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ABSTRACT

Following an approach originally suggested by Pagan (1979), we have ex-

plored some additional consequences of viewing LIML as an iterated Aitken

estimator. A curious result we derive in this context is that the Aitken es-

timator based on 2SLS residuals produces 2SLS estimate of the structural

parameters. We derive a simple expression for the di¤erence between 2SLS

and LIML in …nite samples, which turns out to be very similar to an ex-

pression for the approximate bias of 2SLS in small samples [Nagar (1959),

Buse(1992) and Bound et al. (1995)]. The expression pinpoints the gain from

iteration. Our analytical formula yields many of the results on the di¤erence

between 2SLS and LIML that Anderson and Sawa (1979) and Anderson et

al. (1982) have obtained through extensive numerical simulations in a model

with two endogenous variables. The robustness of 2SLS and LIML with

respect to certain deviations from normality is also examined.
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1. Introduction

Since the limited information (LI) speci…cation of a standard simultane-

ous equation system can be written as a triangular model, Pagan (1979) sug-

gested an alternative formulation of limited information maximum likelihood

(LIML) estimation in terms of an iterated Seemingly Unrelated Regression

(SUR) procedure.1 The computation of LIML can be easily accomplished

by the key idea of the paper. Using this approach, Pagan also derived an

expression for the relationship between LIML and two stage least squares

(2SLS) estimates in …nite samples.

In this work we show that the …rst iterate of the feasible SUR for the

structural equation produces 2SLS if 2SLS residuals (and OLS for the re-

duced form equations) are used to estimate the covariance matrix of the

disturbances. This means that the analytical expression for the di¤erence

between LIML and 2SLS in Pagan (1979) is identically equal to zero for the

…rst iteration of feasible iterated SUR. Given the structure of the LI spec-

i…cation, it also produces 3SLS estimates of all structural parameters. In

addition, we show that the …nite sample di¤erence between LIML and 2SLS

that Pagan (1979) obtained from this approach simpli…es to a very familiar

expression which is almost identical to the expression for the approximate

expected bias of 2SLS obtained recently by Bound, Jaeger and Baker (1995)

and Buse (1992). Three fundamental canonical form parameters well-known

in the literature — the noncentrality parameter, a standardized structural

coe¢cient, and the degree of overidenti…cation — characterize this di¤erence.

Anderson and Sawa (1979) and Anderson, Kunitomo and Sawa (1982) have

1See Lahiri and Schmidt (1978).
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studied the di¤erence between 2SLS and LIML by extensive numerical calcu-

lations in a model with two included endogenous variables. The advantage of

the current approach is that our expression is simple, exact, and can readily

be evaluated for any model speci…cation. We obtain important additional

insights on the conditions under which the two estimators will di¤er. Some

Monte Carlo experiments con…rm the superiority of LIML over 2SLS under

normal and certain non-normal distributions.

2. SUR as LIML Estimator

Consider a structural equation

y = Y ° +X1¯ + u; (1)

where Y is T £G1 matrix consisting of other included endogenous variables

with reduced form

Y = X¼ + v; (2)

where X is T £K matrix of predetermined variables of the system. X1 ½ X

is T £ K1 matrix with K2 = K ¡ K1 ¸ G1 and the structural equation is

identi…ed.

Assume that each row of (u; v) has mean zero and covariance matrix

§ =

·
¾2 Á0

Á ª

¸
. And §¡1 =

·
a b0

b C

¸
; which is partitioned such that a is a

scalar, b is a vector, and C is a symmetric square matrix.

Let Z = (Y;X1), ± = (°0; ¯
0)0; YR = vec(Y ), ¼R = vec(¼), vR = vec(v).

Applying generalized least squares to SUR model (1) and (2), following Pagan

(1979), we have2

2To obtain (3), we use the result that vec(ABC)=(C0 ­ A) vec(B), see Magnus and
Neudecker (1988).
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· b±SUR
b¼R;SUR

¸
=

·
¾¡2QZ 0PXy + aQZ

0MXy +QZ
0MXY b

(I ­ (X 0X)¡1X 0)YR + (C ­X 0X)¡1(b­X 0)(y ¡ Zb±SUR)

¸
;

(3)

where

Q¡1 = aZ 0Z¡(b0­Z 0X)(C­X 0X)¡1(b­X 0Z) = ¾¡2Z 0PXZ+aZ 0MXZ;

