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1. TheBasic Mode

The numeraire is final output Y;, which is produced by a unit mass of price-taking firms.

The production function facing any individual firmis
Y = 2" KLy (VN
0<a<l,

0<u<l/a,

where K; and L, denote capital and labor, respectively. NV, denotes the exogenous and

deterministic population, and Z, is the exogenous and stochastic productivity parameter.

There are externalities to production; each firm's production shifts irt; /N;.
Since all firms are identical and takg/N, as given, total output follows
2& — Yz = Zth“Lgl_amNtliua

and the rental rate and wage are

Y,

Ty = Q=

t Kt’

Y,
—(1—a)=
wy = (1—a) T
The government’s budget constraint is
1
9tYs + hYy — Ter Ky — Trawe Ly + 0T g Ky 4+ By < —— Bgi41,
1+ Lgt+1
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0<g <1,

0<h <1,

—1 <7 <7 < 1,

—1 <7 <7 <1,

By given.

Here g; and h; denote thefraction of output consumed by the government and transferred
back to consumers, respectively, while 7 x; and 7, are the average tax rates on capital and
labor, respectively. B, ; denotesgovernment bonds, which are discounted at therate ;.1 .

Theeconomy ispopulated by asingle representative family. Normalizing each member’s

labor endowment to 1, the family’s flow utility from consumptiar} and leisure §; — L,),

is
_ Cy Xt Ly =
U(Ct,Lt)—Nt 111 <Nt) +1_,y (1 Nt) s (5)
720,
! ()" =In(z),y=1.
1—7 ’

Note that government spending does not affect the returns to consumption or leisure. The

family sellslabor and rents capital, the law of motion for whichis

Ky <(1—6;) Ky + I, (6)

with {k,,1} astationary martingal e difference sequence. The family’s budget constraint is

_ 1
(1 — T;(t) Tth+(1 — th> tht—i_(StTKth"i_h:}/t"i_Bgt Z Ct+It++7Bgt+1;(7)

1 Z'gt—&-l
where ., and 773, arethemarginal tax rateson capital and labor, respectively. Thetransfer

rate h; tiestogether the budgets of the family and the government:

K K,
(1—a)77, + T (a — (5t7t) —h;y =1 —a)T + Tk (a — 6t?t> — hy. (8
t t

In addition, these policies must satisfy

—1< R <1,
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The family thus solves

- Cy Xt L\
max + 1 =2
{Ct,Lt,Kt+1,Bgt+1,1t }io {Z_; [ ( > 1—7 N,

sit. (6); (7);

Ky, By given;
Cy, I > 0;
L; € [0, Ny].
E, {-} denotes expectations conditional on information at timet, and § € (0,1) is the

family’s discount factor. The first order conditions for an interior solution are

L\ N .
w(1-5) —ga-riw. ©
1 ~ N, 1
— =0 tHEt [(1 — Tiepr) (Tea1 — 6e1) + 1] ; (10)
Cy Ci1
1 Nt+1 { Cy }
1
I+ Z.gtJrl ﬁ Ct+1 ( )

along with the transversal ity conditions:

m E, 5 {M} =0,
Poo Citj
lim B3 {%} _0.
00 Ciy
The resource constraint for this economy is

Y, = Cy + I + g:Ys. (12)

Asaspecidization, | assume that technology follows

Zy = ZyGYy - exp (2) (13)
where Gz > 0 is the deterministic growth rate of technology and Z, > 0. Likewise, |

assume that the depreciation rate follows

8 =6 +d,, (14)



with § € [0,1), and that the leisure preference parameter y, follows

Xe = X - exp (7). (15)

with x > 0. | further assume that (z;, dy, x;) follows

241 2t
diyr | =@ | di | + v, (16)
Tit1 Ty
with {v,} a stationary martingale difference sequence and the eigenvalues of @, all lying
inside the unit circle.

