
Ed|hvldq Dqdo|vlv ri Qhvwhg Orjlw Prgho e|
Pdunry Fkdlq Prqwh Fduor�

Ndmdo Odklul dqg Mldq Jdr
Ghsduwphqw ri Hfrqrplfv
Xqlyhuvlw| dw Doedq|0VXQ\

Doedq|/ Q\ 45555
h0pdlo= nodklulCdoedq|1hgx

Who= +84;, 77507:8;

Dsulo 59/ 5334

�Dq hduolhu yhuvlrq ri wklv sdshu zdv suhvhqwhg dw wkh uhjlrqdo phhwlqj ri wkh Lqwhuqdwlrqdo
Vrflhw| iru Ed|hvldq Dqdo|vlv +LVED, dw Odjxqd Ehdfk/ Dsulo 80:/ 5334/ dqg dw wkh Qruwk
Dphulfdq Vxpphu Phhwlqj ri wkh Hfrqrphwulf Vrflhw|/ Xqlyhuvlw| ri Pdu|odqg lq Froohjh Sdun/
Mxqh 54057/ 53341 Zh wkdqn Gdylg Eurzqvwrqh/ Jdu| Nrrs/ Pduf Qhuoryh/ Gdoh Srlulhu/ dqg
Duqrog ]hooqhu iru pdq| khosixo frpphqwv1 Krzhyhu/ wkh uhvsrqvlelolw| iru dq| huuruv lv vroho|
rxuv1



Devwudfw= Zh ghyhors d Pdunry Fkdlq Prqwh Fduor +PFPF, dojrulwkp iru
hvwlpdwlqj qhvwhg orjlw prghov lq d Ed|hvldq iudphzrun1 Dssursuldwh �khdwlqj
wdujhw� dqg uhsdudphwhul}dwlrq whfkqltxhv duh dgrswhg iru idvw pl{lqj1 Iru looxv0
wudwlyh sxusrvhv/ zh kdyh lpsohphqwhg wkh dojrulwkp rq wzr uhdo0olih h{dpsohv
lqyroylqj 60ohyho vwuxfwxuhv1 Wkh �uvw h{dpsoh lqyroyhv Vrfldo Vhfxulw|*v glvdelo0
lw| ghwhuplqdwlrq surfhvv/ Odklul hw do1 +4<<8,1 Wkh vhfrqg rqh lv wdnhq iurp
Dphpl|d dqg Vklprqr*v +4<;<, prgho ri oderu vxsso| ehkdylru ri wkh djhg1 Zh
dssolhg d frpelqdwlrq ri ydulrxv frqyhujhqfh fulwhuld wr hqvxuh wkdw wkh fkdlq kdv
frqyhujhg wr lwv wdujhw glvwulexwlrq1

Nh| zrugv= Glvfuhwh fkrlfh/ Udqgrp xwlolw| pd{lpl}dwlrq/ PFPF/ Pl{lqj
vshhg1

MHO fodvvl�fdwlrq= F44/ F58/ K88/ L45/ M471
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41 Lqwurgxfwlrq

Wkh qhvwhg pxowlqrpldo orjlw +QPQO, prgho kdv pdq| dgydqwdjhv ryhu wkh
pxowlqrpldo orjlw +PQO, prgho1 Wkh QPQO prgho ryhufrphv wkh Lqghshqghqfh
ri Luuhohydqw Dowhuqdwlyhv +LLD, surshuw| ri wkh PQO prgho/ fdq h{soruh wkh vh0
txhqwldo ghflvlrq pdnlqj surfhvvhv/ dqg lpsuryhv xsrq wkh vhtxhqwldo orjlw prgho
e| doorzlqj iru fruuhodwlrqv dprqj huuru whupv dfurvv gl�huhqw ohyhov/ vhh PfIdg0
ghq +4<::/ 4<;4,1 Qrw vxusulvlqjo|/ wkh prgho kdv ehhq irxqg wr eh yhu| xvhixo
lq pdq| gl�huhqw duhdv ri hfrqrplfv dqg sxeolf srolf| dqdo|vlv14 Ghvslwh wkh
dgydqwdjhv dqg srsxodulw| ri QPQO prgho/ vhulrxv gl!fxowlhv lq pd{lpl}lqj lwv
olnholkrrg ixqfwlrq uhpdlq/ dqg duh qrw zlgho| uhfrjql}hg1

Lq wkh hduo| |hduv ri lwv ghyhorsphqw/ prvw vwxglhv xvhg wkh olplwhg lqirupdwlrq
pd{lpxp olnholkrrg +OLPO, dssurdfk wr hvwlpdwh wkh prgho1 Krzhyhu/ OLPO
hvwlpdwhv duh qrw h!flhqw dqg rewdlqlqj wkh fruuhfw vwdqgdug huuruv ri OLPO
hvwlpdwhv xqghu glyhuvh wuhh vwuxfwxuhv lv qrw d wulyldo pdwwhu1 Dowkrxjk wkh ixoo
lqirupdwlrq pd{lpxp olnholkrrg +ILPO, hvwlpdwlrq lv suhihudeoh wr OLPO/ wkhuh
duh yhu| ihz vwxglhv wkdw uhsruw uholdeoh ILPO hvwlpdwhv ri wkh QPQO prgho/
sduwlfxoduo| zkhq wkh qxpehu ri ohyhov h{fhhgv 51 Lq rughu wr rewdlq uhdvrqdeoh
ILPO hvwlpdwhv/ pdq| dxwkruv �qg lw qhfhvvdu| wr lpsrvh dg krf uhvwulfwlrqv rq
wkh sdudphwhuv> iru h{dpsoh/ wkh frh!flhqwv ri lqfoxvlyh ydoxhv lq gl�huhqw ohyhov
duh jhqhudoo| dvvxphg wr eh wkh vdph +Eurzqvwrqh dqg Vpdoo/ 4<;<,1 Dqrwkhu
hpslulfdo sx}}oh lv wkdw OLPO dqg ILPO hvwlpdwhv duh riwhq zlgho| gl�huhqw/
hyhq wkrxjk erwk duh wkhruhwlfdoo| frqvlvwhqw +Ehunryhf dqg Uxvw 4<;8> Fdphurq
4<;8,1 Zh eholhyh wkdw wkh gl!fxow| frphv iurp dq h{wuhpho| luuhjxodu vxuidfh ri
wkh pd{lpxp olnholkrrg ixqfwlrq1 Wkh vhyhulw| ri wkh gl!fxow|/ ri frxuvh/ ghshqgv
rq wkh prgho dqg gdwd vwuxfwxuh dw kdqg1 Lq vkruw/ dwwdlqlqj wkh joredo pd{lpxp
ri QPQO olnholkrrg ixqfwlrq lv qrw jxdudqwhhg e| wkh dydlodeoh ILPO dojrulwkpv/
dqg zh eholhyh wklv lv wkh pdlq uhdvrq zk| dssolfdwlrqv ri QPQO prgho kdyh
ehhq olplwhg wr udwkhu vlpsoh wzr0ohyho prghov1

Iroorzlqj Srlulhu +4<<9,/ zh dgrsw d Ed|hvldq dssurdfk iru wkh hvwlpdwlrq ri
QPQO prghov1 Wkh Ed|hvldq dssurdfk r�huv pdq| dgydqwdjhv ryhu wkh fodvvlfdo
phwkrgv1 Gl�huhqw sulru vshfl�fdwlrqv fdq jlyh wkh lqyhvwljdwruv pruh rswlrqv lq
prgho ghyhorsphqw +Jhzhnh 4<<<,1 Dv Srlulhu +4<<9, kdv qrwhg/ wkh xvh ri sulruv

4Vhh/ iru lqvwdqfh/ Dphpl|d dqg Vklprqr+4<;<,/ Ehunryhf dqg Uxvw +4<;8,/ Fdphurq +4<;8,/
Gxelq +4<<;,/ Idodulv +4<;7/ 4<;:,/ Jxlpdudhv hw do1 +4<<;,/ Kdxvpdq/ hw do1 +4<<8,/ Kr�pdq
dqg Gxqfdq +4<;;,/ PfIdgghq +4<:9/ 4<:;/ 4<;3,/ Qhzerog +4<<:,/ Zhlohu +4<;<,/ Wudlq +4<;3,
dqg Wudlq hw do1 +4<;<,1
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phuho| irupdol}hv wkh douhdg| h{lvwlqj qrq0Ed|hvldq sudfwlfh ri xvlqj qrq0gdwd0
edvhg lqirupdwlrq lq ydulrxv lqirupdo zd|v1 Zh zloo dovr dujxh wkdw wkh Ed|hvldq
dssurdfk lv d qdwxudo fkrlfh lq wkh fdvh ri wkh QPQO prgho zkhuh pd{lpxp
olnholkrrg +PO, hvwlpdwlrq fdq eh qrwrulrxvo| xquholdeoh1

Srlulhu +4<<9, ghyhorshg d Ed|hvldq iudphzrun iru wkh QPQO prgho1 Krz0
hyhu/ dqdo|vlv ri wkh srvwhulru glvwulexwlrq ri wkh QPQO prgho lv qrw vwudljkwiru0
zdug1 Wkh Prqwh Fduor lqwhjudwlrq whfkqltxh vhhpv wr zrun zhoo iru wkh PQO
prgho +vhh Nrrs dqg Srlulhu/ 4<<6,/ exw �qglqj dq dssursuldwh lpsruwdqfh vdp0
solqj ghqvlw| iru wkh QPQO prgho lv gl!fxow +vhh Jhzhnh/ 4<;<,1 Zlwk wkh
lqfuhdvlqj dydlodelolw| ri frpsxwlqj srzhu dqg wkh ghyhorsphqw ri Pdunry Fkdlq
Prqwh Fduor +PFPF, phwkrgv/ wkh Ed|hvldq dssurdfk wr dqdo|}h vxfk prghov
kdv ehfrph ihdvleoh1 Wkh Phwursrolv dqg Kdvwlqjv +P0K, dojrulwkp/ dqg lwv vsh0
fldo fdvh/ wkh Jleev Vdpsohu/ kdyh ehhq xvhg lq uhfhqw |hduv wr kdqgoh d zlgh
ydulhw| ri rwkhuzlvh lqwudfwdeoh vwdwlvwlfdo sureohpv51Wkh Jleev vdpsohu grhv qrw
khos lq hvwlpdwlqj wkh QPQO prgho ehfdxvh lwv frqglwlrqdo srvwhulru glvwulexwlrq
lv lqwudfwdeoh1 Lq dgglwlrq/ wkh gl!fxow| ri dqdo|}lqj wkh srvwhulru ru wkh olnhol0
krrg ixqfwlrq lqfuhdvhv h{srqhqwldoo| zlwk uhvshfw wr wkh qxpehu ri ohyhov ri wkh
wuhh vwuxfwxuh1 Dv d uhvxow/ wkh P0K dojrulwkp vhhpv wr eh d orjlfdo fkrlfh lq
dqdo|}lqj wkh QPQO prgho1

Lq wklv vwxg|/ zh ghyhors d sudfwlfdo Pdunry Fkdlq Prqwh Fduor +PFPF,
phwkrg iru wkh Ed|hvldq dqdo|vlv ri QPQO prghov1 Zh sd| vshfldo dwwhqwlrq
wr lqfuhdvh wkh pl{lqj vshhg ri wkh fkdlq1 Iru wkh vdnh ri looxvwudwlrq/ zh lp0
sohphqwhg wklv vlpxodwlrq iudphzrun rq wzr uhdo olih h{dpsohv lqyroylqj 60ohyho
qhvwhg vwuxfwxuhv1 Wkurxjk dq hoderudwh frqyhujhqfh gldjqrvwlf dqdo|vhv/ zh hq0
vxuh wkdw wkh vlpxodwlrq uhvxowv duh uholdeoh1

Wkh sdshu lv rujdql}hg dv iroorzv= Zh zloo lqwurgxfh wkh fodvvlfdo QPQO
iudphzrun dqg wkh hvwlpdwlrq lvvxhv lq Vhfwlrq 51 Vhfwlrq 6 uhylhzv wkh Ed|hvldq
iudphzrun1 Lq Vhfwlrq 7 zh zloo jlyh d eulhi edfnjurxqg iru PFPF dqg glvfxvv
vrph ri wkh lpsohphqwdwlrq lvvxhv1 Lq vhfwlrq 8 zh suhvhqw wzr hpslulfdo h{dp0
sohv wr looxvwudwh wkh dssolfdwlrq ri wkh vlpxodwlrq phwkrg1 Ilqdoo|/ Vhfwlrq 9
vxppdul}hv wkh pdlq uhvxowv ri wkh sdshu1

5Vhh/ iru h{dpsoh/ Fdvhood dqg Jhrujh +4<<5,/ Jh|hu +4<<5,/ Jh|hu dqg Wkrpsvrq +4<<5/
4<<8,/ Ehvdjh dqg Juhhq +4<<6,/ Vplwk dqg Urehuwv +4<<6,/ Wlhuqh| +4<<7,/ Fkle dqg Juhhqehuj
+4<<9,/ Fkle/ Juhhqehuj dqg Fkhq +4<<;,/ Jhzhnh +4<<<,/ dqg wkh ulfk glvfxvvlrqv dffrpsdq|0
lqj pdq| ri wkhvh sdshuv1
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51 Fodvvlfdo QPQO Prgho

Lq rughu wr ryhufrph wkh LLD surshuw| ri wkh PQO prgho dqg wr doorz iru wkh
vhtxhqwldo ghflvlrq pdnlqj surfhvv/ PfIdgghq +4<::/ 4<:;, jhqhudol}hg wkh PQO
prgho edvhg rq udqgrp xwlolw| pd{lpl}dwlrq e| ohwwlqj wkh vr0fdoohg lqfoxvlyh
ydoxh sdudphwhuv wr kdyh frh!flhqwv rwkhu wkdq rqh/ dqg sursrvhg d qhz prgho
nqrzq dv wkh qhvwhg pxowlqrpldo orjlw prgho +QPQO,1

Vxssrvh lqglylgxdo l +4/ 5/111/ Q, kdv m +4/ 5/111/ P, fkrlfhv/ dqg wkh lqgluhfw
xwlolw| ixqfwlrq lv h{suhvvhg dv

L�� ' >�� n 0��c +514,

zkhuh L�� lv wkh xwlolw| dwwdlqhg e| lqglylgxdo � zkr fkrrvhv fkrlfh �c dqg >�� lv
d ixqfwlrq ri doo wkh phdvxuhg fkdudfwhulvwlfv1 Lq sudfwlfh/ >�� lv riwhq d olqhdu
ixqfwlrq ri wkh lqglylgxdo dqg2ru wkh fkrlfh vshfl�f fkdudfwhulvwlfv/ wkdw lv >�� '
f��q�c dqg 0�� lv wkh uhvlgxdo wkdw fdswxuhv wkh h�hfwv ri xqphdvxuhg yduldeohv/
shuvrqdo lglrv|qfudflhv/ lpshuihfwlrqv lq shufhswlrq dqg pd{lpl}dwlrq dqg vr rq1
Iroorzlqj PfIdgghq +4<;4,/ zh dvvxph wkdw wkh huuru whupv kdyh wkh iroorzlqj
W|sh E h{wuhph0ydoxh glvwulexwlrq +vhh dovr Dphpl|d 4<;8,=
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Lw lv hdv| wr yhuli| wkdw/