PA = A(A
0A)¡1A0; and MA = I ¡ PA for any matrix A:

Factoring out b±2SLS = (Z 0PXZ)¡1Z 0PXy, (3) becomes

· b±SUR
b¼R;SUR

¸
=

"
b±2SLS ¡ (Z 0PXZ)¡1Fb±2SLS + aQZ 0MXy +QZ

0MXY b

(I ­ (X 0X)¡1X 0)YR + (C ­X 0X)¡1(b­X 0)(y ¡ Zb±SUR)

#
;

(4)

where F = V 0(kI + V (Z 0PXZ)¡1V 0)¡1V; with V =MXZ; k
¡1 = ¾2a:

3. The First Iterate of SUR Estimator

Up to now, we assumed that the covariance matrix § is known. Curi-

ous results occur at the …rst iteration if 2SLS residuals are used to com-

pute a consistent initial b§, which is usually suggested in practice. By par-

titioned inversion of b§(0), we have b(0) = ¡(v(0)0v(0))¡1v(0)0u(0)a(0); where the

superscript (0) denotes the initial estimate. Typically, u(0) = y ¡ Zb±2SLS;
v(0) = Y ¡Xb¼OLS =MXY; where b¼OLS = (X 0X)¡1X 0Y: Then

b(0) = ¡(Y 0MXY )
¡1(Y 0MXy ¡ Y 0MXZb±2SLS)a(0): (5)

Substituting (5) into (4), we …rst focus on ±(1)SUR: Notice that its last term is

Q(0)Z 0MXY b
(0) = ¡Q(0)Z 0MXY (Y

0MXY )
¡1(Y 0MXy ¡ Y 0MXZb±2SLS)a(0):

(6)
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Using the fact that Z 0MXY (Y
0MXY )

¡1Y 0MX = Z
0MX ; (6) reduces to

Q(0)Z 0MXY b
(0) = ¡a(0)Q(0)Z 0MXy + a

(0)Q(0)Z 0MXZb±2SLS:

Note that the …rst term from the above expression cancels out the third term

of ±(1)SUR in (4), and the second term cancels out the second term of ±(1)SUR in

(4) since

a(0)Q(0)Z 0MXZb±2SLS ¡ (Z 0PXZ)¡1F (0)b±2SLS
= a(0)Q(0)Z 0MXZb±2SLS + ¾¡2;(0)Q(0)Z 0PXy ¡ b±2SLS
= [Q(0)Q¡1;(0) ¡ I]b±2SLS;

which is a zero vector. Therefore ±(1)SUR = b±2SLS; a simple but curious re-

sult which seems to be unrecognized in the literature. Also, since the …rst

structural equation can be the only overidenti…ed equation in the LI speci-

…cation (1)-(2), b±2SLS = b±3SLS, see Narayanan (1969).3 One implication of

this result is that iterative 3SLS always yields 2SLS estimates for the single

overidenti…ed equation.

Next consider ¼(1)R;SUR: Following Court (1973) and recognizing that ±(1)SUR

= b±2SLS in (4); we …nd that ¼(1)R;SUR = b¼R;3SLS, which is more e¢cient than

b¼R;OLS. Interestingly, it can be shown that, for a general triangular system

[Lahiri and Schmidt (1978)], the …rst iterate of SUR based on 2SLS resid-

uals does not yield 3SLS for the system, neither does it yield 2SLS for the

structural equation.

3It is interesting to note that this result holds independent of the estimated §; even
for general simultaneous equations system with a single overidenti…ed equation. Unfortu-
nately, this fact has not been explicitly recognized and is lost in the proof by Narayanan
(1969), and remains unappreciated later on. See Court (1973), Hausman (1983, p. 423),
among others.
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4. The Gain from Iteration

Although there is no gain in estimating ± at the …rst iteration, iterated

SUR numerically produces LIML parameter estimates, on convergence. In

the following, we examine the gain from iteration. We …rst derive a simple

expression for the di¤erence between LIML and 2SLS.