Now suppose that N; = NoN*, with N, Ny > 0. Let * " denote per capita quantities,
sothaty, = X, /N¢. Then combining equations (1) through (4) and (9) through (13) shows
that the equilibrium of this theoretical economy—excluding the laws of motion for fiscal
policies and terminal conditions—is given by:

~\ 1 Y,
v(1-L) == (-7 (1-a) =, (17)

t Lt
1 ~ 1
= = ﬁEt ~ ) (18)
Cy Cita

Y,
(1= Thes1) (a[g—H - 5t+1> +1

t+1

Nf?t—&—l =(1—-106) I?t‘f‘ (1 _gt)i}t_éta (19
Y, K . C, | B
[gt +hi —aTge — (1 —a) TLt]~—t+6t'th~—t+1 = (ANE, ~Ct it lany (20)
Bgt Bgt Ct+1 Bgt
Y: = ZoGYy - exp (z) K LY. (21)
K K
(1—a)mh, +7i, la—6= | —hi=(1—a) T +7xe | a— 6= | —he.  (22)
Y; Y;

Along a balanced growth path, with government policies suitably fixed, L, is constant,
while @, I?t, }7; and Egt grow at the constant rate

G = GY -,

Dividing through by the appropriate growth rates renders stationary the system given by
equations (17) - (21). While | will continue to express the policy variablesin levels, | will

transform the other quantities, with e; = In <Et /GtE). | can then rewrite (17) - (21) as



1 _
f— (1 — exp (6)) = In (—) (1= 7)1 — o — 23

X
Ei{Acia} =B+ Crupq
+ L {hl [(1 — T}}tH) (aexp (Yey1 — ki) — 0 — diy1) + 1] } ; (24)

B=lIn (B/G) <0,

I~( Gt — I? Gt
N i1/ i ¢/
e

= (1 — NG) exXp (Ak’t+1) —6— dt+

(1 —ge)exp (ye — ke) —exp (¢t — k), (25)

Abgiy1 — By {Aci1} + B+ In(NG) — (py = In(1 + exp (y: — byt)
gt +he —atre + (0 +di) Treexp (= [ye — ki]) — (1 —a) 7re)),  (26)
e =1n(Zo) + 2 + apky + (1 — a) ply, (27)
hi —he=1—=a) (T = 7o) + (The — Tre) (a = (6 + de) exp (= [ye — ke])) . (28)
Crer1 = 0, (g > 0 capturetheeffect of interchanging theIn(-) and expectation operators.
Now let’s solve for the steady state. | will tak¢, 75, g, d, = b, — v, 71, Tk, 3, 6, X,

G, N, a, Z, asgiven, and solvefor ¢, y, k, h, h*, and £. First, equations (24) and (25) yield

e (lme (@160 =T
c—k=X=In(exp(M)(1—9g)+1—6—NG). (30)

Combining this with equations (23), (27), (26) and (28) gives us

{=1In l(l _TLi(l — a)] + A=A +7In(1—exp(£)),
the fixed point of which which is straightforward to find. | also get

111 (Z()) + (]_ — (I) [L£ — )\4

1—ap ’
h=(NGexp(B) —1)exp(dy) + [aTk + (1 —a) T, — 6Tk exp (—M\1)] — g,
h=1—-a)1; + 75 (a—bexp(—M\1)) + (NGexp (8) — 1) exp (dy) — g

| then linearize (23) - (28) around these steady state values. Let * " denote deviations

k=

from the steady state, so that= x; — x. First, equations (23) and (27) become



—~ R R 1 —
)\oftzyt—ct— [1_72] Tre — Tty (31)
vy
_ T 32
M{Hdﬂm@m®y @
Ao
(A1+1)k:t+>\2ct+ T ————T1 + A3z + Aoy, (33)
L
aj
= -1
Ti-(—ap/h
)\25_ (l_a‘)/'j“/AO
1—(11— a) i/ No’
= =1— )Xo
M E T T a N :

Applying equation (33), equations (24), (25) and (26) become
NGAkysy = —exp (M) G — exp (Ns) (a - Et) —d,

~ . A .
+(1—g)exp(\1) l)\lkt + X + 1 27_* Tre+ A3zt + /\th] , (34)
L
A 6 —aexp ()\4) T4)
E A = |———F ~ K74
t { Ct-‘rl} [ exp (_ﬁ) t+1} eXp ) t+1
A2
+A7 L {)\1kt+1 + AoCrp1 + T T T 321 + )‘2$t+1} (35
L
a(l—7%)
A= ———2exp (M),
exp (—0) ()

