × dvβ), whereβ = (p + α− n− 1)/2 anddvβ(z) =
(1 − |z|2)β dv(z). In this paper we consider the range0 < p < n +
1 + α and show that in this casef ∈ Ap

α if and only if the function
|f(z) − f(w)|/|1 − 〈z, w〉| is in Lp(Bn × Bn, dvα × dvα) if and only
if the function |f(z) − f(w)|/|z − w| is in Lp(Bn × Bn, dvα × dvα).
We think the revealed difference in the weights for the double integrals
between the cases0 < p < n + 1 + α andp > n + 1 + α is somewhat
surprising.

1. INTRODUCTION

Let Bn be the open unit ball inCn anddv be the normalized volume mea-
sure onBn. For anyα > −1 we introduce the weighted volume measure
dvα(z) = cα(1 − |z|2)α dv(z), wherecα is a positive constant such that
vα(Bn) = 1 again.

For0 < p < ∞ andα > −1 we use the notation

Ap
α = H(Bn) ∩ Lp(Bn, dvα)

to denote the weighted Bergman spaces onBn, whereH(Bn) is the space
of all holomorphic functions inBn.

It was shown in [2] that forp > n+1+α, we havef ∈ Ap
α if and only if∫

Bn

∫
Bn

|f(z)− f(w)|p

|1− 〈z, w〉|p
dvβ(z) dvβ(w) < ∞,

whereβ = (p + α − n − 1)/2. An example in [3] shows that this is no
longer true in general whenp = n + 1 + α.

The purpose of this article is to examine the remaining case0 < p <
n + 1 + α. Our main result is the following.
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Theorem A. Supposeα > −1, 0 < p < α + n + 1, andf is holomorphic
in Bn. Then the following conditions are equivalent.

(a) f ∈ Ap
α(Bn).

(b) The double integral∫
Bn

∫
Bn

|f(z)− f(w)|p

|z − w|p
dvα(z) dvα(w)

converges.
(c) The double integral∫

Bn

∫
Bn

|f(z)− f(w)|p

|1− 〈z, w〉|p
dvα(z) dvα(w)

converges.

An interesting special case is obtained whenn = 1, α > 0, andp = 2.
In this case, the unit ballBn becomes the unit diskD, and membership in
the Bergman spacesA2

α(D) andA2
α(D2) can be described by Taylor coeffi-

cients. As a consequence, we see that forα > 0,

k∑
i=1

1

iα+1(k + 1− i)α+1
∼ 1

kα+1

ask → ∞. This does not seem to be obvious. Once again, this is not true
whenα = 0.

2. PRELIMINARY ESTIMATES

We begin with an identity concerning M̈obius maps on the unit ball and
derive some useful inequalities. This will play an important role in the proof
of Theorem A.

Lemma 1. For all z andw in Bn we have

(1) |z − ϕz(w)|2 =
(1− |z|2)(|w|2 − |〈z, w〉|2)

|1− 〈z, w〉|2
.

Consequently,

(2) |z − ϕz(w)| ≥ |w|(1− |z|2)
|1− 〈z, w〉|

,

and

(3) |z − ϕz(w)|2 ≤ 2(1− |z|2)
|1− 〈z, w〉|

.
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Proof. To prove the identity in (1), we use Lemmas 1.2 and 1.3 in [5] along
with the fact thatz = ϕz(0). Let S = |z − ϕz(w)|2. Then

S = |z|2 + |ϕz(w)|2 − 〈z, ϕz(w)〉 − 〈ϕz(w), z〉

= |z|2 + |ϕz(w)|2 −
(

1− 1− |z|2

1− 〈z, w〉

)
−

(
1− 1− |z|2

1− 〈w, z〉

)
= −(1− |z|2)− (1− |ϕz(w)|2) +

1− |z|2

1− 〈z, w〉
+

1− |z|2

1− 〈w, z〉

=
1− |z|2

1− 〈z, w〉
+

1− |z|2

1− 〈w, z〉
− (1− |z|2)− (1− |z|2)(1− |w|2)

|1− 〈z, w〉|2

= (1− |z|2)

[
1

|1− 〈z, w〉|2
−

∣∣∣∣1− 1

1− 〈z, w〉

∣∣∣∣2 − 1− |w|2

|1− 〈z, w〉|2

]

=
(1− |z|2)(|w|2 − |〈z, w〉|2)

|1− 〈z, w〉|2
.