Based on (4), consider the n-th iteration. We can write
"
±
(n)
SUR

¼(n)R;SUR

#
=

"
b±2SLS + ±(n)4
b¼R;OLS + ¼(n)R;4

#
; (7)

where"
±(n)4
¼
(n)
R;4

#

=

·
¡(Z 0PXZ)¡1F (n¡1)b±2SLS + a(n¡1)Q(n¡1)Z 0MXy +Q

(n¡1)Z 0MXY b
(n¡1)

(C(n¡1) ­X 0X)¡1(b(n¡1) ­X 0)u(n)

¸
;

(8)

¼
(n)
R;4 = vec(¼(n)4 ); and u(n) = y ¡ Z±(n)SUR; for n > 2:

Notice that (7) is formulated as the sum of the initial estimates and the

cumulative improvements up to the n-th iteration. Pagan (1979) derived this

expression for the wedge between LIML and 2SLS, but did not explore its

implication any further. What we have demonstrated in Section 3 is that

±
(1)
4 = 0: A close examination shows that the Op(T¡1=2) terms in ±(n)4 cancel

each other out and we are left only with higher order corrections.

Consider a general overidenti…ed case.4 Note that after the (n ¡ 1)-

th iteration, the LI model (1)-(2) may be decomposed as y = Zb±2SLS +
4In the special case where the structural equation of the LI system is just identi…ed,

K2 = G1. Then the …rst iteration based on 2SLS residuals yields ±
(1)
SUR = b±2SLS =

(X0Z)¡1X0y; and

¼
(1)
R;SUR = b¼R;OLS + C¡1;(0)b(0) ­ (X0X)¡1X 0u(1)
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Z±
(n¡1)
4 + u(n¡1), and Y = Xb¼OLS + X¼(n¡1)4 + v(n¡1) for n > 2: We then

write u(n¡1) = u(0) ¡ Z±
(n¡1)
4 ; and v(n¡1) = v(0) ¡ X¼

(n¡1)
4 : Substituting

these into b(n¡1) = ¡(v(n¡1)0v(n¡1))¡1v(n¡1)0u(n¡1)a(n¡1), using the fact that

v(0)0X = 0; and manipulating (8), we get

±
(n)
4 = a(n¡1)Q(n¡1)¤[¼(n¡1)04 X 0u(n¡1) + v(0)0Z±(n¡1)4

+v(0)0v(0)H(n¡1)v(n¡1)0u(n¡1)]; (9)

where

¤ = (Z 0MXY )(Y
0MXY )

¡1 =

·
I
0

¸
; which is partitioned conformably

with Z: Note H(n¡1) = (v(0)0v(0))¡1 ¡ (v(n¡1)0v(n¡1))¡1:
If we focus on the parameters of the endogenous variables in the struc-

tural equation, by partitioned inversion of a(n¡1)Q(n¡1) = (k(n¡1)Z 0PXZ +

Z 0MXZ)¡1 and using the structure of ¤; we get

°(n)4 = [Y 0MXY + k
(n¡1)Y 0(PX ¡ PX1)Y ]¡1[¼(n¡1)04 X 0u(n¡1) +

Y 0MXY °
(n¡1)
4 + v(0)0v(0)H(n¡1)v(n¡1)0u(n¡1)]; (10)

where PX1 = X1(X
0
1X1)

¡1X 0
1:NoteC¡1;(n¡1)b(n¡1) = ¡v(n¡1)0u(n¡1)(u(n¡1)0u(n¡1))¡1;

and v(n¡1)0v(n¡1) = v(0)0v(0)+¼(n¡1)04 X 0X¼(n¡1)4 . Some algebraic manipulation

of (10) yields

°(n)4 = [Y 0MXY + k
(n¡1)Y 0(PX ¡ PX1)Y ]¡1[Y 0MXY °

(n¡1)
4

¡v(n¡1)0u(n¡1)(u(n¡1)0u(n¡1))¡1u(n¡1)0PXu(n¡1)k(n¡1)]: (11)

= b¼R;OLS + C¡1;(0)b(0) ­ [(X0X)¡1X 0(y ¡ Z(X 0Z)¡1X0y)]

Note that the term in the brackets is a zero vector, so that ¼
(1)
R;SUR = b¼R;OLS : Thus the

iterative process converges on the …rst iteration. Therefore we get the well-known result
that for a just identi…ed structural equation, 2SLS is identical to LIML, cf. Greene (1997,
p. 745). By implication, the gain from performing iterated SUR for a general LI model
hinges on the overidentifying restrictions of the structural model.
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Upon convergence, °(n)4 = °¤4: Evaluated at the convergent values, we get

°¤4 = ¡[Y 0(PX ¡ PX1)Y ]¡1v¤0u¤(u¤0u¤)¡1u¤0PXu¤; (12)

which is the correction of iterated SUR over 2SLS. It provides a simple an-

alytical expression for the di¤erence between LIML and 2SLS (or the …rst

iterate of LIML) estimates of ° in …nite samples.