��E>c 4� '
YM*Y>�

ME>�c >2c ���>��
c � ' �c 2c ���c�� +517,

Wr dssuhfldwh wkh vwuxfwxuh ri wkh jhqhudo QPQO prgho ehwwhu/ dqg lq dqwlf0
lsdwlrq ri wkh looxvwudwlyh h{dpsohv wr eh suhvhqwhg odwhu/ ohw xv frqvlghu d 70ohyho
QPQO prgho zklfk lv d vshfldo fdvh ri htxdwlrq +515,1 Wkh wuhh vwuxfwxuh lv
ghslfwhg lq Iljxuh 4=

Iljxuh 41 D 70ohyho Qhvwhg Vwuxfwxuh

�

� � � � � � � � � �

Lq wklv fdvh � ' Dc dqg wkh glvwulexwlrq ixqfwlrq ri huuru whupv vlpsol�hv wr

sE0�c 02c 0�c 0ec 0D� ' i Ti�di T E�0�� n Ei TE�02*4��n +518,

Ei TE�0�*42� n Ei TE�0e*4�� n i TE�0D*4���
4�*42�42*4� o4�j�

Gh�qh/

ME>c 4� ' i TE>�� n ii TE>2*4�� n di TE>�*42� n

Ei TE>e*4�� n i TE>D*4���
4�*42 o42*4�j4�c +519,

M@E>c 4� ' ii TE>2*4�� n di TE>�*42� n Ei TE>e*4�� n i TE>D*4���
4�*42 o42*4�j4�3�c

MKE>c 4� ' di TE>�*42� n Ei TE>e*4�� n i TE>D*4���
4�*42 o42*4�3�c +51:,

MSE>c 4� ' Ei TE>e*4�� n i TE>D*4���
4�*423�� +51;,

9



Wkh suredelolwlhv ri fkrrvlqj dowhuqdwlyh 4/ 5/ 6/ 7/ 8 fdq eh ghulyhg dv=

��E>c 4� '
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c �2E>c 4� '
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ME>c 4�
c +51<,
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ME>c 4�
c +5144,

�DE>c 4� '
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ME>c 4�
� +5145,

Wkh orj0olnholkrrg ixqfwlrq lv/
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+�D *L}E�DE>c 4��c

zkhuh +�� E � ' �c 2c ��� c �c � ' �c 2c ���c � � htxdov 4 li lqglylgxdo � fkrrvhv fkrlfh
�/ 3 rwkhuzlvh1 Zh dvvxph wkdw hdfk htxdwlrq frqwdlqv g yduldeohv uhsuhvhqwlqj
lqglylgxdo fkdudfwhulvwlfv/ l1h1/ f lv d g glphqvlrqdo yhfwru zlwk rqh yduldeoh dv
wkh frqvwdqw/ dqg q lv d g glphqvlrqdo yhfwru ri xqnqrzq frh!flhqwv1 Diwhu rqh
htxdwlrq lv qrupdol}hg/ wkhuh duh eg n 2 frh!flhqwv wr eh hvwlpdwhg1

Dowkrxjk wkh wkhruhwlfdo iudphzrun ri wkh QPQO prgho lv qrw yhu| frp0
soh{/ wkh dfwxdo pd{lpl}dwlrq ri wkh QPQO olnholkrrg ixqfwlrq kdv suryhg wr eh
wuhdfkhurxv1 Ehiruh Khqvkhu +4<;9,/ lw zdv zlgho| uhfrpphqghg wkdw vhtxhqwldo
hvwlpdwlrq +OLPO, �uvw eh xvhg/ vhh Pdggdod +4<;6,1 Wkhq/ wkhvh OLPO hvwlpdwhv
zhuh xvhg dv vwduwlqj ydoxhv iru rqh0lwhudwlrq ri Qhzwrq0Udskvrq ILPO vwhs1 Wkh
uhdvrqv iru wkh wzr vwhsv lv wkdw OLPO hvwlpdwhv dw kljkhu ohyhov duh lqh!flhqw
dqg wkhlu vwdqgdug huuruv lqfrqvlvwhqw gxh wr wkh xvh ri �hvwlpdwhv ri hvwlpdwhv�
lq wkh hvwlpdwlrq ri wkh frh!flhqwv ri lqfoxvlyh ydoxhv1 Wkh �uvw lwhudwlrq ri ILPO
frxog fruuhfw wklv sureohp1 Ehunryhf dqg Uxvw +4<;8, dqg Khqvkhu +4<;9,/ krz0
hyhu/ uhsruwhg wkdw wkh orj0olnholkrrg dqg wkh sdudphwhu hvwlpdwhv whqg wr eh yhu|
xqvwdeoh diwhu rqh lwhudwlrq1 Wkxv/ lw vhhpv xqzlvh wr olplw ILPO wr rqh lwhudwlrq
zkhq wkh OLPO hvwlpdwhv duh xvhg dv vwduwlqj ydoxhv1 Rq frpsdulqj OLPO dqg
ILPO/ pdq| uhvhdufkhuv lqfoxglqj PfIdgghq +4<;4, kdyh revhuyhg wkdw/ hyhq

:



lq odujh vdpsohv/ OLPO sdudphwhuv dqg wkhlu vwdqgdug huuruv gl�hu frqvlghudeo|
iurp wkh ILPO uhvxowv1 Nolqj dqg Wkrpvrq +4<<9, kdyh ghprqvwudwhg wkdw zho0
iduh hvwlpdwhv uhvxowlqj iurp QPQO prghov duh yhu| vhqvlwlyh wr wkh gl�huhqfhv
ehwzhhq OLPO dqg ILOPO hvwlpdwhv1

Eurzqvwrqh dqg Vpdoo +4<;<, uhsruwhg uhvxowv iurp d v|vwhpdwlf frpsdulvrq ri
OLPO zlwk ILPO1 Wkh| hvwlpdwhg d 50ohyho QPQO prgho xvlqj gdwd rq wlph0ri0
gd| fkrlfh iru zrun wulsv1 Wkhlu frqfoxvlrq zdv= OLPO lv qrw h!flhqw/ olqhdul}hg
pd{lpxp olnholkrrg hvwlpdwlrq lv ehwwhu/ dqg ILPO lv prvw suhihudeoh1 Krzhyhu/
wkhlu wuhh vwuxfwxuh zdv yhu| vshfl�f= �Zh wulhg pruh frpsoh{ wuhh vwuxfwxuh wkdq
wkh rqh ghvfulehg khuh/ exw wkh| suryhg xqvwdeoh dqg |lhoghg lpshuplvvleoh ydoxhv
ri wkh 4 sdudphwhuv�/ vhh Eurzqvwrqh dqg Vpdoo +4<;</ s19;,1 Hyhq zlwk d vlpsoh
wuhh vwuxfwxuh/ dq dg krf uhvwulfwlrq wkdw wkh lqfoxvlyh ydoxh sdudphwhuv duh htxdo
zdv lpsrvhg1 Dv srlqwhg rxw e| Srlulhu +4<<9, wkh olnholkrrg ixqfwlrq ri QPQO
prgho lv vr loo0ehkdyhg wkdw uholdeoh hvwlpdwlrq lv qrw jxdudqwhhg e| fxuuhqw PO
dojrulwkpv1

61 Ed|hvldq Dqdo|vlv ri wkh Qhvwhg Orjlw Prgho

Ed|hvldq dssurdfk lv qdwxudo iru wkh QPQO prghov/ jlyhq wkh gl!fxowlhv dqg wkh
frpprq xvh ri qrq0gdwd0edvhg lqirupdwlrq lq PO hvwlpdwlrq1 Pruhryhu/ wkh xvh
ri uhdvrqdeoh lqirupdwlyh sulruv pd| uhgxfh wkh xquholdelolw| ri wkh PO hvwlpdwru1
Srlulhu +4<<9, �uvw vwxglhg d wzr0ohyho QPQO prgho lq d Ed|hvldq iudphzrun/
exw glg qrw vxjjhvw dq dojrulwkp wr h{soruh wkh srvwhulru glvwulexwlrq1 Lq wklv
sdshu/ zh h{whqg klv zrun wr kljkhu ohyho QPQO prghov/ dqg ghyhors d sudfwlfdo
vlpxodwlrq iudphzrun iru Ed|hvldq lqihuhqfh1

6141 Sulruv iru wkh Sdudphwhuv lq wkh Lqgluhfw Xwlolw| Ixqfwlrq

Srlulhu +4<<9, h{whqghg wkh Ed|hvldq dqdo|vlv ri wkh pxowlqrpldo orjlw +PQO,
prgho +Nrrs dqg Srlulhu/ 4<<6, wr d QPQO prgho/ zkhuh wkh glvwulexwlrq ri
huuruv lv=

sE0�c 02c ���c 0a� ' i Ti� i T E�06�� d
[

�Ma36

i TE�0�*4�o
4jc f 	 4 	 �� +614,

Dvvxplqj wkdw 4 dqg q duh lqghshqghqw/ Srlulhu +4<<9, sursrvhg wkh vdph sulruv
iru wkh sdudphwhuv lq wkh lqgluhfw xwlolw| ixqfwlrq dv wkrvh xvhg lq Nrrs dqg

;



Srlulhu +4<<6,1 Iroorzlqj Nrrs dqg Srlulhu*v qrwdwlrq/ wkh olnholkrrg ixqfwlrq ri
wkh PQO prgho lv zulwwhq dv=

uEq� ' sEqmCc-c~� '
�\
�'�

-�\
o'�

a�\
�'�

R
+�o�
�� '

i TEC�q�T�
�'�

kSa�
�'� i TE5

�

��q�
l-�

c +615,

zkhuh- � d-�c -2c ���c -� o
�c -� lv wkh uhsolfdwlrqv iru �|� lqglylgxdo dqg lqwurgxfhg

khuh iru frqwuroolqj wkh vwuhqjwk ri wkh sulruv1 C '
S�

�'�-�
Sa�

�'� +��5��� +�o� ' �
l� �|� lqglylgxdo fkrrvh �|� dowhuqdwlyh rq o|� uhsolfdwlrq/ rwkhuzlvh +�o� ' f�
+�� ' -3�

�

S-�

o'� +�o�/ ~ ' d5�c 52c ���c 5�c o
�

/ 5� � d5���c 5
�

�2c ���c 5
�

�a�
o�c 5�� frqwdlqv wkh

fkdudfwhulvwlfv ri erwk lqglylgxdo � dqg dowhuqdwlyh �� Wkh sulru lv vshfl�hg dv=

}Eq� '
sEqmCc-c~�

SECc-c~�
c +616,

zkhuh SECc-c~� lv wkh qrupdol}dwlrq frqvwdqw/ - ' d-�c -2c111c -� o
�/ dqg C '

dC�

2c C
�

�c ���c C
�

a o
� duh sulru k|shusdudphwhuv1 Dv glvfxvvhg lq Nrrs dqg Srlulhu

+4<<6, dqg Srlulhu +4<<9,/ d cqhxwudo* fdvh iru wkh sulru lv wr vhw C ' f&c zklfk
phdqv htxdo suredelolwlhv iru doo dowhuqdwlyhv zkhq hydoxdwhg dw wkh sulru prgh
zlwk 4 ' �1 Ixuwkhu/ wkh vwuhqjwk ri wkh sulruv fdq eh hdvlo| frqwuroohg e| vhwwlqj
gl�huhqw ydoxhv wr -? lq -1 Odujh ydoxhv ri -? phdqv vwurqj sulru> dv wkh ydoxhv
dssurdfk }hur/ wkh sulru ehfrphv d xqlirup glvwulexwlrq1

6151 Sulruv iru wkh Sdudphwhuv ri Lqfoxvlyh Ydoxhv

PfIdgghq +4<::/ 4<;4, h{whqghg PQO wr QPQO prgho e| doorzlqj wkh lqfoxvlyh
ydoxh +ru glvvlplodulw|, frh!flhqw 4 wr eh gl�huhqw iurp rqh1 Lw kdv ehhq vkrzq
wkdw 4pxvw olh lq wkh xqlw lqwhuydo f 	 4 � � iru wkh hpslulfdo prgho wr eh joredoo|
frqvlvwhqw zlwk xwlolw| pd{lpl}dwlrq +Gdo| dqg ]dfkdu| 4<:</ dqg PfIdgghq
4<::,1 Krzhyhu/ hvwlpdwhv ri 4 juhdwhu wkdq 4 duh riwhq hqfrxqwhuhg lq sudfwlfh1
Pruh uhfhqw zrun e| Eùuvfk0Vxsdq +4<<3, dqg Nrqlqj dqg Ulgghu +4<<7, kdyh
ghulyhg orfdo vx!flhqf| frqglwlrqv wkdw shuplw ydoxhv ri 4 : � wkdw duh frqvlvwhqw
zlwk xwlolw| wkhru|1

615141 Srlulhu*v Sulru

Srlulhu +4<<9, sursrvhg d fodvv ri sulruv iru 4c fdoohg wkh jhqhudol}hg orjlvwlf ghq0
vlw|=

s E4� ' s4E4m@c Kc S� '
@

S
i TE

K� 4

S
�d� n i TE

K� 4

S
�o3E�n@�� +617,

<



Wkh fruuhvsrqglqj fxpxodwlyh glvwulexwlrq ixqfwlrq lv=

8 E4� ' 84E4m@c Kc S� ' d� n i TE
K� 4

S
�o3@c +618,

zkhuh @c Kc S duh wkuhh k|shusdudphwhuv1 Iurp wklv glvwulexwlrq/ lw lv hdv| wr
yhuli| wkdw .E4� ' Si*?dKE@�o � *?dKE��oj n Kc T @oE4� ' S2i*?dKE@�o� � *?dKE��o�jc
dqg wkh sulru prgh ri 4 lv Kn S *?E@�� Wr uhgxfh wkh qxpehu ri k|shusdudphwhuv/
Srlulhu +4<<9, dvvxphg wkh sulru suredelolw| xqghu M�= 4 9' � frqfhqwudwhv lq wkh
qhljkerukrrg ri Mf G 4 ' � +PQO,/ dqg khqfh sxw wkh uhvwulfwlrq Kn S *?E@� ' ��
Lq frqmxqfwlrq zlwk rwkhu wzr frqglwlrqv � Ef 	 4 	 �� dqg � E4 � ��/ wkh wkuhh
k|shusdudphwhuv fdq eh ghwhuplqhg1