This proves the identity in (1). The inequality in (2) follows from (1) and
the fact that|〈z, w〉| ≤ |z||w|. The inequality in (3) follows from (1) and
the following estimates:

|w|2 − |〈z, w〉|2 ≤ 1− |〈z, w〉|2

= (1 + |〈z, w〉|)(1− |〈z, w〉|)
≤ 2|1− 〈z, w〉|.

This completes the proof of the lemma. �

Note that Lemma 1 above appears as Excercise 3.18 in [5]. We believe it
never appeared elsewhere before, so a full proof is given here.

Lemma 2. There exists a positive constantC, independent off , such that∫
Bn

|f(w)|p

|w|p
dvα(w) ≤ C

∫
Bn

|f(w)|p dvα(w)

for all f ∈ H(Bn) with f(0) = 0.

Proof. This is well known. See Lemma 4.26 of [4] in the one-dimensional
case. The higher dimensional case is proved in a similar way. �

Lemma 3. For any r > 0 andz ∈ Bn let D(z, r) be the Bergman metric
ball at z.

(a) There exists a positive constantC (dependent onr, p, andα, but not
onf andz) such that

|f(z)|p ≤ C

(1− |z|2)n+1+α

∫
D(z,r)

|f(w)|p dvα(w)
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for all f ∈ H(Bn) andz ∈ Bn.
(b) There exists a positive constantC (dependent onr but not onz and

w) such that

C−1(1− |w|2) ≤ |1− 〈z, w〉| ≤ C(1− |z|2)
for all z ∈ Bn andw ∈ D(z, r).

Proof. This is also well known. See Lemma 2.24 of [5] for example.�

Lemma 4. Supposeα > −1 and t < 0. Then there exists a positive con-
stantC such that ∫

Bn

dvα(w)

|1− 〈z, w〉|n+1+α+t
≤ C

for all z ∈ Bn.

Proof. This is part of Theorem 1.12 in [5]. �

3. MAIN RESULT

We now proceed to prove Theorem A, the main result of the paper. This
will be accomplished by the following three lemmas.

Lemma 5. There exists a positive constantC such thatI(f) ≤ CJ(f) for
all f ∈ H(Bn), where

I(f) =

∫
Bn

∫
Bn

|f(z)− f(w)|p

|z − w|p
dvα(z) dvα(w),

and

J(f) =

∫
Bn

∫
Bn

|f(z)− f(w)|p

|1− 〈z, w〉|p
dvα(z) dvα(w).

Proof. By Fubini’s theorem and a change of variables (see Proposition 1.13
of [5]),

I(f) =

∫
Bn

dvα(z)

∫
Bn

|f(z)− f ◦ ϕz(w)|p

|z − ϕz(w)|p
(1− |z|2)n+1+α

|1− 〈z, w〉|2(n+1+α)
dvα(w).

By (2), there exists a positive constantC such thatI(f) is less than or equal
to

C

∫
Bn

(1− |z|2)n+1+α−p dvα(z)

∫
Bn

|f(z)− f ◦ ϕz(w)|p

|w|p|1− 〈z, w〉|2(n+1+α)−p
dvα(w).

By Lemma 2, there exists another constantC > 0 such thatI(f) is less than
or equal to

C

∫
Bn

(1− |z|2)n+1+α−p dvα(z)

∫
Bn

|f(z)− f ◦ ϕz(w)|p

|1− 〈z, w〉|2(n+1+α)−p
dvα(w).
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Another change of variables then gives

I(f) ≤ C

∫
Bn

∫
Bn

|f(z)− f(w)|p

|1− 〈z, w〉|p
dvα(z) dvα(w) = CJ(f).

This proves the lemma. �

Lemma 6. There exists a positive constantC such that∫
Bn

|f(z)− f(0)|p dvα(z) ≤ C

∫
Bn

∫
Bn

|f(z)− f(w)|p

|z − w|p
dvα(z) dvα(w)

for all f ∈ H(Bn).