So far, we have shown that the 2SLS is the …rst step Aitken estimator and

it di¤ers from the iterated Aitken estimator by expression (12) for parameter

vector °. It would be interesting to examine the second step Aitken estimator

as well. Since 2SLS and LIML are both e¢cient in large samples, the second

step Aitken estimator is also asymptotically as e¢cient as 2SLS and LIML.

In …nite samples, the gain of the second step Aitken estimator °(2)SUR for °

over 2SLS, using (11), is given by

°
(2)
4 = ¡[k¡1;(1)Y 0MXY + Y

0(PX ¡ PX1)Y ]¡1

v(1)0u(0)(u(0)0u(0))¡1u(0)0PXu
(0); (13)

since °(1)4 = 0, u(1) = u(0).

In cases where °(2)4 is very close to °¤4, it may be computationally accept-

able to stop at the second step to avoid further iteration. To get some insight

on the relationship, let us compare the components in (13) with those in (12)

for a model with two included endogenous variables, i.e. G1 = 1: First note

that in this case, k = 1 ¡ ½2; where ½ is the correlation coe¢cient between

u and v: Speci…cally, k(1) = 1¡ (u(0)0u(0))¡1u(0)0v(1)(v(1)0v(1))¡1v(1)0u(0), so in

general 0 < k(1) < 1: Also, Y 0MXY and Y 0(PX ¡ PX1)Y are positive semi-

de…nite symmetric. Second, since (u¤0u¤)¡1u¤0PXu¤ is a non-negative scalar,

°¤4 is of an opposite sign to that of the covariance term v¤0u¤: Using this fact,
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it is easy to show that v¤0u¤ is always greater than v(1)0u(0) in absolute value.

Further, (u(0)0u(0))¡1u(0)0PXu(0) will be always greater than but very close to

(u¤0u¤)¡1u¤0PXu¤: Combined together, we …nd that 0 < °(2)4 /°¤4 < 1 when ½

6= 0 and K2 > G1: In cases where ½ = 0 or K2 = G1, both °(2)4 and °¤4 will

be close or equal to zero, see also footnote 4.

Note that Y 0(PX ¡PX1)Y in (13) represents the variation in Y explained

by the instruments excluded from the structural equation, and Y 0MXY =

v(0)0v(0). If these additional instruments are weak, or if ½ is large, we will

expect °(2)4 in absolute value to be signi…cantly less than °¤4. Thus, in these

cases, there is a need to iterate on the second step Aitken estimator.This may

also explain why some researchers found the convergence of iterated SUR to

be slow.5

5. Relative Performance of LIML vs 2SLS

In addition to (11) and (13), (12) allows us to reexamine some previ-

ous results regarding the relative performance of LIML and 2SLS without

evaluating the …nite sample distributions or approximating the asymptotic

distributions of the estimators.

While expressions (11) to (13) permit analysis for a general model, in this

section we consider the special case when there are two included endogenous

variables. For this case, (12) may then be rewritten as

°¤4 = ¡½¤
¹2¤

u¤0PXu¤

¾¤!¤
; (14)

where subscript (¤) or superscript (*) denotes values evaluated or estimated

at convergence. Typically, ¾2¤ = u¤0u¤=T; !2¤ = v¤0v¤=T . Note that ¹2¤ =

5See Hausman (1983, p. 426) and Greene (1997, p. 748).
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Y 0(PX¡PX1)Y=!2¤ is the sample “concentration parameter” or “noncentrality

parameter”. Alternatively, we …nd it more convenient to rewrite (14) as

°¤4 = ¡½¤
´2¤

u¤0PXu¤

¾2¤
; (15)

where ´2¤ = Y
0(PX ¡ PX1)Y=!¤¾¤; which we call the “modi…ed” sample con-

centration parameter.