Dowkrxjk zh iroorz Srlulhu +4<<9, iru sulruv ri wkh sdudphwhuv lq wkh ghwhuplq0
lvwlf xwlolw| ixqfwlrq/ zh zloo vxjjhvw dowhuqdwlyh sulruv iru 41 Iluvw/ hvwlpdwlqj wkh
QPQO prgho phdqv zh dvvxph wkdw wkh gdwd vkrxog eh �wwhg wr d qhvwhg orjlw/
qrw pxowlqrpldo orjlw prgho1 Wkh frqvwudlqw wkdw wkh sulru suredelolw| xqghu M=
4 9' � frqfhqwudwhv lq wkh qhljkerukrrg ri Mf G 4 ' � lpsolhv wkdw wkh prgho
vkrxog eh PQO/ qrw QPQO1 Vhfrqgo|/ dv glvfxvvhg e| Srlulhu +4<<9,/ klv sulru
fdq qrw uxoh rxw 4 � f�

615151 Vhpl0 dw Sulruv

Lw lv vlpsoh wr vkrz wkdw 4 	 f lpsolhv wkdw frqvxphuv duh fkrrvlqj wkh dowhuqdwlyh
wr plqlpl}h wkhlu xwlolwlhv61 Ixuwkhupruh/ wkh prgho fdqqrw eh gh�qhg zkhq
4 ' f ehfdxvh olp4<3f�� 9' olp4<nf�� +�� lv wkh suredelolw| ri fkrlfh �> vhh
dsshqgl{ 4 iru surri,1 Wkhuhiruh/ lw lv uhdvrqdeoh wr uhvwulfw wkh udqjh ri wkh sulru
glvwulexwlrq ri 4 wr vrph lqwhuydo vxfk wkdw wkh QPQO prgho lv frqvlvwhqw zlwk
xwlolw| pd{lpl}dwlrq1 Zh uhvwulfw 4 wr Efcn4�/ ehfdxvh +4, wkh QPQO prgho
fdq vwloo eh xvhg dv d ydolg vwdwlvwlfdo prgho zkhq 4 : � +Wudlq/ Ehq0Dnlyd dqg
Dwkhuwrq 4<;<> Dphpl|d dqg Vklprqr 4<;<,/ dqg 5, lq dssolhg zrun ydoxhv ri
4 : � kdyh ehhq yhu| frpprq1 Iru lqvwdqfh/ Kdxvpdq/ Ohrqdug dqg PfIdgghq
+4<<8, uhsruw ILPO hvwlpwlrq ri d 50ohyho uhfuhdwlrqdo wuls0doorfdwlrq prgho zkhuh
derxw kdoi ri ryhu wkluw| lqfoxvlyh ydoxh frh!flhqwv h{fhhghg rqh e| pruh wkdq
wzlfh wkhlu vwdqgdug huuruv1

Zh dvvxph wkdw 4 idoov rqwr Efc �� zlwk d suredelolw| bc dqg jlyhq f 	 4 	 �c
4 kdv d  dw glvwulexwlrq1 Zh dovr dvvxph wkdw wkh suredelolw| ri 4 ehlqj ohvv wkdq

6Li � ? 3> wkh Eùuvfk0Vxsdq +4<<3, surfhgxuh lv qrw xvdeoh/ ehfdxvh wkh ghqvlw| lv joredoo|
qhjdwlyh zkhq �4 ? � ? 3= Vhh dovr Dphpl|d dqg Nlp +4<<5,/
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f lv 1 dqg wkh suredelolw| ri 4 idu ehorz f ghfuhdvhv h{srqhqwldoo|/ dqg zh pdnh
wkh vdph dvvxpswlrq iru 4 : �� Wkxv zh kdyh wkh iroorzlqj sulru ghqvlw| iru 4/

sE4� '

;A?
A=

b i TEb
1
4�c li 4 � fc

bc li f 	 4 	 �c
b i Td b

�3b31
E�� 4�o li 4 � ��

+619,

Zh fdoo wklv sulru d �vhpl0 dw� sulru1 D qdwxudo fkrlfh lv wr vhw b ' f�Dc
zklfk phdqv wkdw wkh olnholkrrg ri 4 idoolqj rqwr wkh uhjlrq Efc �� lv DfIc dqg
rxwvlgh wkdw uhjlrq lv dovr DfI� D vshfldo fdvh lv wkdw wkh ghqvlw| ixqfwlrq lv dovr
v|pphwulf1 Wklv phdqv wkdw 4 kdv wkh vdph suredelolw| ri ehlqj juhdwhu wkdq �
dqg ohvv wkdq fc

sE4� '

;A?
A=

�
2
i TE24�c li 4 � fc

�
2

li f 	 4 	 �c
�
2
i Td2E�� 4�o li 4 � ��

+61:,

Hyhq wkrxjk wkh sulru lq +61:, lv qrw dssursuldwh iru QPQO prghov/ wkh dg0
ydqwdjh ri sulru lq +619, lv wkdw lw doorzv iru � E4 � f� ' f� Iru lqvwdqfh/ vhw b '
f�Dc dqg 1 ' fc zh kdyh/

sE4� '

;A?
A=

fc li 4 � fc
�
2
c li f 	 4 	 �c

�
2
i TE�� 4� li 4 � ��

+61;,

Iljxuh 5 sorwv wkh vhpl0 dw sulruv zlwk 1 ' fc b ' f�D dqg b ' f�H�

44



Iljxuh 51 Vhpl0 dw Sulruv
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615161 Vlpv* Sulruv

Vlpv +4<<4, vxjjhvwhg d sulru lq wkh frqwh{w ri xqlw urrw whvwv lq wlph vhulhv
dqdo|vlv/ vhh dovr Jhzhnh +4<<7,1 Wklv sulru fdq dovr eh xvhg iru 4 lq wkh QPQO
prgho1 D jhqhudol}dwlrq ri Vlpv* sulru lv/

s E4� '

+
fc li 4 � fc
kEr�4r3@ i TE�4r�c li 4 : fc

+61<,

zkhuh r dqg @ Er � @� duh k|shusdudphwhuv/ dqg kEr� lv wkh qrupdol}dwlrq frq0
vwdqw1 Wkh sulru prgh ri 4 lv/

4 '
�
r� @

r

� �

r

� +6143,

Lw lv hdv| wr vhh wkdw @ dqg r frqwuro wkh sulru orfdwlrq dqg yduldqfh1 Li @ : f/
wkh sulru prgh ri 4 lv ohvv wkdq �> li @ 	 f/ wkh sulru prgh ri 4 lv juhdwhu wkdq �c
dqg li @ ' f/ wkh sulru prgh ri 4 htxdov �c zklfk phdqv zh eholhyh wkdw wkh gdwd
vkrxog eh �wwhg wr d PQO prgho1 Vhwwlqj @ ' �/ zh kdyh Vlpv* sulru/
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s E4� '

+
fc li 4 � fc
r4r3� i TE�4r�c li 4 : f�

+6144,

Wkh fruuhvsrqglqj fxpxodwlyh glvwulexwlrq ixqfwlrq lv/

8 E4� '

+
fc li 4 � fc
�� i TE�4r�� li 4 : f�

+6145,

Zh sorwwhg wkh ghqvlw| ixqfwlrqv lq +6144, zlwk r ' �c 2c ec S lq Iljxuh 671

Iljxuh 61 Vlpv* Sulru
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7Lq wkh fdvh zkhuh wkh lqfoxvlyh ydoxh sdudphwhu h{fhhgv rqh/ wkh surfhgxuh ghyhorshg e|
Eùuvfk0Vxsdq +4<<3, zdv ixuwkhu h{whqghg e| Nolqj dqg Khuuljhv +4<<8, dqg Khuuljhv dqg Nolqj
+4<<9, wr ghulyh wkh h{dfw xsshu olplwv F rq � iru d wzr0ohyho QPQO prgho1 Wkh QPQO prgho
uhpdlqv frpsdwleoh zlwk xwlolw|0pd{lpl}dwlrq dv orqj dv � lv deryh }hur exw ehorz wkh xsshu
olplw1 Wkhlu fdofxodwlrqv iru d vshfl�f 50ohyho prgho vxjjhvw wkdw wkh Ervfk0Vxsdq frqglwlrqv
zloo uduho| eh phw iru � A 5 dqg pd| qrw eh phw lq pdq| fdvhv zkhq � ? 5= Lq wkh frqwh{w ri
rxu sulruv wklv zrxog vxjjhvw fkrrvlqj dssursuldwh ydoxhv ri k|shusdudphwhuv � +iru wkh vhpl0
 dw sulru, dqg v +iru wkh Vlpv* sulru,1 Zh gr qrw uhfrpphqg wuxqfdwlqj wkh sulru glvwulexwlrq
ri � xvlqj wkh fdofxodwhg ydoxh ri F vlqfh wkhvh hvwlpdwhv zrxog hperg| wkh huuruv ri prgho
hvwlpdwlrq dqg vshfl�fdwlrq1
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Lq dgglwlrq wr wkh sulruv glvfxvvhg deryh/ C@66@ dqg �e|@ suredelolw| ghq0
vlwlhv duh dovr yhu| dwwudfwlyh sulruv iru 4� Iru wkh QPQO prgho/ qrqlqirupdwlyh
sulruv duh qrw lghdo iru 4� Iodw sulruv rq gl�huhqw yhuvlrqv ri wkh sdudphwhu vsdfh
fdq |lhog gl�huhqw srvwhulru glvwulexwlrqv1 Iru sdudphwhuv kdylqj udqjh iurp f wr
n4c Mh�uh|v vxjjhvwhg wdnlqj lwv orjdulwkp wr eh xqlirup / w ' *? E4� c zklfk lv
lqyduldqw wr wudqvirupdwlrqv ri wkh irup � ' 4?c wkdw lv _� ' ?4?3�_4c dqg wkxv
_�
�
' _4

4
+vhh ]hooqhu/ 4<:4/ ss174086 iru ghwdlov,1

6161 Wkh Srvwhulru

Iru wkh PQO prgho/ }Eq� lq +616, lv d qdwxudo frqmxjdwh sulru/ wkxv wkh srvwhulru
lv vlpsoh=

}Eqm+� '
sEqm 7Cc 7-c~�

SE 7Cc 7-c~�
c +6146,

zkhuh 7C ' C n Cc 7- ' - n -� Lq wkh fdvh ri QPQO prgho/ qdwxudo frqmxjdwh
sulruv gr qrw h{lvw ehfdxvh wkhuh lv qr vx!flhqw vwdwlvwlf iru q +vhh Srlulhu/ 4<<9,1
Wkh srvwhulru iru wkh QPQO prgho lv

Z Eqc 4� ' }Eq�sE4�u Eqc 4� *
]
}Eq�sE4�u Eqc 4� _q_4c

zkhuh sE4� ' sE4��sE42�sE4�� iru d irxu0ohyho prgho1 Iru wkh sdudphwhuv q lq wkh
xwlolw| ixqfwlrq/ dv glvfxvvhg lq Nrrs dqg Srlulhu +4<<6,/ d cqhxwudo* fdvh iru wkh
sulru lv wr vhw C ' f&c zklfk phdqv htxdo suredelolwlhv iru doo dowhuqdwlyhv zkhq
hydoxdwhg dw wkh sulru prgh zlwk 4 ' �1 Ixuwkhu/ wkh vwuhqjwk ri wkh sulruv fdq
eh hdvlo| frqwuroohg e| vhwwlqj gl�huhqw ydoxhv ri -? lq -1

71 Phwursrolv0Kdvwlqjv Dojrulwkp dqg wkh Lpsohphqwdwlrq

Lvvxhv

7141 Wkh Phwursrolv0Kdvwlqjv Dojrulwkp lq Orjdulwkp

Lq rughu wr xqghuvwdqg wkh P0K dojrulwkp/ dqg lwv dssolfdwlrq wr wkh QPQO
srvwhulru/ wkh jhqhudo vwdwh0vsdfh Pdunry fkdlq wkhru| lv hvvhqwldo/ hvshfldoo| wkh
wkhru| uhodwhg wr luuhgxflelolw|/ uhfxuuhqfh/ dshulrglflw|/ Kduulv uhfxuuhqfh/ dqg
hujrglflw|1 Zh irxqg Qxppholq +4<;7, dqg Ph|q dqg Wzhhglh +4<<6, wr eh h{0
fhoohqw uhdglqjv rq wklv vxemhfw1 Iru wkh sxusrvh ri wklv vwxg|/ zh rqo| vxppdul}h
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wkh edvlf frqfhswv ri P0K dojrulwkp zklfk duh hvvhqwldo iru wkh sxusrvh ri wklv
sdshu1

Iru d wudqvlwlrq nhuqho � E%c�� ri Pdunry fkdlq ix?j wr frqyhujh wr d vwdwlrq0
du| glvwulexwlrq +n �? E%c ���Z E�� n$ f�8 iru Z�doprvw doo9 %c wkh fkdlq pxvw +4,
eh Z�Luuhgxfleoh/ +5, eh dshulrglf/ dqg +6, kdyh d surshu lqyduldqw glvwulexwlrq
Zc zklfk vdwlv�hv/ Z E�� '

U
Z E_%�� E%c�� �

Wkh luuhgxflelolw| dqg dshulrglf frqglwlrqv iru wkh Jleev vdpsohu dqg P0K
dojrulwkp duh sxuh Pdunry fkdlq lvvxhv1 Wkhvh frqglwlrqv duh xvxdoo| vdwlv�hg
li wkh sursrvdo +ru fdqglgdwh0jhqhudwlqj, glvwulexwlrq kdv d srvlwlyh ghqvlw| rq
wkh vdph vxssruw dv wkdw ri wkh wdujhw glvwulexwlrq1 Lw lv dovr vdwlv�hg e| wkh
sursrvdo glvwulexwlrq zlwk uhvwulfwhg vxssruw +vhh Fkle dqg Juhhqehuj/ 4<<8,:1
Iru rxu dssolfdwlrq ri P0K dojrulwkp +lq zklfk zh hpsor|hg Jdxvvldq sursrvdo
glvwulexwlrq, wr qhvwhg orjlw prghov/ lw lv qrw gl!fxow wr yhuli| wkdw wkhvh frqglwlrqv
duh vdwlv�hg1

Wkh frqglwlrq 6 lv hqvxuhg e| wkh lqwurgxfwlrq ri d suredelolw|=

kE%c +� '

+
4�?

q
ZE+�^E+c%�
ZE%�^E%c+�

c �
r
c li Z E%� ^ E%c +� : fc

� li Z E%� ^ E%c +� ' fc
+714,

zklfk lv wkh khduw ri wkh P0K dojrulwkp dqg lv wkh nh| frqwulexwlrq ri Phwursrolv/
Urvhqeoxwk/ Urvhqeoxwk/ Whoohu/ dqg Whoohu +4<86,/ vhh dovr Kdvwlqjv +4<:3,1 Zlwk
wkh suredelolw| kE%c +�c wkh wudqvlwlrqdo nhuqho