Proof. We useI(f) again to denote the integral on the right hand side of the
inequality to be proved. And again we make a change of variables to obtain

I(f) =

∫
Bn

dvα(z)

∫
Bn

|f(z)− f ◦ ϕz(w)|p

|z − ϕz(w)|p
(1− |z|2)n+1+α

|1− 〈z, w〉|2(n+1+α)
dvα(w).

By the inequality in (3) of Lemma 1, there exists a positive constantC such
thatI(f) is greater than or equal to

C

∫
Bn

dvα(z)

∫
Bn

|f(z)− f ◦ ϕz(w)|p
(1−|z|2)p/2

|1−〈z,w〉|p/2

(1− |z|2)n+1+α

|1− 〈z, w〉|2(n+1+α)
dvα(w).

If we let D(z, r) denote the Bergman metric ball, thenI(f) is greater than
or equal to

C

∫
Bn

dvα(z)

∫
D(z,r)

|f(z)− f ◦ ϕz(w)|p (1− |z|2)n+1+α−p/2

|1− 〈z, w〉|2(n+1+α)−p/2
dvα(w).

This together with part (a) of Lemma 3 shows that there is another positive
constantC, independent off andz, such that

I(f) ≥ C

∫
Bn

dvα(z)

∫
D(z,r)

|f(z)− f ◦ ϕz(w)|p

(1− |z|2)n+1+α
dvα(w).

Combining this with part (b) of Lemma 3, we obtain yet another positive
constantC such that

I(f) ≥ C

∫
Bn

|f(z)− f ◦ ϕz(z)|p dvα(z),

or

I ≥ C

∫
Bn

|f(z)− f(0)|p dvα(z).

This proves the lemma. �
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Lemma 7. If 0 < p < n + 1 + α andf ∈ Ap
α(Bn), then the double integral∫

Bn

∫
Bn

|f(z)− f(w)|p

|z − w|p
dvα(z) dvα(w)

converges.

Proof. Once again we useI(f) to denote the double integral above. By
the remark at the end of [3], there exists a positive continuous function
g ∈ Lp(Bn, dvα) such that

|f(z)− f(w)| ≤ d(z, w)(g(z) + g(w)), z, w ∈ Bn,

where

d(z, w) =
|z − w|

|1− 〈z, w〉|
.

It follows that

I(f) ≤
∫

Bn

∫
Bn

(
g(z) + g(w)

|1− 〈z, w〉|

)p

dvα(z) dvα(w).

Choose a positive constantC such that

(x + y)p ≤ C(xp + yp)

for all positive valuesx andy. Then

I(f) ≤ C

∫
Bn

∫
Bn

g(z)p + g(w)p

|1− 〈z, w〉|p
dvα(z) dvα(w).

This along with Fubini’s theorem gives

I(f) ≤ 2C

∫
Bn

g(z)p dvα(z)

∫
Bn

dvα(w)

|1− 〈z, w〉|p
.

Sincep < n+1+α, it follows from Lemma 4 that there is another positive
constantC such that

I(f) ≤ C

∫
Bn

g(z)p dvα(z) < ∞.

This proves the lemma. �

Note that Lemma 7 above was obtained in [3] in the one-dimensional
case. Combining Lemmas 5-7, we have completed the proof of Theorem A.
We can slightly strengthen Theorem A as follows.

Corollary 8. Fix α > −1 andp > 0. For any holomorphic functionf in
Bn let

‖f‖p
1 =

∫
Bn

|f(z)|p dvα(z),
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and

‖f‖p
2 = |f(0)|p +

∫
Bn

∫
Bn

|f(z)− f(w)|p

|1− 〈z, w〉|p
dvα(z) dvα(w),

and

‖f‖p
3 = |f(0)|p +

∫
Bn

∫
Bn

|f(z)− f(w)|p

|z − w|p
dvα(z) dvα(w).

Then there exists a positive constantC such that

C−1‖f‖k ≤ ‖f‖l ≤ C‖f‖k, 1 ≤ l ≤ 3, 1 ≤ k ≤ 3,

for all f ∈ H(Bn).

Proof. This follows from Theorem A and the open mapping theorem.�
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