Note that (14) is an exact expression for the di¤erence between LIML and

2SLS in …nite samples without any distributional assumption. There have

been a number of important studies on the di¤erence between LIML and 2SLS

in the case of two included endogenous variables, see Mariano (1982), and

Phillips (1983) for excellent surveys.6 Various canonical forms are derived

in the literature to indicate directly the critical parameter functions which

a¤ect the statistical behavior of the two estimators. However, an expression

for the exact di¤erence between LIML and 2SLS has not readily emerged

from the complicated expressions of the exact or asymptotically approximate

distributions of the two estimators.

Remark 1. Assuming normality and using power series approximation meth-

ods, Nagar (1959) obtained the expected bias of 2SLS to the order of 1=T:

Recently, Buse (1992) derived the expected bias of instrumental variable

estimators (to the order of 1=T ) without assuming normality. In current

notations, a little rearrangement of their expressions gives the approximate

bias of 2SLS estimator for ° as

½

¹2
¾

!
(K2 ¡ 2) (16)

6See also Amemiya (1985, Section 7.3).

10



or
½

´2
(K2 ¡ 2); (17)

where ½; ¾; ! are unknown population values. As is usually de…ned in the lit-

erature, ¹2 = (EY )0(PX ¡PX1)(EY )=!2: Correspondingly, ´2 = (EY )0(PX ¡
PX1)(EY )=!¾: More recently, under the assumption of normality, drawing

on Sawa’s (1969) work on the exact sampling distribution of 2SLS, Bound,

Jaeger and Baker (1995) …nd a result similar to (16) with (K2 ¡ 2) replaced

by K2, for K2 > 1: When K2 = 1; E(b°2SLS) does not exist.

Notice the interesting similarity between (14) and (16), or between (15)

and (17). Actually, u¤0PXu¤=¾2¤ is exclusively a function of K2; the number

of excluded predetermined variables in the structural equation; it has an

approximate median (its mean may not exist)7 close to (K2 ¡ 1).8 Some

Monte Carlo simulation con…rmed that u¤0PXu¤=¾2¤; on “average”, is between

K2¡ 1 and K2: Therefore (16) almost o¤sets (14), supporting the conclusion

that LIML is median unbiased — a result which has emerged from extensive

tabulation of the distributions of 2SLS and LIML by Anderson and Sawa

(1979) and Anderson, Kunitomo and Sawa (1982).

Remark 2. Based on (15), we may make the following additional observa-

tions:
7Since LIML estimator has no …nite moments, it is safe to infer that °¤

p has no …nite
moments [see Mariano and Sawa (1972)].

8Note that

E(u(0)0PXu(0)) = E(u0(PX ¡ PXZ(Z0PXZ)¡1Z0PX)u)

= tr(PX ¡ PXZ(Z0PXZ)¡1Z0PX)E(uu0)

= (K2 ¡ G1)¾
2;

where ¾2
(0) = u(0)0u(0)=T and currently G1 = 1: See Buse (1992, p. 175) for a similar

expression.
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(i) For large samples, the di¤erence between LIML and 2SLS is Op(1=T ):

It can be shown that plim °¤4 = 0, plim
p
T°¤4 = 0; and T°¤4 = Op(1): The

latter holds under the condition that plim ´2=T exists and is …nite, which

is usually assumed in the literature. However, it is di¢cult to derive the

asymptotic distribution of T°¤4 because the elements in °¤4 are not mutually

independent. These properties also hold for °(2)4 in (13).

(ii) If LIML is median unbiased, then 2SLS is median biased unless, of

course, the structural equation is just identi…ed (see footnote 4) or ½ = 0:

Obviously, the second step Aitken estimator will be less (median) biased than

2SLS.

(iii) °¤4 is of the opposite sign to ½¤: This result was found in Anderson

and Sawa (1979). They tabulated the asymmetry and skewness in the 2SLS

distribution through Monte Carlo experiments and found that the probability

is close to 1 that the 2SLS estimators will be on one side of the true value for

some combinations of parameter values (such as K2 ¸ 20; low ¹2 and high

j½j):
(iv) The absolute value of °¤4 is directly proportional to j½j; inversely

proportional to ´2; and an increasing function of u¤0PXu¤=¾2¤. Note that in

general, (15) does not imply that j°¤4j will necessarily rise as K2 increases.