� E%c _+� ' kE%c +�^ E%c +� _+ n o E%� B%E_+� +715,

zloo frqyhujh wr lwv lqyduldqw glvwulexwlrq Z zklfk lv rxu wdujhw glvwulexwlrq;/ dqg
zkhuh o E%� ' � �

U
R E%c +� _+/ B% ghqrwhv srlqw pdvv dw %c dqg ^ E%c +� lv wkh

sursrvdo glvwulexwlrq +fdqglgdwh0jhqhudwlqj ghqvlw|,1
Iru yhu| luuhjxodu srvwhulru vxuidfhv/ lw lv khosixo wr uhzulwh wkh dojrulwkp lq

wkh orjdulwkp1 Wkh dojrulwkp lq orjdulwkp fdq juhdwo| uhgxfh wkh qxphulfdo sure0
ohpv wkhuhe| dyrlg glvuxswlqj wkh vlpxodwlrq> lw fdq dovr idflolwdwh wkh frpsxwhu

8Sq +{>D, @ Si{q 5 Dm{3 @ {j/ { 5 H> D 5 H> H lv wkh vwdwh vsdfh/ zklfk riwhq lv
N�glphqwlrqdo Hxfolghdq vsdfh LUN / ru fdq eh pruh jhqhudo1

9Lq idfw/ iru P0K dojrulwkp lw lv wuxh iru doo {> vlqfh P0K nhuqhov duh Kduulv uhfxuuhqw/ vhh
Wlhuqh| +4<<7,1

:Dovr vhh Qxppholq +4<<7,/ Urehuwv dqg Vplwk +4<<7,/ Wlhuqh| +4<<7, dqg Vplwk dqg
Urehuwv +4<<6, iru surriv1

;Lw qhhgv wr eh srlqwhg rxw wkdw lw lv qrw qhfhvvdu| wr kdyh dshulrglflw|1 Zkdw zh duh
uhdoo| frqfhuqhg lq sudfwlfh lv wkh frqyhujhqfh ri vdpsoh sdwk dyhudjhv/ zklfk lv jxdudqwhhg e|
frqglwlrq 4 dqg 61
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surjudp frglqj1 Wkh dojrulwkp lq orjdulwkp fdq eh zulwwhq dv=

kWE%c +� ' *?EkE%c +�� ' 4�?ifc *?EZE+��� *?EZE%�� n *?E^E+m%��� *?E^E%m+��j�
+716,

Zlwk d udqgrp qxpehu L iurp Xqlirup Efc ��c li

*?EL� � kWE%c +�c +717,

wkh fdqglgdwh lv dffhswhg dqg rqh lwhudwlrq lv �qlvkhg> li *?EL� : kWE%c +�c wkh
fdqglgdwh lv glvfdughg dqg wkh fkdlq grhv qrw pryh1

7151 Lpsohphqwdwlrq Lvvxhv

Iru frpsoh{ srvwhulruv/ pl{lqj vshhg ri d fkdlq lv dozd|v fuxfldo wr PFPF sudfwl0
wlrqhuv/ dqg lpsurylqj wkh pl{lqj h!flhqf| qhhgv hqgohvv h�ruw1 Lq wklv vxevhfwlrq
zh h{sodlq krz wkh dojrulwkp lv wdloruhg wr hqvxuh frqyhujhqfh ri wkh fkdlq1

715141 Vhohfwlrq ri wkh Fkdlq

Zh dgrswhg wkh udqgrp zdon fkdlq lq wklv vwxg|1 Wkh udqgrp zdon fkdlq zlwk
sursrvdo glvwulexwlrq ^E+m%� ' ^Em+�%m� lv d vshfldo fdvh ri Phwursrolv fkdlq zlwk
sursrvdo glvwulexwlrqv ^E+m%� ' ^E%m+� iru doo % dqg +� Lq wklv fdvh/

kE%c +� ' 4�?i
ZE+�

Z E%�
c �jc +718,

zklfk zdv sursrvhg e| Phwursrolv hw do1 +4<86,1
Lq idfw/ ehiruh xvlqj jhqhudo P0K dojrulwkp/ zh wulhg Eorfn0dw0d0Wlph Dojr0

ulwkpv +vhh Fkle dqg Juhhqehuj/ 4<<9> Jhzhnh/ 4<<<,1 Dowkrxjk lw vhhpv frqyh0
qlhqw wr xsgdwh hdfk eorfn ri wkh sdudphwhuv lq gl�huhqw xwlolw| ixqfwlrqv/ 4� dqg
42 lq wxuq/ wkh Eorfn0dw0d0Wlph Dojrulwkpv glg qrw gholyhu dq| dgydqwdjh ryhu wkh
P0K dojrulwkp1 Wkh Eorfn0dw0d0Wlph Dojrulwkp lq rxu frqwh{w wrrn 63( pruh
wlph wkdq wkh P0K dojrulwkp1

Zh dovr wulhg lqghshqghqfh fkdlq zlwk wkh sursrvdo glvwulexwlrq ^E+m%� ' ^E+�c
zklfk lv d vshfldo fdvh ri P0K dojrulwkp1 Lw lv zhoo nqrzq wkdw lqghshqghqfh
fkdlq zrunv zhoo iru srvwhulruv zlwk vprrwk vxuidfh/ exw grhv srruo| iru luuhjxodu
srvwhulru vxuidfhv1 Lq rxu rzq h{shulhqfh/ wkh lqghshqghqfh fkdlq zrunv zhoo iru
wkh PQO prgho/ exw qrw iru wkh QPQO prgho1
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715151 Uhsdudphwhul}dwlrq

Prvw ri wkh dojrulwkpv duh vhqvlwlyh wr wkh fkrlfh ri sdudphwhul}dwlrq ri wkh prgho1
Iru lqvwdqfh/ wkh dgdswlyh txdgudwxuh vfkhph e| Qd|oru dqg Vplwk +4<;5, dqg
wkh Odsodfh dojrulwkpv e| Wlhuqh| dqg Ndgdqh +4<;9, pdnh vrph h{solflw dv0
vxpswlrqv derxw wkh vkdsh ri wkh srvwhulru vxuidfh> wkh h!flhqf| dqg dffxudf| ri
wkhvh dojrulwkpv duh yhu| vhqvlwlyh wr wkh fkrlfh ri sdudphwhul}dwlrq1 Wkh prvw
frpshoolqj uhdvrq iru wkh uhsdudphwhul}dwlrq lq PFPF dssolfdwlrqv lv wr uhgxfh
wkh fruuhodwlrqv dprqj wkh frh!flhqwv/ dv zh nqrz wkdw kljk fruuhodwlrqv dprqj
frh!flhqwv zloo gudpdwlfdoo| uhgxfh wkh pl{lqj vshhg1 Wkh sdudphwhul}dwlrq ri d
vwdwlvwlfdo prgho pd| vhhp duelwudu|/ exw wkh fkrlfh kdv erwk wkhruhwlfdo dqg sudf0
wlfdo vljql�fdqfh lq rxu fdvh +vhh Kloov dqg Vplwk/ 4<<5,1 Iru wkh QPQO prgho/
wkh uhsdudphwhul}dwlrq lv qhfhvvdu| qrw rqo| iru uhgxflqj fruuhodwlrq dprqj sd0
udphwhuv/ exw dovr iru vwdelol}lqj wkh vlpxodwlrq1 Wkh frpsxwhu surjudp zloo kdow
zkhq wkhvh frh!flhqwv duh qhdu }hur ehfdxvh wkh frh!flhqwv ri wkh lqfoxvlyh ydoxhv
dsshdu lq wkh ghqrplqdwru ri wkh srzhu1 Diwhu dq lqwhqvlyh vhdufk +dovr vhh Srlulhu/
4<<9,/ iru wkh 70ohyho QPQO prgho +518, zh xvh wkh iroorzlqj uhsdudphwul}dwlrq=

k� ' q�c k2 ' q2*4�c k� ' q�*42c ke ' qe*4�c

kD ' qD*4�c �� ' 4�*42c �2 ' 42*4�c �� ' 4��

Dvvxplqj wkdw wkhuh duh g yduldeohv lq hdfk htxdwlrq +doo qr duh g glphq0
vlrqdo,/ wkh ghwhuplqdqw ri wkh Mdfreldq pdwul{ wxuqv rxw wr eh �2g� ��gn�

2 �egn2
�

+vhh dsshqgl{ 5 iru wkh surri,1 Wkh hpslulfdo h{dpsohv lq wklv vwxg| duh vshfldo
fdvhv ri wklv irxu0ohyho QPQO prgho1 Zlwk wklv uhsdudphwhul}dwlrq/ doo wkh frhi0
�flhqwv ri wkh lqfoxvlyh ydoxhv lq wkh ghqrplqdwruv ri wkh srzhuv duh uhpryhg dqg
wkh frpsxwhu surjudp shuirupv zhoo1

715161 Khdwlqj wkh Wdujhw

Iru d frpsolfdwhg qrqolqhdu olnholkrrg ixqfwlrq/ wkh kljk suredelolw| duhdv ri wkh
srvwhulru duh yhu| olnho| wr eh vhsdudwhg e| uhjlrqv ri yhu| orz suredelolw|1 Lq
wklv fdvh/ lw lv yhu| gl!fxow iru wkh fkdlq wr wudyho iurp rqh prgh wr wkh rwkhu1
Khdwlqj wkh wdujhw zloo  dwwhq wkh vxuidfh ri wkh srvwhulru dqg pdnh wkh fkdlq
pruh hdvlo| wudyho dprqj wkh prghv1 Mhqqlvrq +4<<6, jdyh d yhu| vlpsoh h{dpsoh
wr h{sodlq krz vorz pl{lqj fdq rffxu dqg vxjjhvwv khdwlqj wkh wdujhw e| � c

ZE��Eq� '
�

gE��
ZEq�� � +719,
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zkhuh �*� lv fdoohg whpshudwxuh/ dqg gE�� lv d qrupdol}lqj frqvwdqw1
Lw vkrxog eh qrwlfhg wkdw khdwlqj wdujhw whfkqltxh grhv qrw dozd|v zrun/ wkh

�zlwfk*v kdw� glvwulexwlrq lv d zhoo nqrzq h{dpsoh +vhh Jh|hu dqg Wkrpsvrq/
4<<8> Pdwwkhzv/ 4<<6,1 Iru wkh QPQO prgho/ khdwlqj lv qhfhvvdu|/ exw ryhu0
khdwlqj frxog uhvxow lq h{wuhph lqh!flhqf|1 Mhqqlvrq +4<<6, dgrswhg � ' e iru
klv vlpsoh glvwulexwlrq1 Zh wulhg � ' Dc Sc .c Hc bc �f iru wkh QPQO prgho/ dqg
glg qrw rewdlq wkh ghvluhg dffxudf|1 Zh irxqg � ' � fdq vljql�fdqwo| lqfuhdvh
wkh pl{lqj vshhg dqg pdlqwdlqv wkh qhhghg vdpsolqj dffxudf| dw wkh vdph wlph1
Vrphwlphv/ ryhukhdwlqj lv xvhixo1 Ryhukhdwlqj zlwk ryhuglvshuvhg vwduwlqj srlqwv
ri wkh fkdlqv fdq khos uhvhdufkhuv wr dyrlg idovh frqyhujhqfh +vhh Jhopdq dqg
Uxelq/ 4<<5d/ 4<<5e,1

7161 Frqyhujhqfh Lvvxhv

Iru frpsoh{ srvwhulru vxuidfhv/ vxfk dv wkdw ri wkh QPQO prgho/ wkh frqyhujhqfh
lvvxh +krz orqj wkh fkdlq vkrxog uxq, kdv ehhq dozd|v ehhq fulwlfdo1< Krzhyhu/ wkh
sxeolvkhg olwhudwxuh kdv qrw vxjjhvwhg d xqlyhuvdo gldjqrvwlf whfkqltxh wkdw fdq
eh dssolhg vdiho| wr doo prghov1 Hdfk gldjqrvwlf phwkrg kdv lwv rzq dgydqwdjhv
dqg glvdgydqwdjhv1 Fxuuhqwo|/ wkhuh duh wzr vfkrrov ri frqyhujhqfh gldjqrvwlf
whfkqltxhv/ rqh lv edvhg rq pxowlsoh fkdlqv +Jhopdq dqg Uxelq/ 4<<5d,/ dqg
wkh rwkhu lv edvhg rq d vlqjoh orqj fkdlq +Ulsoh|/ 4<;:> Jhzhnh/ 4<<5> Udiwhu|
dqg Ohzlv/ 4<<5,1 Fxuuhqwo|/ wkh pxowlsoh0fkdlqv phwkrgv e| Jhopdq dqg Uxelq
+4<<5d, dqg wkh vlqjoh0fkdlq phwkrgv e| Udiwhu| dqg Ohzlv +4<<5, duh wkh prvw0
riwhq xvhg whfkqltxhv +Frzohv dqg Fduolq/ 4<<9> Eurrnv dqg Urehuwv/ 4<<<,1 Wkh
vlqjoh0fkdlq phwkrgv kdyh ehhq fulwlfl}hg iru ghfodulqj idovh frqyhujhqfh +Jho0
pdq dqg Uxelq/ 4<<5e,1 Wkh pxowlsoh0fkdlqv phwkrgv kdyh ehhq fulwlfl}hg iru
lqh!flhqf| vlqfh wkh �exuq lq�v kdyh wr eh glvfdughg1

Lq wklv vwxg|/ zh hpsor| d 60vwhs surfhgxuh wr h{dplqh wkh frqyhujhqfh ri
fkdlqv1 Wklv surfhgxuh frpelqhv wkh vwuhqjwkv ri wkh pxowlsoh0fkdlqv dqg vlqjoh0
fkdlq phwkrgv wr hqvxuh wkh frqyhujhqfh1 Lq wklv surfhgxuh/ wkh �uvw dqg wklug
vwhsv duh edvhg rq pxowlsoh0fkdlqv phwkrg/ dqg wkh vhfrqg vwhs lv edvhg rq vlqjoh0
fkdlq phwkrg1

Wkh vwhsv 4 dqg 6 duh edvhg rq Jhopdq dqg Uxelq +4<<5d, dqg Frzohv dqg
Fduolq +4<<9,1 Jhopdq dqg Uxelq +4<<5d, whfkqltxh +dssolhg wr�2�,J}ERJr|eo�Jo�,
lv d uholdeoh gldjqrvwlf phwkrg vlqfh lw doorzv wkh fkdlq vwduw irup gl�huhqw sodfhv1