A/b\gt+1 - E; {Aaﬂ} = g [(jﬂ]\t + /ﬁt — ATt — 1 —a TLt):|
Agexp (=) § [?Kt TR (Et bgt) N— /5}

Ao, ~
_%ﬁﬂkw—%+hm4@®

+AsAg {(Al + 1) e+ Moy +
_exp(—dy)

~exp(f) NG
M=g+h—arg — (1 —a)TL.

Now let’'s assume that marginal and average tax rates differ only by a constant, so that
Tkt = TKt) (37)

T = TrLt- (38)

Then one can write equations (34) (35), (36) and (14) as



S, E; {Xt+1} = Soxy,

~

Xt=|¢a Tkt Tt 9 e Ky bgt 2 dy @y )

where (note the transposition)
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=+
Il

0]
=
If
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0
0
0

NG

0
0
0
0

(

+ (1 —g)exp (

1— A7)

[aexp (A1) — 6] exp ()
—Arho/ (1 —77)

0
0
— A7\
0
—A7A3
(1 —7%) exp (
—A7A2

exp )\4) A2
—exp (As5)

(1—g) exp(Aa) A2
1772
—exp (M)

0
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0
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)
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g
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)\8 exXp (—)\4) TK
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Now let i; = In (). It followsimmediately from equation (12) that:

exp (i) =

In the steady state, thisimplies that

exp (i — k) =

(1 —g¢)exp (y) — exp (ct) -

(1 —g)exp(Ag) —exp(Xs5),

so that, using equations (25), (29) and (30), we have

Z—k:/\ﬁ

=In(NG—-1+56).

And linearizing equation (40) yields

exp (ANe) s = (1 — g) exp (A\g) T — exp (M) G — exp (A5) &

o oo o o O

0

¢11
¢21
P31

o oo o o O

0

¢12
¢22
P32

(39)

o oo o o O

0

P13
P23
¢33 .

(40)

(41)



Then, using (31), (33) and (41), one gets

W; = I{Xf,

Wtz[yt o by =AU ke oz o dy o Tre Toe G M
M +1

i A2 0
1 0
( A10A2 ) 0
—exp (A5 — )

—As3/ o 0
A1 0
R = 0 0
0 0
0 0
0 0
0 1
0 0
0 0
] 0 0

Ao = (1 —g)exp (A — Xe)

)\11 = )\2 + )\3/)\0,
)\12 =1- 1/)\0

A2

0

)
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2. Revisingthe Model to Maximize Per Capita Utility

T

) /Ao
+1)

DO O OO OO0 O O O O O

A3

A10A3
A3/ Ao
A12A3

SO OO OO

SO DOD DD O OO O O o o o

(42)

A2

A10A2
-3/ o

>
=

DO OO, OO O

In many analyses, it is assumed that the household maximizes per capita, rather than total,

utility. In this case the household's problem becomes

(%)

{Ct,Lt Kt?ll Bge+1,1t 12, {Z
s.t. (6); (7);

Ky, Byo given;

Ci, Iy > 0;

L; € [0, Ny].

Xt

1._

Thefirst order conditions for an interior solution are

(




Xt (1 - ﬂ) = al (1 —770) we, (43)

N) G
1 - 1 i}
1 s { (1= Pepes) (rees = Su01) + 1] } | (44)
Cy Ct+1
1 ~ C
= GE , 45
1+ Z'gt+1 ﬁ ! {Ct+1 } ( )

and the transversality conditions are:
cini (Koo
lim E,3 {M} =0,

J—00 Ct_;,_j
lim EtBtJ“j {M} = 0.
j—o00 Citj

None of the other equations change.
Equations (18) and (20) then become
1 B 1 . Vi
5t = NEt { 5 [(1 TKt+1) (a—f{' 5t+1) +1

t+1

} , (46)
Y, K . C, | B
[gt+ht_a7Kt_ (1—(1) TLt]~—t+(5tTKt~—t+1 :ﬁEt —~ ! :Z—tH, (47)
Bgt Bgt t+1 gt
which implies that equations (24) and (26) become
B {Acii1} =B+ Crpa
+FE, {ln [(1 — T*Kt+1) (aexp (yro1 — kr1) — 6 — dpsy) + 1] } , (48)
f=In (B/ [NG]) <0,