As K2 increases, the concentration parameter may increase more than pro-

portionately if the additional instruments are important, and thus j°¤4j may

actually fall. In other words, if the additional instruments are weak such

that the …rst stage R2 rises less than proportional to the increase in K2; then

j°¤4j may increase; see Buse (1992).

(v) °¤4 does not explicitly depend on the degrees of freedom (T ¡K) or
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sample size T , which appears in the estimator of the covariance matrix of

the reduced form or the concentration parameter. Anderson et al. (1982)

noticed that the distribution of LIML estimator does not depend much on

(T ¡K). The observed e¤ect of the degrees of freedom on the distribution of

LIML estimator in their tabulation, which is signi…cant when the concentra-

tion parameter is small, can be attributed to the implied weakening of the

instruments. In a Monte Carlo setup, in order to attain a given value for

the concentration parameter (¹2 or ´2), the reduced form coe¢cients, ceteris

paribus, have to be reduced as sample size increases. As the instruments

get weaker, the …rst stage R2 gets smaller. Then ´2¤, which is the sample

counterpart of ´2 and actually appears in (15); will have more variability,

and will thereby a¤ect the distribution of LIML estimator.

Remark 3. As an illustration, we examined the Angrist and Krueger (1991)

data on earning and schooling, which has recently motivated considerable re-

search on models with weak instruments, see Blomquist and Dahlberg (1999).

Using the data for Angrist, Imbens and Krueger (1999) obtainable from the

Journal of Applied Econometrics Data Archive, we replicated their 2SLS and

LIML estimates as the …rst step and iterated Aitken estimators respectively.

Table 1 reports the values of the components of °¤4. Note that °¤4 computed

from expression (15) coincides exactly with the di¤erence between LIML and

2SLS estimates computed directly. Interestingly, the correlation coe¢cient ½

is estimated to be ¡0.11 for the version of their model with 30 instruments,

and ¡0.19 for their model with 180 instruments. Therefore it is not surpris-

ing to observe that the 2SLS and LIML estimates are very close to each other

although the degree of overidenti…cation is very high.

13



6. Robustness to Non-normality

Since expression (12) does not depend on any assumption on the distribu-

tion of errors in (1) and (2), it would be instructive to investigate the e¤ect of

non-normal disturbances on (12) through a Monte Carlo study. To compare

with normal disturbances, we considered two alternatives: a standardized Â2

distribution with a degree of freedom of 1 and a scaled Student-t distribution

with degrees of freedom of 6.9 Both non-normal distributions have mean zero

and variance one, but the standardized Â2(1) distribution is skewed, while

the scaled Student-t distribution is leptokurtic. For the Monte Carlo exper-

iments presented in this section, we followed the speci…cation in Anderson

et al. (1982) and focused on setup corresponding to their Figures 2 and 3.

In their Figure 2, T ¡ K = 10; K2 = 10; ® = 1:0; ¹2 = 100 (speci…cation

A, hereafter). In their Figure 3, T ¡K = 30; K2 = 30; ® = 1:0; ¹
2 = 100

(speci…cation B, hereafter): Here ® is a standardized structural coe¢cient

as de…ned in Anderson et al. (1982). Figures 1 to 6 plot distributions for

estimates of parameter ° computed from …rst step Aitken (2SLS), second

step Aitken, …nal step Aitken (LIML), and the di¤erence °¤4. All estimates

have been normalized as in Anderson et al. (1982) such that their asymptotic

distributions are standard normal under normal disturbances. The standard

normal cumulated distribution function (cdf) is also plotted. The number of

replications is 20,000 in each case.

Figures 1 and 4 use normal disturbances and duplicate …gures 2 and 3 in

Anderson et al. (1982) fairly well for the cdfs of LIML and 2SLS. They show

9A standardized Â2(1) distribution is obtained as " = ({ ¡ 1)=
p

2, where { » Â2(1),
cf. Blundell and Bond (1998, Table 7). A scaled Student-t distribution with degrees of
freedom n is obtained as x = (n¡2

n )1=2t, where t » tn: We choose n = 6, which is typical
for many macroeconomic series, see Lahiri and Teigland (1987) and Geweke (1993).
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that the cdf of LIML is closer to normal than 2SLS and median unbiased, as