<Vhh Ulsoh| +4<;:/ Fk1 9,/ Jhzhnh+4<<5/ 4<<<,/ Udiwhu| dqg Ohzlv +4<<5,/ Jhopdq dqg
Uxelq +4<<5d,/ ]hooqhu dqg Plq +4<<8,/ dqg Frzohv dqg Fduolq +4<<9,1

4;



Dv orqj dv wkh vwduwlqj glvwulexwlrq lv zhoo ryhuglvshuvhg/ d gdqjhurxv vlwxdwlrq
wkdw wkh fkdlq lv wudsshg lq d qhljkerukrrg ri rqh prgh fdq eh ghwhfwhg1 Wklv

phwkrg prqlwruv d �vkulqn idfwru�
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T �c dqg i%��j duh vhtxhqfhv ri wkh vfdohu ehlqj prqlwruhg/ zlwk
6 ehlqj wkh qxpehu ri vhtxhqfhv/ hdfk zlwk ohqjwk ?1

Lq wkh qh{w vhfwlrq/ zh suhvhqw d qxpehu ri looxvwudwlyh QPQOprghov1 Dprqjvw
wkhp wkh oderu vxsso| Prgho L+4, ri Dphpl|d dqg Vklprqr +4<;<, kdv wkh prvw
frpsoh{ srvwhulru vxuidfh1 Zh xvh wklv prgho dv dq h{dpsoh wr looxvwudwh krz wkh
wkuhh0vwhs surfhgxuh lv lpsohphqwhg1

Vwhs 4= Uxq 73 fkdlqv lqghshqghqwo| E6 ' ef�/ zlwk 58/333 lwhudwlrqv iru hdfk
fkdlq E? ' 2Dc fff�� Dvvxph wkdw doo wkh sdudphwhuv duh durxqg 3*v/ dqg ohw fkdlqv
vwduw iurp �2n f�� � , E, ' �c 2c ���c ef�1 Wklv ghvljq hqdeohv wkh vwduwlqj ydoxhv ri
fkdlqv fryhu wkh edoo +05/ 5`g +g lv wkh qxpehu ri glphqvlrqv ri wkh srvwhulru,1

Vwhs 5= Uxq 8 orqj fkdlqv +Q@4/733/333, vwduwlqj iurp zlgho| gl�huhqw lqlwldo
ydoxhv wr hqvxuh wkhuh lv qr prgh wkdw wkh fkdlq kdv qrw ylvlwhg1 Wkhuh duh
frpshoolqj uhdvrqv iru grlqj wklv1 Iru wkh QPQO prgho/ wkh olnholkrrg ixqfwlrq
dqg/ wkhuhiruh/ wkh srvwhulru lv kljko| qrqolqhdu dqg qrq0frqfdyh +Dphpl|d dqg
Nlp/ 4<<5> Srlulhu/ 4<<9,1 Rxu frqfhuqv duh +4, lq vwhs 4 wkh vwduwlqj glvwulexwlrq
pd| vwloo qrw eh ryhuglvshuvhg zlwk uhvshfw wr wkh srvwhulru/ +5, 73 fkdlqv pd|
qrw eh hqrxjk/ dqg +6, wkhuhiruh vkruw fkdlqv +rqo| 58/333 lwhudwlrqv, pd| rplw
rqh ru pruh ri wkh prghv/ h1j1/ ehiruh duulylqj dw dq lvrodwhg prgh wkh fkdlq
kdv douhdg| uhdfkhg 58/333 lwhudwlrqv1 Pruhryhu/ lq wklv vwhs zh dovr irxqg �ryhu
khdwlqj� lv khosixo1 Dowkrxjk wkh uhvxowv uhsruwhg lq wklv vwxg| duh edvhg rq
� ' �c zh glg khdw wkh srvwhulru e| � ' Dc Sc .c Hc bc �f� Rqfh � lv ryhu :/ lw
fdq eh vhhq wkdw wkh fkdlq lv prylqj idvw ehfdxvh wkh eduulhuv dprqj wkh prghv
duh oliwhg1 Wklv hqvxuhv wkdw wkh fkdlqv zloo qrw eh vwxfn lq wkh qhljkeru ri
rqh prgh ghfodulqj idovh frqyhujhqfh1 Krzhyhu/ wkh ryhu0khdwlqj whfkqltxh fdq
rqo| eh xvhg wr h{dplqh frqyhujhqfh1 Wkh ryhu0khdwlqj lv qrw dq dssursuldwh
whfkqltxh wr surgxfh �qdo uhvxowv ehfdxvh lw uhgxfhv wkh dojrulwkp*v h!flhqf|
dqg fdq mhrsdugl}h wkh dffxudf|1

Vwhs 6= Uhshdw vwhs4/ exw zh vhw wkh vwduwlqj glvwulexwlrq dv�2n�e@?nf���,c
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zkhuh �e@? lv wkh hvwlpdwhg phdq ri sdudphwhu yhfwru ri wkh srvwhulru iurp vwhs
4 ru vwhs 51 Lq wklv zd|/ wkh fkdlqv fryhu wkh edoo E�2n�e@?c�e@?n2�g � Wklv
vwhs soxv vwhs4 dqg vwhs 5 duh ghvljqhg wr dgguhvv wkh frqfhuq wkdw wkh vwduwlqj
glvwulexwlrq pd| qrw eh ryhuglvshuvhg1

Iru wkh prghov dqdo|}hg lq wkh qh{w vhfwlrq/ wkh hvwlpdwhg vkulqn idfwruv zhuh
doo ehorz 41341 Wkh fxuuhqw PFPF vwdqgdug lv wkdw wkh vkulqn idfwru vkrxog
eh ohvv wkdq 41531 Pruhryhu/ wkh uhvxowv iurp wkh wkuhh vwhsv zhuh yluwxdoo| wkh
vdph1

81 Hpslulfdo H{dpsohv

Lq wklv vhfwlrq zh suhvhqw wzr hpslulfdo h{dpsohv wr ghprqvwudwh krz wkh P0K
dojrulwkp zrunv iru wkh QPQO prgho1 Wkh �uvw h{dpsoh lv dgdswhg iurp Odklul
hw do1 +4<<8, ghvfulelqj wkh vwdwxwru| vwuxfwxuh ri Vrfldo Vhfxulw| Dgplqlvwudwlrq
+VVD,*v glvdelolw| ghwhuplqdwlrq surfhvv/ vhh dovr Kx hw do1 +5334,1 Wkh vhfrqg
h{dpsoh lv wkh prgho ri oderu vxsso| ehkdylru ri wkh hoghuo| iurp Dphpl|d dqg
Vklprqr +4<;<,1

8141 Vrfldo Vhfxulw|*v Glvdelolw| Ghwhuplqdwlrq Surfhvv

VVD dgplqlvwhuv wzr glvdelolw| surjudpv surylglqj fdvk dvvlvwdqfh wr shuvrqv
zkr duh xqdeoh wr zrun gxh wr khdowk lpsdluphqwv= Glvdelolw| Lqvxudqfh +GL, dqg
Vxssohphqwdo Vhfxulw| Lqfrph +VVL,1 Wkh ghwhuplqdwlrq surfhvv/ zklfk lv xvhg wr
vfuhhq dssolfdqwv xqghu erwk wkh surjudpv/ fdq eh prghohg sduvlprqlrxvo| xvlqj
d wkuhh0ohyho QPQO prgho1 Dw wkh �uvw ohyho/ wkh dssolfdqwv duh vfuhhqhg vroho|
rq wkh edvlv ri wkh vhyhulw| ri wkh phglfdo frqglwlrqv1 Wkh prvw vhyhuho| glvdeohg
dssolfdqwv duh dffhswhg/ wkh ohdvw vhyhuho| glvdeohg dssolfdqwv duh uhmhfwhg dqg
wkh lqghwhuplqdwh rqhv duh sdvvhg rq wr wkh qh{w ohyho1 Dw wkh vhfrqg ohyho/ wkh
uhpdlqlqj dssolfdwlrqv duh hydoxdwhg lq whupv ri wkhlu uhvlgxdo ixqfwlrqdo fdsdflw|
dqg wkh ghpdqgv ri sdvw rffxsdwlrq1 Li dq dssolfdqw lv mxgjhg wr eh deoh wr
gr klv2khu sdvw zrun ghvslwh wkh suhvhqfh ri lpsdluphqwv/ wkh dssolfdqw zloo eh
uhmhfwhg/ dqg wkh uhpdlqlqj dssolfdqwv zloo eh sdvvhg rq wr wkh qh{w vwdjh iru
ixuwkhu hydoxdwlrq1 Dw wkh wklug ohyho/ wkh uhpdlqlqj dssolfdqwv duh mxgjhg rq
wkh edvlv ri wkhlu delolw| wr gr dq| zrun/ edvhg rq djh/ hgxfdwlrq/ dqg zrun
h{shulhqfh1 Li dq dssolfdqw lv mxgjhg wr eh deoh wr gr dq| zrun lq wkh qdwlrqdo
hfrqrp|/ wkh dssolfdqw zloo eh uhmhfwhg/ wkh uhvw ri wkh fdqglgdwhv zloo eh doorzhg
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iru glvdelolw| ehqh�wv1 Wkh vhtxhqwldo vwuxfwxuh/ zklfk lv fxuuhqwo| xvhg dfurvv
X1V1 wr hydoxdwh qhduo| 5 ploolrq glvdelolw| dssolfdwlrqv shu |hdu/ lv ghslfwhg lq
Iljxuh 7=

Iljxuh 71 Glvdelolw| Ghwhuplqdwlrq Prgho

� � � � �

Wkxv/ lq wklv prgho/ VVD dgmxglfdwruv kdyh �yh fkrlfhv/ dqg wkh dssolfdqwv
duh vruwhg dprqjvw wkhvh fkrlfhv vxfk wkdw wkh iroorzlqj vrfldo zhoiduh ixqfwlrq lv
pd{lpl}hg +vhh PfIdgghq 4<:8/ 4<:9,=

L�� ' >�� n 0��c +814,

zkhuh >�� ' f�q
�

� / � ' �c 2c ��� c Dc � ' �c 2c ���c �c � lv wkh qxpehu ri dssolfdqwv1
f� lv d g glphqvlrqdo yhfwru uhsuhvhqwlqj lqglylgxdo fkdudfwhulvwlfv1 Khuh fkrlfh
4 phdqv ghqldo iru qrw kdylqj vhyhuh lpsdluphqwv/ fkrlfh 5 phdqv doorzdqfh gxh
wr phhwlqj ru htxdolqj rqh ri ryhu 433 �olvwhg� lpsdluphqwv/ fkrlfh 6 phdqv ghqldo
iru ehlqj dvvhvvhg wr eh deoh wr gr sdvw zrun/ fkrlfh 7 phdqv doorzdqfh gxh wr
wkh lqdelolw| wr shuirup dq| zrun/ dqg �qdoo|/ fkrlfh 8 phdqv ghqldo gxh wr wkh
dssolfdqw*v delolw| wr gr vrph zrun lq wkh qdwlrqdo hfrqrp|1

Dv glvfxvvhg lq vhfwlrq 6/ zh dgrswhg wkh sulru vshfl�hg lq Srlulhu +4<<9, iru
wkh frh!flhqwv lq wkh lqgluhfw xwlolw| ixqfwlrqv/ zkhuh wkh vwuhqjwk ri wkh sulruv
lv frqwuroohg e| -?� Nrrs dqg Srlulhu +4<<6/ ss1665066;, suhvhqwhg d ghwdlohg
vhqvlwlylw| dqdo|vlv iru wkh PQO prgho1 Wkh uhvxowv uhsruwhg lq wklv vwxg| duh
edvhg rq -? ' f�21 Iru wkh frh!flhqwv ri wkh lqfoxvlyh ydoxhv/ 4� dqg 42c wkh
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uhvxowv uhsruwhg khuh duh edvhg rq wkh vhpl0 dw sulru dqg Vlpv* sulru1 Iru wkh
vhpl0 dw sulru/ 4� dqg 42 duh dvvxphg wr eh lqghshqghqw dqg kdyh wkh iroorzlqj
glvwulexwlrq +, ' �c 2�=

sE4,� '

;A?
A=

fc li 4, � fc
bc li f 	 4, 	 �c
b i Td b

�3b
E�� 4,�o li 4, � ��

+815,

Lq wklv vwxg| zh xvh b ' f�D1
Iru Vlpv* sulru/ zh xvh r ' 2 G

sE4,� '

+
fc li 4, � fc
24, i TE�42, �c li 4, : fc

Wkh vlpxodwlrq uhvxowv duh uhsruwhg lq Wdeoh 4431 Wkh gdwd vhw/ edvhg rq dq
h{dfw pdwfk ehwzhhq 4<<3 Vxuyh| ri Lqfrph dqg Surjudp Shuwlflsdwlrq +VLSS, uh0
vsrqghqwv dqg VVD*v glvdelolw| ghwhupldqwlrq uhfrugv/ frqwdlqv 4563 revhuydwlrqv1
Zh �qg wkdw wkh sdudphwhuv duh hvwlpdwhg zlwk suhflvlrq dqg h{shfwhg vljqv1 Wkh
xvh ri vhpl0 dw frpsduhg wr Vlpv* sulru grhv qrw pdnh pxfk gl�huhqfh rq wkhvh
hvwlpdwhv1 Wkh wzr lqfoxvlyh ydoxh sdudphwhuv duh vpdoo +dssur{lpdwho| 3136 dqg
3147 uhvshfwlyho|, dqg duh hvwlpdwhg udwkhu suhflvho|1 Wklv phdqv wkdw/ frqgl0
wlrqdo rq wkh fryduldwhv/ wkh dowhuqdwlyhv zlwklq hdfk qhvw duh yhu| vlplodu/ exw
duh glvvlplodu ehwzhhq jurxsv1 Wklv hylghqfh lv frqvlvwhqw zlwk wkh edvlf lqwhqw
ri wkh glvdelolw| ghwhuplqdwlrq surfhvv1

8151 Wkh Oderu Vxsso| Ehkdylru ri wkh Hoghuo|

Dphpl|d dqg Vklprqr +4<;<, h{whqghg d PQO prgho ri oderu vxsso| ehkdylru ri
wkh hoghuo| wr wkh QPQO prgho1 Wkh| xvhg vhyhq lqghshqghqw yduldeohv lq wkhlu
vwxg|= djh/ dprxqw ri vdylqjv/ dprxqw ri sulydwh shqvlrq/ dprxqw ri sxeolf shq0
vlrq/ rwkhu idplo| phpehuv* lqfrph/ gxpp| yduldeoh iru khdowk vwdwxv +zkhwkhu
rqh frqvlghuv rqhvhoi khdowk| ru qrw,/ dqg d gxpp| yduldeoh uhsuhvhqwlqj zkhwkhu
dq lqglylgxdo uhfhlyhv lqfrph rwkhu wkdq zdjhv dqg shqvlrq1 Wkh gdwd vhw frq0
wdlqv 7/434 revhuydwlrqv144 Iru hdfk lqglylgxdo/ wkhuh duh irxu fkrlfhv= ixoo0wlph

