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1. The Basic Model

The numeraire is final output t|, which is produced by a unit mass of price-taking firms.

The production function facing any individual firm is
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where g| and u| denote capital and labor, respectively. �| denotes the exogenous and

deterministic population, and ~| is the exogenous and stochastic productivity parameter.

There are externalities to production; each firm’s production shifts in7t|*�|.

Since all firms are identical and take7t|*�| as given, total output follows
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and the rental rate and wage are
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The government’s budget constraint is

}|t| n �|t| � �g|o|g| � �u|�|u| n B�g|g| n�}| � �

� n �}|n�
�}|n�c (4)
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Here }| and �| denote the fraction of output consumed by the government and transferred

back to consumers, respectively, while �g| and �u| are the average tax rates on capital and

labor, respectively. �}|n� denotes government bonds, which are discounted at the rate �}|n�.

The economy is populated by a single representative family. Normalizing each member’s

labor endowment to 1, the family’s flow utility from consumption (�|) and leisure (�|�u|),

is
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Note that government spending does not affect the returns to consumption or leisure. The

family sells labor and rents capital, the law of motion for which is

g|n� � E�� B|�g| n U|c (6)

with iV|n�j a stationary martingale difference sequence. The family’s budget constraint is

E�� � Wg|� o|g|nE�� � Wu|��|u|nB|�g|g|n�W
|
7t|n�}| � �|nU|n

�

� n �}|n�
�}|n�c(7)

where � Wg| and � Wu| are the6@o}�?@, tax rates on capital and labor, respectively. The transfer

rate �W
| ties together the budgets of the family and the government:
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In addition, these policies must satisfy
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| � �c

2



�� � �Wg| � 7� 	 �c

�� � �Wu| � 7� 	 ��

The family thus solves
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u| 5 dfc �|o �

.| i�j denotes expectations conditional on information at time t, and �q 5 Efc �� is the

family’s discount factor. The first order conditions for an interior solution are
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along with the transversality conditions:
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The resource constraint for this economy is

t| ' �| n U| n }|t|� (12)

As a specialization, I assume that technology follows

~| ' ~fC
|
~ � i T E5|� c (13)

where C~ : f is the deterministic growth rate of technology and ~f : f. Likewise, I

assume that the depreciation rate follows

B| ' B n _|c (14)
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with B 5 dfc ��, and that the leisure preference parameter �| follows

�| ' � � i T E%|� � (15)

with � : f� I further assume that E5|c _|c %|� follows3C 5|n�
_|n�
%|n�

4D ' x�

3C 5|
_|
%|

4Dn D|n�c (16)

with iD|j a stationary martingale difference sequence and the eigenvalues of x� all lying

inside the unit circle.

Now suppose that �| ' �f�
|, with �c �f : f. Let ‘‘ h’’ denote per capita quantities,

so thathf| ' f|*�|. Then combining equations (1) through (4) and (9) through (13) shows

that the equilibrium of this theoretical economy—excluding the laws of motion for fiscal

policies and terminal conditions—is given by:
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Along a balanced growth path, with government policies suitably fixed, hu| is constant,

while h�|, hg|, ht| and h�}| grow at the constant rate

C ' C
�*E�3@>�
~ �

Dividing through by the appropriate growth rates renders stationary the system given by

equations (17) - (21). While I will continue to express the policy variables in levels, I will

transform the other quantities, with e| � *?
� h.|*C

|
.

�
. I can then rewrite (17) - (21) as
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l�|n� � f, l2|n� � f capture the effect of interchanging the lnE�� and expectation operators.