Abge1 — Et{Acps1} + B+ I (NG) = Cyppq = In(1 + exp (y — bye)

ge +he —atie + (6 +di) Trrexp (< [ye — ki) — (1 —a) 714]). (49)

Comparing equations (48) and (49) to equations (24) and (26) shows that except for a

redefinition of 3, having the household maximize per capitarather than total utility has no
effect on equations (23) through (42).

3.  The Simplified Model with Fiscal Policy Feedback Rules. Version 1
To simplify the model further, | now assume that transfers adjust to keep the government’s

budget in balance every period. This means | can drop transfers, government debt and



the debt accumulation equation from our system. In addition, | can ignore the distinction
between average and marginal tax rates, and focus solely on the latter. Among other things

thisimpliesthat | can rewrite equation (39) as

S H Xt S H X
[ 1 I211Et{<zt:i)}:[02 q;f]&(zt), (50)

o

PR N o~ T
Xt = |: Ct T;(t th [on ]Ct :| y
Xy = [ Zt dt Tt ]T,
where
g, = 0 0 0 0 NG
FT 1= Mde faexp (M) —dlexp (B) {22 0 —Arhs
m=| 0
1= —)\7)\3 (1 — TK) exXp (ﬁ —)\7)\2
(1— GXP (M) Ao (1—g)expQAa)ra NG + exp (Xs5)
S, = ( ~ew () U i xp (M) | L gyexspann ) |
0 0 0
H, = (1—9)8)(10()\4) Az —1 (11— g)eXP()\4))\2
2 = 9
0 0 0
In asimilar manner, equation (42) becomes
_ Xt
=[ R, Ho}<zt), (51)
o~ o~ ~ o~ N N R T
Wy = [ v ot by =l ke Ty T G )
i A
1 0 0 0 0
Ao
(Centiing) 0 2 =5 ey
=\
R, = -3/ Ao 0 (1—723)% 0 (A +1) /X |
)\11 0 lil;lz 0 )\12 ()\1 + 1)
0 0 0 0 1
0 1 0 0 0
0 0 1 0 0
i 0 0 0 1 0 |
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i )\3 0 )\2 T
0 0 0
AoAz 0 ApAs
A3/xo 0 —A3/Xo
HO = /\12/\3 0 )\11
0 0 0
0 0 0
0 0 0
0 0 0

But to complete the model, we must add a law of motion for taxes and government

spending. In particular, | assume that fiscal policy is afunction of its own lagged values

and output:
Vipl = _f‘OZ/y\t+1 +F ( ?‘J’i ) +F, ( 32:11 ) +& + Vs (52)
i{tﬂ
Viy1 = T/gtﬂ
Ji+1

&, andp, , areunobserved random variables. {Et 4 } isan exogenousforcing process

that follows

§i1 = P& + G (53)
where {¢, ., } isamartingale difference sequence and ®, is a diagonal matrix whose ele-
ments all lie within the unit circle. In contrast, v, ., isaforecast error,

Y1 =V — B {vi},
which is set endogenously. This alows meto rewrite (52) as

alin () en(3) (). e
To simplify matters further, | set most of the elements of F, and F, to zero. In particular, |

assume that F; can written as
_ fuu fis 0 0

Fl = f12 0 f15 O y
f13 0 O f16

and F', can be written similarly.