43Iroorzlqj Nrrs dqg Srlulhu +4<<6,/ zh uhsruw wkh hvwlpdwhv ri wkh srvwhulru phdqv dqg
vwdqgdug ghyldwlrqv1 Iru frqyhujhqfh fkhfn/ zh xvhg p @ 73/ q @ 53/ 333/ dqg Q @ 4/533/3331
Iru doo wkh orqj fkdlqv/ 5( ri wrwdo lwhudwlrqv zhuh glvfdughg dv wkh lqlwldo wudqvlhqw vwdjh +fi1
Jh|hu 4<<5,/ dqg 53( ri wrwdo lwhudwlrqv zhuh glvfdughg iru wkh vkruw fkdlqv +fi1 Jhzhnh 4<<<,1

44Zh duh judwhixo wr Surihvvru Wdnhvkl Dphpl|d iru nlqgo| vhqglqj wkh gdwdvhw wr xv1
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hpsor|phqw +fkrlfh 4,> sduw0wlph hpsor|phqw +fkrlfh 5,> vhoi0hpsor|phqw +fkrlfh
6,> dqg uhwluhphqw +fkrlfh 7,1 Dphpl|d dqg Vklprqr +4<;<, hvwlpdwhg 58 gli0
ihuhqw prghov lq irxu w|shv1 Wkh| frqvlghuhg Prgho W|sh L+4, wr eh wkh prvw
sodxvleoh prgho/ rq zklfk zh lpsohphqwhg rxu PFPF1 Lq rughu wr frpsduh krz
wkh qxpehu ri qhvw ohyhov d�hfwv wkh shuirupdqfh ri wkh PFPF/ zh dovr dqdo|}hg
Prgho LLL+4, zklfk lv d vlpsoh 50ohyho QPQO prgho1

Iru w|sh L+4, prgho/ wkh wuhh vwuxfwxuh lv jlyhq lq �jxuh 8=

Iljxuh 81 Oderu Vxsso| Ehkdylru/ Prgho L+4,
�

� � � � � � � �

Wkh wuhh vwuxfwxuh iru Prgho LLL+4, lv ghslfwhg lq �jxuh 9=

Iljxuh 91 Oderu Vxsso| Ehkdylru/ Prgho LLL+4,

�

� � � � � � � �
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Zh xvhg wkh vdph sulruv dv lq wkh �uvw h{dpsoh +l1h1/ wkh glvdelolw| prgho,1 Wkh
vlpxodwlrq uhvxowv iru wkh prgho L+4, dqg LLL+4, duh uhsruwhg lq Wdeoh 5 dqg Wdeoh
6 uhvshfwlyho|1 Khuh djdlq wkh sdudphwhu hvwlpdwhv fdph xs zlwk vljqv frqvlvwhqw
zlwk h{shfwdwlrqv1 Wkh lqfoxvlyh ydoxh sdudphwhuv duh irxqg wr eh vljql�fdqwo|
juhdwhu wkdw rqh/ vlplodu wr wkrvh lq Dphpl|d dqg Vklprqr +4<;<,1 Krzhyhu/
wkhvh sdudphwhuv duh qrz hvwlpdwhg d orw pruh suhflvho|145

Lq rughu wr ghprqvwudwh wkh xquholdelolw| ri wkh PO hvwlpdwlrq ri wkh QPQO
prgho/ zh dovr hvwlpdwhg wkh 50ohyho prgho LLL+4, xvlqj OLPGHS yhuvlrq : +Juhhqh
4<<8/ ss1 56705731,1 Wkh OLPO dqg ILPO hvwlpdwhv ri 4 zhuh 61;8 dqg 81:3
uhvshfwlyho|1 Wkh vwdqgdug huuru ri 40hvwlpdwh e| PFPF zdv irxqg wr eh frq0
vlghudeo| vpdoohu wkdq wkrvh iurp OLPO2ILPO hvwlpdwlrqv srvvleo| gxh wr wkh
xvh ri lqirupdwlyh sulruv rq 4 lq wkh iruphu dssolfdwlrq1 Wkh OLPGHS Pdqxdo
uhsruwv hvwlpdwlrq ri d vlpsoh wzr0ohyho QPQO prgho lq zklfk wkh ILPO dqg
OLPO uhvxowv duh dovr txlwh gl�huhqw1 Zh frxog qhyhu jhw OLPGHS ru dqrwkhu
srsxodu vriwzduh sdfndjh WVS wr hvwlpdwh dq| QPQO prgho e| ILPO zlwk pruh
wkdq wzr ohyhov1

91 Frqfoxvlrqv

Wklv vwxg| zdv prwlydwhg e| wkh gl!fxowlhv zh hqfrxqwhuhg lq hvwlpdwlqj QPQO
prghov e| pd{lpxp olnholkrrg phwkrgv1 Lw lv d frpprq h{shulhqfh wkdw ILPO
hvwlpdwlrq ri wkh QPQO prgho jlyhv gl�huhqw uhvxowv ghshqglqj rq wkh vwduwlqj
ydoxhv/ dqg vrphwlphv wkh hvwlpdwhv qhyhu frqyhujh1 Pruhryhu/ dowkrxjk erwk wkh
OLPO dqg ILPO hvwlpdwhv duh frqvlvwhqw/ wkh OLPO hvwlpdwhv duh riwhq vxevwdq0
wldoo| gl�huhqw iurp wkh ILPO hvwlpdwhv/ hyhq lq odujh vdpsohv1

Lq wklv sdshu zh ghyhorshg d sudfwlfdo PFPF dojrulwkp iru hvwlpdwlqj wkh
QPQOprghov lq d Ed|hvldq iudphzrun1 Zh vxjjhvwhg wzr dowhuqdwlyh lqirupdwlyh
sulruv rq wkh lqfoxvlyh ydoxh sdudphwhuv wkdw duh duh idluo|  h{leoh wr vxlw glyhuvh
hpslulfdo vlwxdwlrqv1 Dssursuldwh �khdwlqj wdujhw� dqg uhsdudphwhul}dwlrq whfk0
qltxhv zhuh dgrswhg iru idvw pl{lqj1 Zh dovr irxqg wkdw wkh Phwursrolv0Kdvwlqjv
dojrulwkp lq orjdulwkp fdq juhdwo| uhgxfh wkh qxphulfdo sureohpv gxulqj wkh
vlpxodwlrq1 Iru looxvwudwlyh sxusrvhv/ zh kdyh lpsohphqwhg rxu dojrulwkp rq wzr
uhdo0olih qhvwhg orjlw prghov lqyroylqj idluo| odujh gdwdvhwv1 Wkh �uvw h{dpsoh lv
Vrfldo Vhfxulw|*v 60ohyho glvdelolw| ghwhuplqdwlrq surfhvv/ Odklul hw do1 +4<<8,1 Wkh
vhfrqg rqh lv wdnhq iurp Dphpl|d dqg Vklprqr*v +4<;<, prgho ri oderu vxsso|

45Iru prgho LLL+4,/ p @ 73/ q @ 48/333/ dqg Q @ <33/333 zhuh hqrxjk wr hqvxuh frqyhujhqfh1
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ehkdylru ri wkh djhg1 Zh dssolhg d frpelqdwlrq ri ydulrxv frqyhujhqfh fulwhuld
wr hqvxuh wkdw wkh fkdlq frqyhujhg wr lwv wdujhw glvwulexwlrq1 Krshixoo|/ rxu hp0
slulfdo h{dpsohv ghprqvwudwh wkdw wkh Ed|hvldq dssurdfk/ xvlqj Pdunry Fkdlq
Prqwh Fduor vlpxodwlrq whfkqltxhv/ lv d yldeoh dowhuqdwlyh wr dqdo|}h qhvwhg orjlw
prghov1

Uhihuhqfhv

^4` Dphpl|d/ W1/ 4<;8/ Dgydqfhg Hfrqrphwulfv/ +Fdpeulgjh/ PD Kduydug Xql0
yhuvlw| Suhvv,1

^5` Dphpl|d/ W1 dqg G1 Nlp/ 4<<5/ D Jhqhudol}dwlrq ri wkh Qhvwhg Orjlw Prgho/
Zrunlqj sdshu/ Ghsduwphqw ri Hfrqrplfv/ Vwdqirug Xqlyhuvlw|1

^6` Dphpl|d/ W1 dqg N1 Vklprqr/ 4<;</ Dq Dssolfdwlrq ri Qhvwhg Orjlw Prghov
wr wkh Oderu Vxsso| ri Hoghuo|/ Wkh Hfrqrplf Vwxglhv Txduwhuo| 73/ 470551

^7` Ehunryhf/ M1 dqg M1 Uxvw/ 4<;8/ D Qhvwhg Orjlw Prgho ri Dxwrpreloh Kroglqjv
iru Rqh0yhklfoh Krxvhkrogv�/ Wudqvsruwdwlrq Uhvhudfk/ 4<E/ 5:805;81

^8` Ehvdjh/ M1 dqg S1 M1 Juhhq/ 4<<6/ Vsdwldo Vwdwlvwlfv dqg Ed|hvldq Frpsxwd0
wlrq/ Mrxuqdo ri wkh Ur|do Vwdwlvwlfdo Vrflhw|/ vhulhv E/ 88/ 5806:1

^9` Eruvfk0Vxsdq/ D1 4<<6/ Rq wkh Frpsdwlelolw| ri Qhvwhg Orjlw Prghov zlwk
Xwlolw| Pd{lpl}dwlrq/ Mrxuqdo ri Hfrqrphwulfv 76/ 6:606;;1

^:` Eurrnv/ V1 S1 dqg J1 R1 Urehuwv/ 4<<</ Dvvhvvlqj Frqyhujhqfh ri Pdunry
Fkdlq Prqwh Fduor Dojrulwkp/ Vwdwlvwlfv dqg Frpsxwlqj/ iruwkfrplqj1

^;` Eurzqvwrqh/ G1 dqg N1 D1 Vpdoo/ 4<;</ H!flhqw Hvwlpdwlrq ri Qhvwhg Orjlw
Prghov/ Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq :/ 9:0:71

^<` Fdphurq/ W1 D1/ 4<;8/ D Qhvwhg Orjlw Prgho ri Hqhuj| Frqvhuydwlrq Dfwlylw|
e| Rzqhuv ri H{lvwlqj Vlqjoh Idplo| Gzhoolqjv1� Uhylhz ri Hfrqrplfv dqg
Vwdwlvwlfv/ 9:/ 53805441

^43` Fdvhood/ J1 dqg H1 L1 Jhrujh/ 4<<5/ H{sodlqlqj wkh Jleev Vdpsohu/ Wkh Dphu0
lfdq Vwdwlvwlfldq 79/ 49:04:71

^44` Fkle/ V1 dqg H1 Juhhqehuj/ 4<<8/ Xqghuvwdqglqj wkh Phwursrolv0Kdvwlqjv
Dojrulwkp/ Wkh Dphulfdq Vwdwlvwlfldq 7</ 65:06681
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^45` Fkle/ V1 dqg H1 Juhhqehuj/ 4<<9/ Pdunry Fkdlq Prqwh Fduor Vlpxodwlrq
Phwkrgv lq Hfrqrphwulfv/ Hfrqrphwulf Wkhru| 45/ 73<07641

^46` Fkle/ V1 dqg H1 Juhhqehuj/ 4<<9/ Ed|hvldq Dqdo|vlv ri Pxowlyduldwh Sur0
elw Prghov/ Zrunlqj Sdshu + Mrkq P1 Rolq vfkrro ri Exvlqhvv/ Zdvklqjwrq
Xqlyhuvlw|,1

^47` Fkle/ V1/ H1 Juhhqehuj dqg \1 Fkhq/ 4<<;/ PFPF Phwkrgv iru Ilwwlqj dqg
Frpsdulqj Pxowlqrpldo Uhvsrqvh Prghov/ Zrunlqj Sdshu +Mrkq P1 Rolq
vfkrro ri Exvlqhvv/ Zdvklqjwrq Xqlyhuvlw|,1

^48` Frzohv/ P1 N1 dqg E1 S1 Fduolq/ 4<<9/ Pdunry Fkdlq Prqwh Fduor Frqyhu0
jhqfh Gldjqrvwlfv= D Frpsdudwlyh Uhylhv/ Mrxuqdo ri wkh Dphulfdq Vwdwlvwl0
fdo Dvvrfldwlrq <4/ ;;60<371

^49` Gdo|/ D1 dqg V1 ]dfkdu|/ 4<:</ Lpsuryhg Pxowlsoh Fkrlfh Prghov/ lq= Gdylg
Khqvkhu dqg T1 Gdoyl/ hgv1/ Lghqwl�qj dqg Phdvxulqj wkh Ghwhuplqdqwv ri
Prgho Fkrlfh/ ss1668068: +Whdn�hog/ Orqgrq,1

^4:` Gxelq/ M1D1/ 4<<;/ Vwxglhv lq Frqvxphu Ghpdqg�Hfrqrphwulf Phwkrgv Ds0
solhg wr Pdunhw Gdwd/ Noxzhu Dfdghplf Sxeolvkhuv1

^4;` Idodulv/ H1 P1/ 4<;7/ DPrgho ri Rffxsdwlrqdo Fkrlfh/ Uhvhdufk lq Srsxodwlrq
Hfrqrplfv 8/ 5;<063:1

^4<` Idodulv/ H1 P1/ 4<;:/ D Qhvwhg Orjlw Pljudwlrq Prgho zlwk Vhohfwlylw|/ Lq0
whuqdwlrqdo Hfrqrplf Uhylhz 5;/ 75<07761

^53` Jhoidqg/ H1 D1/ V1 N1 Vdkx dqg E1 S1 Fduolq/ 4<<8/ H!flhqw Sdudphwhul}dwlrq
iru Qrupdo Olqhdu Pl{hg Prghov/ Elrphwulnd ;5/ 7:<07;;1

^54` Jhopdq/ D1/ dqg G1 E1 Uxelq/ 4<<5d/ Lqihuhqfh iurp Lwhudwlyh Vlpxodwlrq
xvlqj Pxowlsoh Vhtxhqfhv +zlwk glvfxvvlrqv,/ Vwdwlvwlvwlfdo Vflhqfh/ :/ 78:0
8441

^55` Jhopdq/ D1/ dqg G1 E1 Uxelq/ 4<<5e/ D Vlqjoh Vhtxhqfh iurp wkh Jleev
Vdpsohu Jlyhv d Idovh Vhqvh ri Vhfxulw|/ lq Ed|hvldq Vwdwlvwlfv 7 + hgv1 M1 P1
Ehuqdugr/ M1 R1 Ehujhu/ D1 S1 Gdzlg dqg D1 I1 P1 Vlplwk,/ 95809641