Now let’s solve for the steady state. I will take� Wu, � Wg , }, _} � K} � +, �u, �g , q, B, �,

C, � , @, ~f as given, and solve for S, +, &, �, �W, and �. First, equations (24) and (25) yield
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Combining this with equations (23), (27), (26) and (28) gives us
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the fixed point of which which is straightforward to find. I also get
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I then linearize (23) - (28) around these steady state values. Let ‘‘ e’’ denote deviations

from the steady state, so thate%| ' %| � %. First, equations (23) and (27) become
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Applying equation (33), equations (24), (25) and (26) become
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Now let’s assume that marginal and average tax rates differ only by a constant, so that

e� Wg| ' e�g|c (37)

e� Wu| ' e�u|� (38)

Then one can write equations (34) (35), (36) and (14) as
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Now let �| ' *? EU|�. It follows immediately from equation (12) that:

i T E�|� ' E�� }|� i T E+|�� i T ES|� � (40)

In the steady state, this implies that
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so that, using equations (25), (29) and (30), we have

�� & ' bS � *? E�C� � n B� �

And linearizing equation (40) yields
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Then, using (31), (33) and (41), one gets
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2. Revising the Model to Maximize Per Capita Utility

In many analyses, it is assumed that the household maximizes per capita, rather than total,

utility. In this case the household’s problem becomes
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The first order conditions for an interior solution are
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and the transversality conditions are:
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None of the other equations change.

Equations (18) and (20) then become
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which implies that equations (24) and (26) become

.| i{S|n�j ' q n l�|n�

n.|

�
*?
��
�� � Wg|n�

�
E@ i T E+|n� � &|n��� B � _|n�� n �

��
c (48)

q � *?
�
�q* d�Co

�
	 fc

{K}|n� �.| i{S|n�jn q n *? E�C�� l2|n� ' *?E� n i T E+| � K}|�
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Comparing equations (48) and (49) to equations (24) and (26) shows that except for a

redefinition of q, having the household maximize per capita rather than total utility has no

effect on equations (23) through (42).

3. The Simplified Model with Fiscal Policy Feedback Rules: Version 1

To simplify the model further, I now assume that transfers adjust to keep the government’s

budget in balance every period. This means I can drop transfers, government debt and
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the debt accumulation equation from our system. In addition, I can ignore the distinction

between average and marginal tax rates, and focus solely on the latter. Among other things

this implies that I can rewrite equation (39) as�
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In a similar manner, equation (42) becomes
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But to complete the model, we must add a law of motion for taxes and government

spending. In particular, I assume that fiscal policy is a function of its own lagged values

and output:
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To simplify matters further, I set most of the elements of h6� and 62 to zero. In particular, I

assume that h6� can written as

h6� '

57 s�� s�e f f
s�2 f s�D f
s�� f f s�S

68 c

and 62 can be written similarly.

At this point, the model is completely specified. Before the model can be put in its final
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form, one must use the first row of equation (51) to rewrite the left hand side of equation

(54) as�
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Finally, combine equations (50) and (54) through (55) to get
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The system is completed with a restriction on its innovation process:;AAAA?AAAA=
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And, recalling equation (51), the variables of most interest can be recovered with
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4. The Simplified Model with Fiscal Policy Feedback Rules: Version 2

Let’s consider a variant of the model previously discussed. There are two differences. The

first is that fiscal policy is no a function of employment, rather than output. The second

is that government spending depends of 4 lags of spending and employment rather than 2.

(The tax rates still depend on two lags.)

The first effect of these changes is that equation (54) becomes
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Note that the first 2 rows of 6� and 6e consist of zeros.
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with 6f, Oe, 6� and OD computed as before, but with the revised values of +f and O�.

The system is completed by restricting its innovation process:;AAAAAAAAAAAA?AAAAAAAAAAAA=
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And, recalling equation (51), the variables of most interest can be recovered with
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5. The Simplified Model with Fiscal Policy Feedback Rules: Version 3

Let’s consider a yet another variant of the models previously discussed. This version is the

same as version 2, except that labor taxes depend on both employment and output.
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The first effect of these changes is that equation (54) becomes
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with 6f, Oe, 6� and OD computed as before, but with the revised values of +f and O�.

The system is completed by restricting its innovation process:;AAAAAAAAAAAAAAAAAA?AAAAAAAAAAAAAAAAAA=
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And, recalling equation (51), the variables of most interest can be recovered with
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