At this point, the model is completely specified. Before the model can be put initsfinal

1n



form, one must use the first row of equation (51) to rewrite the left hand side of equation

(54) as

< g ) = Rix; + H3z,, (59)

Vi

1
>
]
)
>
™~

o
_ o o O
OO©_|_

1
cooX 00O

= Fox;11 + Hyze g, (56)

Similarly one gets
F, ( % ) — Fix, + Hjz,, (57)
F, =F,R,,
H; = F,H;.
Finally, combine equations (50) and (54) through (55) to get

Xitr1 Xt
Y Vi1
AyE, \Z =A| vi1 |, (58)
Ziq Z
€t+1 &

12



4,
Let’s consider a variant of the model previously discussed. There are two differences. The
first is that fiscal policy is no a function of employment, rather than output. The second
is that government spending depends of 4 lags of spending and employment rather than 2.

(The tax rates still depend on two lags.)

[ Sl 0 Hl 0 T
(2x5) (2x4) (2x3) (2x3)

0 I, 0
(4x5) (4x3) (4x3)
—| F H, -1
Ay = (3><05) (3x4) (3x§) ’
0 I 0
(3x5) (3x4) (3x3)
0 I5

L (3x5) (3x4) (3x3)
S, 0 H, 0

(2x5) (2x4) (2x3) (2x3)

Rl H3
(4x5) (4x4) (4x3) (4x3)
A, = F, F, H; 0

(3x5) (3x4) (3x3) (3x3)

0 0 P, 0
(3x5) (3x4) (3x3) (3x3)

0 0 0 b,
_(3><5) (3x4) (3x3) (3><3)_

The system is completed with arestriction on its innovation process:

Fii1 ki1 )
Yi Yi
Vi — Ei Vi

Ziy1 Zi 11

&1 ) )

0
(5x1)
Vit1

Ct+1

(59)

And, recalling equation (51), the variables of most interest can be recovered with

RU 0 HO
Wy (9x5)  (9x4) (9x3) (9x3)
Z = 0 0 Ig

(3x5)  (3x4) (3x3)
& 0 0 0

(3x5) (3x4) (3x3)

Xt

Yi1

Vi1 . (60)
Zy

£

The Simplified Modd with Fiscal Policy Feedback Rules: Version 2

The first effect of these changes is that equation (54) becomes

Et{[ﬁo I; } <‘€:;11 ) —£t+1}_f‘1<

13
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F3<Z&—2 >+F4<Z§—3 )
Vi_2 Vi3

Note that the first 2 rows of F'5 and F, consist of zeros.

In addition, equation (55) becomes

7,
Vi

RlE

H;

S0 that

AE,

&
I

) = Rix; + H3z,

[ —A3/A0 O (1;—1‘”’)%
0 1 0
0 0 1
0 0 0
As/do 0 =3/
0 0 0
0 0 0
0 0 0
Xﬁl )
b
Vi
)
Vi1 =A
s
Vi-2
Zit1
£t+1 /
Sy 0 0 0
(2x5) (2x4) (2x4) (2x4)
0 I, 0 0
(4%5) (4x4) (4x4)
0 0 I, 0
(4x5) (4x4) (4x4)
0 0 I,
(4x5) (4x4) (4x4)
Fy 0 0
(3x5) (3x4) (3x4) (3x4)
0 0 0
(3x5) (3x4) (3x4) (3x4)
L (3x5) (3x4) (394) (3x4)

(62)
0 (AM+1)/X
0 0
0 0 ’
1 0
Xt
by
Vi1
-
Y\t—2 ) (63)
i3
Vi3
Z
&
H, 0 ]
(2x3)  (2x3)
0 0
(4x3) (4x3)
0 0
(4x3) (4x3)
(4x3) (4x3) ?
Hy -1
(3x3)
I3 0
(3x3)
0 I
(3x3) i
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S 0 0 0 H, 0

(2x5)  (2x4) (2x4) (2x4) (2x3) (2x3)

R, 0 0 0 H; 0

(4x5)  (4x4) (4x4) (4x4) (4x3) (4x3)

0 I 0 0 0 0

(4x5) (4x4) (4x4) (4x3) (4x3)

— 0 I 0 0 0

A= (4x5)  (4x4) * (4x4) (4x3) (4x3) |

F, ¥, F; F, H; 0

(3x5) (3x4) (3x4) (3x4) (3x3) (3x3)

0 P, 0

(3x5) (3x4) (3x4) (3x4) (3x3) (3x3)

0 0 0 0 0 P,

| (3x5) (3x4) (3x4) (3x4) (3x3) (3x3) ]

with Fy, Hy, F, and H; computed as before, but with the revised values of Ry and Hs.