^56` Jhzhnh/ M1/ 4<;</ Ed|hvldq Lqihuhqfh lq Hfrqrphwulf Prghov Xvlqj Prqwh
Fduor Lqwhjudwlrq/ Hfrqrphwulfd 8:/ 464:0466<1
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^57` Jhzhnh/ M1/ 4<<5/ Hydoxdwlqj wkh Dffxudf| ri Vdpsolqj0Edvhg Dssurdfkhv
wr wkh Fdofxodwlrq ri Srvwhulru Prphqwv/ lq Ed|hvldq Vwdwlvwlfv 7 + hgv1 M1 P1
Ehuqdugr/ M1 R1 Ehujhu/ D1 S1 Gdzlg dqg D1 I1 P1 Vlplwk,/ 49<04<61

^58` Jhzhnh/ M1/ 4<<7/ Sulruv iru Pdfurhfrqrplf Wlph Vhulhv dqg Wkhlu dssolfd0
wlrq/ Hfrqrphwulf Wkhru|/ 43/ 93<09651

^59` Jhzhnh/ M1/ 4<<</ Xvlqj Vlpxodwlrq Phwkrgv iru Ed|hvldq Hfrqrphwulf Prg0
hov= Lqihuhqfh/ Ghyhorsphqw dqg Frppxqlfdwlrq/ Hfrqrphwulf Uhylhzv 4;/
404591

^5:` Jh|hu/ F1 M1/ 4<<5/ Sudfwlfdo Pdunry Fkdlq Prqwh Fduor/ Vwdwlvwlfdo Vflhqfh
:/ 7:608441

^5;` Jh|hu/ F1 M1/ dqg H1 D1 Wkrpsvrq /4<<8/ Dqqhdolqj Pdunry Fkdlq Prqwh
Fduor zlwk Dssolfdwlrqv wr Dqfhvwudo Lqihuhqfh/ Mrxuqdo ri wkh Dphulfdq
Vwdwlvwlfdo Dvvrfldwlrq <3/ Qr1764/ <3<0<531

^5<` Juhhqh/ Z1/ 4<<8/ OLPGHS/ Yhuvlrq :13= Xvhu*v pdqxdo1 Ehoosruw/ Q1\1=
Hfrqrphwulf Vriwzduh1

^63` Jxlpdudhv/ S1/ U1M1 Urehuw/ dqgZ1S1 Grxjodv/ 4<<;/ Uhjlrqdo Lqfhqwlyhv dqg
Lqgxvwuldo Orfdwlrq lq Sxhuwr Ulfr/ Lqwhuqdwlrqdo Uhjlrqdo Vflhqfh Uhylhz
54/ 44<046;1

^64` Kdvwlqjv/ Z1 N1/ 4<:3/ Prqwh Fduor Vdpsolqj Phwkrgv xvlqj Pdunry Fkdlqv
Dqg Wkhlu Dssolfdwlrqv/ Elrphwulnd 8:/ <:043<1

^65` Kdxvpdq/ M1D1/ J1N1 Ohrqdug/ dqg G1 PfIdgghq/ 4<<8/ D Xwlolw|0Frqvlvwhqw
Glvfuhwh Fkrlfh dqg Frxqw Gdwd Prgho= Dvvhvvlqj Uhfuhdwlrqdo Xvh Orvvhv
Gxh wr Qdwlrqdo Uhvrxufh Gdpdjh/ Mrxuqdo ri Sxeolf Hfrqrplfv/ 89/ 40631

^66` Khqvkhu/ G1 D1/ 4<;9/ Vhtxhqwldo dqg Ixoo Lqirupdwlrq Pd{lpxp Olnholkrrg
Hvwlpdwlrq ri d Qhvwhg Orjlw Prgho/ Wkh Uhylhz ri Hfrqrplfv dqg Vwdwlvwlfv/
98:099:1

^67` Khuuljhv/ M1D1 dqg Nolqj/ F1O1/ 4<<9/ Whvwlqj wkh Frqvlvwhqf| ri Qhvwhg Orjlw
Prghov zlwk Xwlolw| Pd{lpl}dwlrq/ Hfrqrplfv Ohwwhuv 83/ 6606<1

^68` Kloov/ V1 H1 dqg D1 I1 P1 Vplwk/ 4<<5/ Sdudphwhul}dwlrq Lvvxhv lq Ed|hvldq
Lqihuhqfh/ Ed|hvldq Vwdwlvwlfv 7/ 55:05791
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^69` Kr�pdq/ V1 G1 dqg J1 M1 Gxqfdq/ 4<;;/ D Frpsdulvrq ri Fkrlfh0Edvhg
Pxowlqrpldo dqg Qhvwhg Orjlw Prghov/ Wkh Mrxuqdo ri Kxpdq Uhvrxufhv/
88309351

^6:` Kx/ M1/ N1 Odklul/ G1 Ydxjkdq/ dqg E1 Zl{rq/ 5334/ D Vwuxfwxudo Prgho ri
Vrfldo Vhfxulw|*v Glvdelolw| Ghwhuplqdwlrq Surfhvv/ Uhylhz ri Hfrqrplfv dqg
Vwdwlvwlfv/ Pd|/ Iruwkfrplqj1

^6;` Mhqqlvrq/ F1 4<<6/ Glvfxvvlrq rq wkh Phhwlqj rq wkh Jleev Vdpsohu dqg
rwkhu Pdunry Fkdlq Prqwh Fduor Phwkrgv/ Mrxuqdo ri wkh Ur|do vwdwlvwlfdo
Vrflhw|/ Vhulhv E/ 88/ 870891

^6<` Nolqj/ F1O1 dqg F1M1 Wkrpvrq/ 4<<9/ Wkh Lpsolfdwlrqv ri Prgho Vshfl�fd0
wlrq iru Zhoiduh Hvwlpdwlrq lq Qhvwhg Orjlw Prghov/ Dphulfdq Mrxuqdo ri
Djulfxowxudo Hfrqrplfv :;/ 43604471

^73` Nolqj/ F1O1 dqg M1D1/ Khuuljhv/ 4<<8/ Dq Hpslulfdo Lqyhvwljdwlrq ri wkh Frq0
vlvwhqf| ri Qhvwhg Orjlw Prghov zlwk Xwlolw| Pd{lpl}dwlrq/ Dphulfdq Mrxu0
qdo ri Djulfxowxudo Hfrqrplfv ::/ ;:80;;71

^74` Nrqlqj/ U1K1 dqg Ulgghu/ J1/ 4<<7/ Rq wkh Frpsdwlelolw| ri Qhvwhg Orjlw
Prghov zlwk Xwlolw| Pd{lpl}dwlrq0D Frpphqw/ Mrxuqdo ri Hfrqrphwulfv 96/
6;<06<91

^75` Nrrs/ J1 dqg G1 M1 Srlulhu/4<<6/ Ed|hvldq Dqdo|vlv ri Orjlw Prghov xvlqj
Qdwxudo Frqmxjdwh Sulruv/ Mrxuqdo ri Hfrqrphwulfv 89/ 65606731

^76` Odklul/ N1/ G1 U1 Ydxjkdq dqg E1 Yl{rq/ 4<<8/ Prgholqj VVD*v Vhtxhqwldo
Glvdelolw| Ghwhuplqdwlrq Surfhvv xvlqj Pdwfkhg VLSS Gdwd/ Vrfldo Vhfxulw|
Exoohwlq 8;/ 60751

^77` Pdggdod/ J1 V1/ 4<;6/ Olplwhg Ghshqghqw dqg Txdolwdwlyh Yduldeohv lq hfrqr0
phwulfv/ Fdpeulgjh Xqlyhuvlw| Suhvv1

^78` Pdwwkhzv/ S1/ 4<<6/ D Vorzo| Pl{lqj Pdunry Fkdlq zlwk Lpsolfdwlrqv iru
Jleev Vdpsolqj/ Vwdwlvwlfv dqg Suredelolw| Ohwwhuv/ 4:/ 56405691

^79` PfIdgghq/ G1/ 4<:8/ Wkh Uhyhdohg Suhihuhqfh ri d Jryhuqphqw Exuhdxfudf|=
Wkhru|/ Wkh Ehoo Mrxuqdo ri Hfrqrplfv/ 9/ 73407491
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^7:` PfIdgghq/ G1/ 4<:9/ Wkh Uhyhdohg Suhihuhqfh ri d Exuhdxfudf|= Hpslulfdo
Hylghqfh/ Wkh Ehoo Mrxuqdo ri Hfrqrplfv/ :/ 880:51

^7;` PfIdgghq/ G1/ 4<::/ Txdqwlwdwlyh Phwkrgv iru Dqdo|}lqj Wudyho Ehkdylru
ri Lqglylgxdov= Vrph Uhfhqw Ghyhorsphqwv/ Frzohv Irxqgdwlrq Glvfxvvlrq
Sdshu/ Qr17:71

^7<` PfIdgghq/ G1/ 4<:;/ Prghoolqj wkh Fkrlfh ri Uhvlghqwldo Orfdwlrq/ lq= Vsd0
wldo Lqwhudfwlrq Wkhru| dqg Uhvlghqwldo Orfdwlrq/ :80<9/ hgv1/ D1 Nduojylvw hw
do1 +Qruwk Kroodqg= Dqvwhugdp,1

^83` PfIdgghq/ G1/ 4<;3/ Hfrqrphwulf Prghov iru Suredelolvwlf Fkrlfh dprqj
Surgxfwv/ Mrxuqdo ri Exvlqhvv 86/ V460V5<1

^84` PfIdgghq/ G1/ 4<;4/ Hfrqrphwulf Prghov ri Suredelolvwlf Fkrlfh/ lq F1 I1
Pdqvnl dqg G1 PfIdgghq/ hgv1/ Vwuxfwxudo Dqdo|vlv ri Glvfuhwh Gdwd zlwk
Hfrqrphwulf Dssolfdwlrqv/ ss14<;05:5/ Fdpeulgjh Pdvv1= PLW Suhvv1

^85` Phwursorolv/ Q/1 D1 Z1 Urvhqeoxwk/ P1 Q1 Urvhqeoxwk/ D1 K1 Whoohu/ dqg
H1 Whoohu/ +4<86,/ Htxdwlrqv ri Vwdwh Fdofxodwlrqv e| Idvw Frpsxwlqj Pd0
fklqhv/� Mrxuqdo ri Fkhplfdo Sk|vlfv/ 54/ 43;:043<51

^86` Ph|q/ V1 S1 dqg U1 O1 Wzhhglh/ 4<<6/Pdunry Fkdlqv dqg Vwrfkdvwlf Vwdelolw|
+Vsulqjhu0Yhuodj Orqgrq Olplwhg,1

^87` Qd|oru/ M1 F1 dqg D1 I1 P1 Vplwk/ 4<;5/ Dssolfdwlrqv ri d Phwkrg iru wkh
H!flhqw Frpsxwdwlrq ri Srvwhulru Glvwulexwlrqv/ Dqqdov ri Vwdwlvwlfv/ 64/
54705581

^88` Qhzerog/ N1E1/ 4<<:/ Sulpdu|/ Uhwxuq dqg Rqzdug Pljudwlrq lq wkh X1V1
dqg Fdqdgd= Lv Wkhuh d Gl�huhqfhB Sdshuv lq Uhjlrqdo Vflhqfh :9/ 4:804<;1

^89` Qxppholq/ H1/ Jhqhudo Luuhgxfleoh Pdunry Fkdlqv dqg Qrqqhjdwlyh Rshud0
wruv/ 4<;7/ Fdpeulgjh/ Fdpeulgjh Xqlyhuvlw| Suhvv1

^8:` Srlulhu/ G1 M1/ 4<<9/ D Ed|hvldq Dqdo|vlv ri Qhvwhg Orjlw Prghov/ Mrxuqdo ri
Hfrqrphwulfv :8/ 49604;41

^8;` Udiwhu|/ D1 H1 dqg V1 P1 Ohzlv/ 4<<5/ Krz Pdq| Lwhudwlrqv lq wkh Jleev
VdpsohuB/ lq Ed|hvldq Vwdwlvwlfv 7 + hgv1 M1 P1 Ehuqdugr/ M1 R1 Ehujhu/ D1 S1
Gdzlg dqg D1 I1 P1 Vlplwk,/ :960::61
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^8<` Ulsoh|/ E1 G1/ Vwrfkdvwlf Vlpxodwlrq/ 4<;:/ Qhz \run/ Zloh|1

^93` Urehuwv/ J1 R1 dqg D1 I1 P1 Vplwk/ 4<<7/ Vlpsoh Frqglwlrqv iru wkh Frqyhu0
jhqfh ri wkh Jleev Vdpsohu dqg Phwursrolv0Kdvwlqjv Dojrulwkpv/ Vwrfkdvwlf
Surfhvvhv dqg Wkhlu Dssolfdwlrqv 7</ 53:05491

^94` Urehuwv/ J1 R1 dqg U1 O1 Wzhhglh/ 4<<7/ Jhrphwulf Frqyhujhqfh dqg Fhqwudo
Olplw Wkhruhpv iru Pxowlglphqvlrqdo Kdvwlqjv dqg Phwursrolv Dojrulwkpv/
Uhvhdufk Uhsruw Qr1 <70</ Xqlyhuvlw| ri Fdpeulgjh/ Vwdwlvwlfdo Oderudwru|1

^95` Vlpv F1 D1/ 4<<4/ Frpphqw rq �Wr fulwlfl}h wkh Fulwlfv� e| Shwhu F1 E1
Skloolsv/ Mrxuqdo ri Dssolhg Hfrqrphwulfv/ 75607671

^96` Vplwk/ D1 I1 P1/ dqg J1 R1 Urehuwv/ 4<<6/ Ed|hvldq Frpsxwdwlrq yld Wkh
Jleev Vdpsohu dqg Uhodwhg Pdunry Fkdlq Prqwh Fduor Phwkrgv/ M1 U1 Vwd0
wlvw1 Vrf1 E 88/ 60561

^97` Wlhuqh|/ O1/ 4<<7/ Pdunry Fkdlq iru H{sorulqj Srvwhulru Glvwulexwlrqv/ Wkh
Dqqdov ri Vwdwlvwlfv 7/ 4:3404:951

^98` Wlhuqh|/ O1/ dqg M1 E1 Ndgdqh/ 4<;9/ Dffxudwh Dssur{lpdwlrqv iru Srvwh0
ulru Prphqwv dqg Pdujlqdo Ghqvlwlhv/ Mrxuqdo ri wkh Dphulfdq Vwdwlvwlfdo
Dvvrfldwlrq/ ;4/ ;50;91