noted in Anderson et al. (1982). With the same value for the concentration

parameter, as K2 increases from 10 to 30, 2SLS moves further away from

the true value and its median shifts from ¡0:582 to ¡1:606: The normalized

(median) di¤erence between LIML and 2SLS estimates triples from 0.518 to

1.519, which matches exactly with the prediction based on (14). Note that

a prediction of the bias of 2SLS based on (16) gives a value of ¡0.566 for

speci…cation A, and a value of ¡1.980 for speci…cation B, which are greater

than the estimated values and the prediction based on (14). The superiority

of (14) is that it uses the sample concentration parameter. Clearly, the

second step Aitken estimator has loci between 2SLS and LIML, with median

bias less than that of 2SLS. In speci…cation A, the median bias of the second

step Aitken estimator is about half of that of 2SLS. In speci…cation B, it is

about 65%.

Figures 2 and 5 depict cdfs when standardized Â2(1) disturbances are

used in the data generating process (DGP). Compared to Figures 1 and 4,

it is noted that this type of non-normality has little impact. LIML remains

median unbiased and its cdf is close to normal. The median bias of 2SLS de-

creases from ¡0.582 to ¡0.509 in speci…cation A, and from ¡1.606 to ¡1.516

in speci…cation B. As a result, the median of the di¤erence °¤4 decreases by

20% in speci…cation A, and 8% in speci…cation B. The second step Aitken

estimator is also a¤ected similarly.

Figures 3 and 6 show the signi…cant impact when a scaled Student-t distri-

bution is used in generating the disturbances. LIML is still median unbiased

but its cdf deviates from the standard normal distribution dramatically in
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both speci…cations. The computed standard deviation of LIML estimates

across replications increases from 1.11 in Figure 1 to 1.58 in Figure 4, and

from 1.20 in Figure 4 to 1.69 in Figure 6. Compared to cases in Figures 1

and 4 with normal disturbances, the median bias of 2SLS increases by 44%

in speci…cation A, and by 34% in speci…cation B, with their values exceeding

the prediction based on (16). Meanwhile, the median of the di¤erence °¤4

increases by 35% in speci…cation A, and by 32% in speci…cation B. A close

look at the components of °¤4 in (15) reveals that, on “average”, u¤0PXu¤=¾2¤

remains close to (K2 ¡G1), but the modi…ed sample concentration parame-

ter ´2¤ becomes smaller due to excess kurtosis; in ´2¤ = Y
0(PX ¡ PX1)Y=!¤¾¤,

both the numerator and the denominator increase, but the estimated stan-

dard errors ¾¤ and !¤ increase proportionately more than the numerator.

One implication of this result is that in the presence of excess kurtosis in the

disturbances, the observed di¤erence between LIML and 2SLS will be more

than what we expect under normality through its impact on ´2¤.

7. Concluding Remarks

Following an approach originally suggested by Pagan (1979), we have ex-

plored some additional consequences of viewing LIML as an iterated Aitken

estimator. A curious result we derive in this context is that the Aitken esti-

mator (without correcting for endogeneity) based on 2SLS residuals produces

2SLS estimate of the structural equation parameters. In the limited informa-

tion speci…cation, since the structural equation can be the only overidenti…ed

equation of the system, the feasible Aitken estimator is also 3SLS of the en-

tire model. We also derive a simple formula for the di¤erence between 2SLS

and LIML in …nite samples which turns out to be very similar to an expres-
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sion for the approximate bias of 2SLS in small samples, cf. Nagar(1959),

Buse(1992) and Bound et al. (1995). Since the …rst iterate of the iterated

SUR is 2SLS, this expression also pinpoints the gain from iteration. Our

analytical formula yields many of the results on the di¤erence between 2SLS

and LIML that Anderson and Sawa (1979) and Anderson et al. (1982) have

obtained through extensive numerical simulations in a model with two en-

dogenous variables. It reveals that the di¤erence between 2SLS and LIML

is Op(1=T ). Some Monte Carlo experiments show that the formula is robust

to skewness in the disturbances, but excess kurtosis will reduce the modi…ed

sample concentration parameter and result in greater bias in 2SLS.

The key conclusion worth re-emphasizing is that under many reasonable

conditions 2SLS can be badly biased, particularly if the degree of overiden-

ti…cation is large. Given that LIML is known to be median unbiased, the

expression for the di¤erence between 2SLS and LIML derived in the paper

can help to identify empirical situations where the …nite sample bias in 2SLS

is expected to be substantial.
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