The system is completed by restricting its innovation process:

( /k\/’tJrl ( 7€\t+1 1)
4 4
Vi Vi
by b 1)
Y\t—l — E Y\t—l ¢ (= Vi (64)
bi_g li_o Cr1
Vi_2 Vi—2
Zy 11 Zy 1
\ €t+1 \ £t+1 J )
And, recalling equation (51), the variables of most interest can be recovered with
Xy
by
Ry 0 H, 0 Vi1
Wi (9%5) (9?) 12) (9Ix3) (9%3) Ui o
Z (3x5) (3x12) s (3x3) Vi-2 (65)
&, 0 0 I5 ly_3
(3x5) (3x12) (3x3) Vi3
Zy
3

5.  TheSimplified Mode with Fiscal Policy Feedback Rules: Version 3
Let’s consider a yet another variant of the models previously discussed. This version is the

same as version 2, except that labor taxes depend on both employment and output.

15



Thefirst effect of these changesis that equation (54) becomes

ES|[Fo L | b | —&np=F| & | +F| by |+ (66)
Vil Vi Vi
Yi—2 Vi3
Fs| by | +Fs| 0s
Vi_2 Vi3

Note that the first 2 rows of F; and F4 consist of zeros.

In addition, equation (55) becomes

Yt
Z& = Rix; + Hsz,, (67)
Vi
A2 0 (1;;% 0 A+l
~A3/X 0 —23— 0 (A +1)/N
R _ (l—TL))\o
1= 0 1 0 0 0 ’
0 0 1 0 0
L 0 0 0 1 0 i
[ X 0 Ay ]
)\3/)\0 0 —)\3/)\0
H; = 0 0 0
0 0 0
0 0 0
so that i
( Xi+1 ) Xt
2 by
Vi Vi1
AE, b = A bis ) (68)
Vi1 Vi_2
oo s
by o b3
Vi_2 Vi3
Zi 11 Zy
\ £t+1 ) St
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Ao

Ay

- S,
(2x5)

0
(5x5)

0
(5x5)
0
(5%5)
Fo
(3x5)

0
(3x5)

0
(3x5)
Sy
(2x5)
R,
(5%5)
0
(5x5)
0
(5x5)
F,
(3x5)

0
(3x5)

0
(3x5)

0
(2x5)

I;

(5x5)

0
(5%5)

0
(3x5)

0
(3x5)

0
(3x5)

0

(2x5)

(5x5)
I;

(5x5)
F,
(3x5)

(3x5)

0
(3x5)

0
(2x5)

0
(5x5)
I5

0
(5%5)

0
(3x5)
0
(3x5)
0
(3x5)

0

(2x5)

0
(5x5)

0
(5x5)

I;

F;
(3x5)
0
(3x5)

0
(3x5)

0
(2x5)

(5x5)

0
(5x5)

(3x5)
(3x5)
(3x5)
(2x5)

0
(5x5)
0
(5x5)
0
(5x5)
F,
(3x5)

0
(3x5)

0
(3x5)

H,
(2x3)

(5x3)
(5x3)
(5%3)

(3x3)

(3x3)

@,
(3x3) |

with ¥y, Hy, F; and H5 computed as before, but with the revised values of Ry and Hs.

The system is completed by restricting its innovation process:

(

\

ki1
0
”
Vi
)
Vi1
i
ly_g
Vio
Zi

€t+1

— L <

(

\

K1
Yi

b

Ithl
by

\

V

\

/

(16x1)
Vi1

Ct+1

(69)

And, recalling equation (51), the variables of most interest can be recovered with
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Wi
Zy

£

Ry
(9%5)
(395)

(395)

(9x015)

(3>915)

0

(3x15)

H,
(9%3)
I

(393)

0

(9%3)

0

(3x3)

Iy

18

Xy
Yt—1
b
Vi1
Yt—2
b
Vi2
Yi—3
b
Vi3

Zy

£

(70)