^99` Wudlq/ N1H1/ 4<;3/ D Vwuxfwxuhg Orjlw Prgho ri Dxwr Rzqhuvkls dqg Fkrlfh/
Uhylhz ri Hfrqrplf Vwxglhv/ 68:069<1

^9:` Wudlq/ N1H1/ Ehq0Dnlyd/ P1/ dqg W1 Dwkhurq/ 4<;</ Frqvxpswlrq Sdwwhuqv
dqg Vhoi0Vhohfwlqj Wdul�v�/ Uhylhz ri Hfrqrplfv dqg Vwdwlvwlfh/ :4/ +Mdqx0
du|,/ 950:61

^9;` Zhlohu/ Z1 F1/ 4<;</ D Ioh{leoh Dssurdfk wr Prgholqj Hquroophqw Fkrlfh
Ehkdylru/ Hfrqrplfv Ri Hgxfdwlrq Uhylhz ;/ 5::05;61

^9<` ]hooqhu/ D1/ 4<:4/ Dq Lqwurgxfwlrq wr Ed|hvldq Lqihuhqfh lq Hfrqrphwulfv/
+Zloh|/ Qhz \run/ Q1\1,/ uhsulqwhg lq 4<;: +Nulhjhu Sxeolvklqj Fr1/ Pdodedu/
IO1,1

^:3` ]hooqhu/ D1 dqg F1 Plq/ 4<<8/ Jleev Vdpsohu Frqyhujhqfh Fulwhuld/ Mrxuqdo
ri Wkh Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq <3/ <540<5:1
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Dsshqgl{ 4=

Glvfrqwlwxlw| ri wkh QPQO olnholkrrg ixqfwlrq dw 4 ' f=
Vxssrvh d vlpsoh wzr0ohyho QPQO prgho zlwk wkuhh fkrlfhv kdv wkh glvwulex0

wlrq ri huuru whupv dv wkh iroorzlqj

sE0�c 02c 0�� ' i Ti� i T E�0��� di TE�02*4� n i TE�0�*4�o
4j� +914,

Wkh suredelolwlhv ri wkh wkuhh fkrlfhv duh/
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Khuh zh rqo| suryh wkh fruqhu vroxwlrq zkhq 4 $ f iru wkh suredelolw| ri
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Dsshqgl{ 5=

Ghwhuplqdqw ri wkh Mdnreldq Pdwul{ iru wkh Uhsdudphwhul}dwlrq=
Zh vhw k� ' q�c k2 ' q2*4�c k� ' q�*42c ke ' qe*4�c kD ' qD*4�c �� ' 4�*42c

�2 ' 42*4�c �� ' 4�c zkhuh k�r dqg q�r duh g glphqvlrqdo yhfwruv/ ��r dqg 4�r
duh vfdohuv1 Ghqrwh w ' Eqc 4�� dqg # ' Ekc ���/ zklfk duh Dg n � glphqvlrqdo1
Gh�qh

a '

�����YwY#
����� ' ma,c6mEDgn��fEDgn�� �

a,c6 ' fc li 6 : ,c ru 6 	 , dqg , � Dg�
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li � � 6 � Dg n 2�
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Hydoxdwlqj wkh ghwhuplqdqw a / zh jhw/ ma m ' �2g� ��gn�

2 �egn2
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Dsshqgl{ 6=

Yduldeoh gh�qlwlrqv1
VVD*v Glvdelolw| prgho +Odklul hw do1 4<<8,=
Phqwglvg�Dq| rqh ri �yh phqwdo glvdelolwlhv ru d phqwdo frqglwlrq uhsruwhg
dv fdxvlqj d zrun ru dfwlylw| olplwdwlrq1
W<433z6g�Dw ohdvw 4 ryhuqljkw krvslwdo vwd| lq wkh odvw 45 prqwkv1
Zrun<3f�Uhfhqw zrun h{shulhqfh dqg glvdelolw| ghwhuplqdwlrq rffxuuhg lq4<<31
Vdo69�Wkuhh ru pruh vhyhuh DGOv/ zdyh 91
Vlo46�rqh ru pruh vhyhuh LDGOv/ zdyh 61
Vh{g�Jhqghu +pdoh,1
Qrzrung�Qr uhfhqw zrun h{shulhqfh1
Zruny5g5�Zrun olplwhg/ exw deoh wr shuirup sulru zrun +erwk lq Zdyh 5,1
Rffvlss6�Sulqflsdo rffxsdwlrq ri sulru zrun zdv lq vdohv ru vhuylfh1
Pvi�Qhyhu Pduulhg1
Djh89�Djhg 88 ru roghu +4;087 lq edvh,1
\rqgphqw�Xqghu djh 68 dqg kdv d phqwdo frqglwlrq1
W;;33z9e�Jhqhudo khdowk vwdwxv yhu| jrrg +zdyh 9,1
W;;33z9h�Jhqhudo khdowk vwdwxv srru +zdyh 9,1
\rxqj�Djhg 4;067 +68 soxv lq edvh,1
q�& lv wkh frh!flhqw lq �|� htxdwlrq iru �|� fkrlfh/ � ' �c 2c �c e�
Wkh htxdwlrq fruuhvsrqglqj fkrlfh 8 lv qrupdol}hg1

Oderu vxsso| prgho +Dphpl|d dqg Vklprqr/ 4<;<,=
Djh�dfwxdo djh/ iurp 88 wr 9<1
Khdowk �gxpp| iru khdowk vwdwxv/ htxdov 4 li khdowk|/ rwkhuzlvh 31
Dvvhwv�dprxqw ri vdylqjv1
Sulshq�dprxqw ri sulydwh shqvlrq1
Sxeshq�dprxqw ri sxeolf shqvlrq1
Lqrwkzs�gxpp| iru dq lqglylgxdo uhfhlylqj lqfrph rwkhu wkdq zdjhv2shqvlrq1
Rwkiplq�rwkhu idplo| phpehuv* lqfrph1
Wkh htxdwlrq fruuhvsrqglqj fkrlfh 4 lv qrupdol}hg1
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Wdeoh 4= Vlpxodwlrq Uhvxowv iru wkh Glvdelolw| Ghwhuplqdwlrq Prgho

Yduldeohv Frh!flhqwv Vhpl0 dw Sulru Vlpv* Sulru
Phdq Vwg1 ghy1 Phdq Vwg1 ghy1

Fkrlfh4/ ghqldo= lpsdluphqw qrw vhyhuh
Frqvwdqw q�f 041544 31445 04154: 313<5
Phqwglvg q�� 031755 315;5 0315<9 314<3
W<433z6g q�2 031553 314;8 0314<9 314;6
Zrun<3f q�� 31789 315;6 31893 31544
Vdo69 q�e 031;:: 31<7; 031958 3195;
Vlo46 q�D 03188: 315<4 031869 31564

Fkrlfh 5/ doorzdqfh= phhwv ru htxdov wkh olvwlqjv
Frqvwdqw q2f 0413<6 31438 0413:: 313;8
Phqwglvg q2� 31783 314;< 316;7 31473
W<433z6g q22 315<7 31499 31648 31478
Zrun<3f q2� 031938 315;7 03194: 3156<
Vdo69 q2e 319;8 315:< 319<; 315;3
Vlo46 q2D 31683 31479 31646 31483
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Wdeoh 4 frqwlqxhg1

Yduldeohv Frh!flhqwv Phdq Vwg1 ghy1 Phdq Vwg1 ghy
Fkrlfh6/ ghqldo= fdq gr sdvw zrun

Frqvwdqw q�f 0313:; 31393 0313;: 3136:
Vh{g q�� 031395 31373 0313:3 31364
Qrzrung q�2 031393 31398 0313:7 31375
Zruny5g5 q�2 313;< 3139; 31449 31387
Rffvlss6 q�e 31398 31379 3138< 3136:
Pvi q�D 03148: 313;4 031478 31388

Fkrlfh 7/ doorzdqfh= fdqqrw gr vrph zrun
Frqvwdqw qef 03135< 31347 03135< 31344
Djh89 qe� 31393 3135; 31394 31354
\rqgphqw qe2 313:: 3136; 313:8 3135;
W;;33z9e qe� 031345 31348 031349 31345
W;;33z9h qee 31345 3133< 31345 3133;
Djh45 qeD 031357 3134; 03135: 31348

Frh!flhqwv ri Lqfoxvlyh Ydoxhv
Lqfoxvlyh ydoxh 4� 3135; 31347 3135< 31343
Lqfoxvlyh ydoxh 42 31474 3139< 31486 31373
Qrwh= Vhh dsshqgl{ iru yduldeoh gh�qlwlrqv1
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Wdeoh 5= Vlpxodwlrq Uhvxowv iurp Dphpl|d0Vklprqr +4<;<, Prgho L+4,

Yduldeohv Frh!flhqwv Vhpl0 dw Sulru Vlpv* Sulru
Phdq Vwg1 ghy1 Phdq Vwg1 ghy1

Fkrlfh 5= Sduw Wlph
Frqv|@?w q2f 081<84 31959 081:3; 318;<
Djh q2� 416<5 31687 416;4 31675
Khdowk q22 031;33 315:4 031;38 315;6
Sulshq q2� 31875 31597 31876 31573
Sxeshq q2e 51837 31737 51734 31678
Lqrwkzs q2D 31884 31573 317;; 31575

Fkrlfh 6= Vhoi0hpsor|hg
Frqv|@?w q�f 091:54 31:44 09185; 3193<
Djh q�� 51<;: 3175: 51<37 316:<
Khdowk q�2 0314;; 315;< 0314;6 315:3
Dvvhwv q�� 3196: 315:7 31963 3157;
Sulshq q�e 316<3 316;3 31743 31698
Sxeshq q�D 31:77 31674 31:84 3163<
Lqrwkzs q�S 31794 316:7 3177< 316:9

Wdeoh 5 Frqwlqxhg

Yduldeohv Frh!flhqwv Vhpl0 dw Sulru Vlpv* Sulru
Phdq Vwg1 ghy1 Phdq Vwg1 ghy1

Fkrlfh 7= Uhwluhg
Frqvwdqw qef 071<85 31578 071<56 31595
Djh qe� 51977 31548 51954 31548
Khdowk qe2 041<:8 31474 041<;4 31473
Dvvhwv qe� 0315;8 3149: 031598 3148<
Sulshq qee 31:88 31474 31:57 3147;
Sxeshq qeD 619<7 31546 6199< 31533
Lqrwkzs qeS 31<73 3146< 31<45 31465
Rwkiplq qe. 3197< 31487 31987 31483
Lqfoxvlyh Ydoxh 4� 41;57 3149; 41:7: 3147<
Lqfoxvlyh Ydoxh 42 51458 314:< 5138< 31495
Qrwh= Vhh dsshqgl{ 6 iru yduldeoh gh�qlwlrqv1
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Wdeoh 6= Vlpxodwlrq Uhvxowv iurp Dphpl|d +4<;<, Prgho LLL+4,

Yduldeohv Frh!flhqwv Vhpl0 dw Sulru Vlpv* Sulru
Phdq Vwg1 ghy1 Phdq Vwg1 ghy1

Fkrlfh 5= Sduw Wlph
Frqv|@?w q2f 0818:5 31884 0817;< 31874
Djh q2� 41688 31653 4166: 3165:
Khdowk q22 031:83 31589 031:9< 31593
Sulshq q2� 318:3 31576 31845 31554
Sxeshq q2e 51684 31645 51633 3164<
Lqrwkzs q2D 31856 31587 31874 3157<

Fkrlfh 6= Vhoi0hpsor|hg
Frqv|@?w q�f 615;; 314;; 0615:8 3149:
Djh q�� 418<8 3149< 418:3 31493
Khdowk q�2 031585 31467 031583 31475
Dvvhwv q�� 31657 3146; 3164< 31466
Sulshq q�e 31597 314;< 3159: 31539
Sxeshq q�D 318;: 3148< 318;8 31483
Lqrwkzs q�S 31668 31536 31688 31534

Wdeoh 6 Frqwlqxhg

Yduldeohv Frh!flhqwv Vhpl0 dw Sulru Vlpv* Sulru
Phdq Vwg1 ghy1 Phdq Vwg1 ghy1

Fkrlfh 7= Uhwluhg
Frqvwdqw qef 071<74 3157< 071<3; 3157:
Djh qe� 517<8 314<3 517;8 314<;
Khdowk qe2 041<83 3146< 041<9< 31475
Dvvhwv qe� 031633 31477 031654 31484
Sulshq qee 31:4< 31469 31:59 31476
Sxeshq qeD 61988 3153< 6196< 3153:
Lqrwkzs qeS 31;<6 31464 31<57 31469
Rwkiplq qe. 31995 31494 319:3 31488
Lqfoxvlyh Ydoxh 4 419:: 31473 4197< 31474
Qrwh= Vhh dsshqgl{ 6 iru yduldeoh gh�qlwlrqv1
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Wdeoh 7= PO Uhvxowv iurp Dphpl|d0Vklprqr +4<;<, Prgho LLL+4,

Yduldeohv Frh!flhqwv OLPO ILPO
Hvwlpdwh Vwg1 ghy1 Hvwlpdwh Vwg1 ghy1

Fkrlfh 5= Sduw Wlph
Frqv|@?w q2f 07169; 31548 0713;4 31539
Djh q2� 4134; 314<9 413;5 314;4
Khdowk q22 031885 31456 031634 31434
Sulshq q2� 31686 31474 31756 3143<
Sxeshq q2e 41966 314:7 4197; 31498
Lqrwkzs q2D 317<4 31485 31669 31456

Fkrlfh 6= Vhoi0hpsor|hg
Frqv|@?w q�f 071476 3153; 0713:: 31554
Djh q�� 41<68 314:< 51454 3155<
Khdowk q�2 03193: 31453 031858 31478
Dvvhwv q�� 3167< 3145< 31696 31467
Sulshq q�e 31659 31465 31788 314;3
Sxeshq q�D 415:8 31564 4196: 315<:
Lqrwkzs q�S 3186: 31478 31845 314;4

Wdeoh 7 Frqwlqxhg

Yduldeohv Frh!flhqwv OLPO ILOP
Hvwlpdwh Vwg1 ghy1 Hvwlpdwh Vwg1 ghy1

Fkrlfh 7= Uhwluhg
Frqvwdqw qef 0<1:87 317:4 0<1;8: 31879
Djh qe� 61645 315:: 61995 316:4
Khdowk qe2 041<:: 31475 041;87 314:3
Dvvhwv qe� 0315;6 3148< 031595 31483
Sulshq qee 31<;5 31486 414<7 3154;
Sxeshq qeD 71;89 31693 81689 317::
Lqrwkzs qeS 41765 314:3 416<6 3154<
Rwkiplq qe. 31369 3133; 31369 3133:
Lqfoxvlyh Ydoxh 4 61;87 31;:6 819<8 417:<
Qrwh= Vhh dsshqgl{ 6 iru yduldeoh gh�qlwlrqv1
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