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2. Ramsey (1928)-Cass-Koopmans Model

(a) Simpli�cations
Perfect foresight
Labor inelastically supplied

(b) Producer's problem
Production function

Yt = F
�

K P
t ; AtLP

t

�
;

F (�; �) is HD 1, twice differentiable, concave and
increasing, withF (0; 0) = 0 .
For K P

t ; AtLP
t > 0, F (�; �) is strictly increasing and

strictly concave in each argument.
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2. Ramsey-Cass-Koopmans Model

(b) Producer's problem
Producers operate under perfect competition, solve:

max
K P

t � 0;L P
t � 0

F
�

K P
t ; AtLP

t

�
� r tK P

t � WtLP
t :

r t is the rental price of capital andWt the real wage
(output is the numeraire).
Assume that there areNt workers.
De�ne

kP
t =

K P
t

A tNt
; `P

t =
LP

t

Nt
;

yt =
Yt

A tNt
; wt =

Wt

A t
:
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2. (b) Producer's problem
Constant returns to scale imply

yt = F
�

kP
t ; `P

t

�
;

so that the producer's problem becomes

max
kP

t � 0;`P
t � 0

F
�

kP
t ; `P

t

�
� r tkP

t � wt `P
t :

The FOC are

r t =
@F

�
kP

t ; `P
t

�

@kPt
;

wt =
@F

�
kP

t ; `P
t

�

@P̀
t

:
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2. (b) Producer's problem
It follows from Euler's law that

wt `P
t = yt � r tkP

t :

In equilibrium,`P
t will equal 1, so that

yt = F
�

kP
t ; 1

�
� f

�
kP

t

�
; (PRF)

r t = f 0
�

kP
t

�
; (MPK)

wt = f
�

kP
t

�
� f 0

�
kP

t

�
kP

t : (MPL)
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2. (c) Representative household
Each member inelastically supplies 1 unit of labor.
Owns and rents out capital
Household solves

max
f Ct ;I t ;L t ;K t +1 g1

t =0

X 1

t=0
� tNtu (Ct=Nt )

s:t: Ct + I t = r tK t + WtL t ; (FBC)

K t+1 = (1 � � ) K t + I t ; (CA)

L t 2 [0; Nt ] ;

Ct � 0;

K 0 given;

with � 2 (0; 1) ; u0(�) > 0; u00(�) < 0.
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2. (c) Representative household
Note thatK t < 0 ) borrowing.
Combine (FBC) and (CA) to get

Ct + K t+1 = RtK t + WtL t ; (FBC0)

Rt � r t + (1 � � ) :

Iterate on (FBC0):

RtK t = Ct � WtL t +
1

Rt+1
Rt+1 K t+1

= Ct � WtL t

+ R� 1
t+1 [Ct+1 � Wt+1 L t+1 + K t+2 ] ;

...
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2. (c) Representative household
Iterating on (FBC0) will yield a bounded sum only if

lim
J !1

0

@
J � 1Y

j =1

R� 1
t+ j

1

A K t+ J = 0:

De�ne

ct =
Ct

A tNt
:
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2. (c) Representative household
The per-effective-worker problem is

max
f ct ;` t ;kt +1 g1

t =0

X 1

t=0
� tNtu (A tct )

s:t: ct +
A t+1 Nt+1

A tNt
kt+1 = Rtkt + wt ` t ; (FBC00)

k0 given; (K0)

` t 2 [0; 1]; (TE)

ct � 0;

lim
J !1

0

@
J � 1Y

j =1

R� 1
t+ j

1

A A t+ J Nt+ J kt+ J = 0: (NPG)
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2. (c) Representative household
Informal homework: show that the �rst order
conditions are

u0(A tct ) = �u 0(A t+1 ct+1 ) Rt+1 ; (EE)

` t = 1: (LL)

and that the no-Ponzi-game condition becomes

lim
J !1

� J u0(A t+ J ct+ J ) A t+ J +1 Nt+ J +1 kt+ J +1 = 0:

(TVC)
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2. (d) Equilibrium
The resource constraint is:

yt = F
�

kP
t ; `P

t

�

= ct +
A t+1 Nt+1

A tNt
kt+1 � (1 � � ) kt : (RC)

We also need
ct � 0; kt � 0: (NNG)
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2. (d) Equilibrium
Given the initial stockk0 and the sequences
f A t ; Ntg

1
t=0 , an equilibrium consists of the

sequencesf ct ; kt+1 ; ` t ; r t ; wtg
1
t=0 such that:

Given the sequence of pricesf r t ; wtg,
f ct ; ` t ; kt+1 g solves the consumer's problem, and�

kP
t = kt ; `P

t = ` t
	

solves the producer's problem.
Markets clear: (RC), (TE) and (NNG) are
satis�ed.

Comment: The market clearing conditions are
redundant.
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2. (d) Equilibrium
Combine (RC), (EE), (LL), (PRF), and (MPK) to get

A t+1 Nt+1

A tNt
kt+1 = f (kt ) + (1 � � ) kt � ct ;

u0(A tct ) = �u 0(A t+1 ct+1 )
�
f 0(kt+1 ) + 1 � �

�
:

These two equations, along with (K0), (TVC),
(NNG), and the sequencesf A t ; Ntg describe the
economy.
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2. (e) Specialization
Cobb-Douglas production function

F (K; AL ) = K � (AL )1� � ;

) f (k) = k� ; � 2 (0; 1) :

Logarithmic utility

u (c) = ln ( c) :
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2. (e) Specialization
Constant population and productivity growth:

Nt = N0N t ; N0; N > 0; �N < 1;

A t = A0A t ; A0; A > 0:

De�ne

� = A� � 1 � 1;
� = AN � 1;
� > �:

If N = 1 + n, A = 1 + a, � = 1=(1 + � ):

� � � + a;
� � n + a:
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2. (e) Specialization
The capital accumulation equation becomes

(1 + � ) kt+1 = f (kt ) + (1 � � ) kt � ct (CA0)

= k�
t + (1 � � ) kt � ct :

The Euler equation becomes

1
A tct

=
1

A t+1 ct+1
�

�
f 0(kt+1 ) + 1 � �

�
;

ct+1

ct
= �A � 1 �

f 0(kt+1 ) + 1 � �
�

=
1

1 + �

�
�k � � 1

t+1 + 1 � �
�

: (EE0)
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2. (e) Specialization
The economy follows (CA0), (EE0) and

lim
J !1

(�N )J kt+ J +1

ct+ J
= 0; (TVC0)

k0 given: (K00)
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2. (f) Steady State

ct+1 = ct = css;

kt+1 = kt = kss;

) Rt = R;

) wt = w (by (MPL)):

Whenf (0) = 0 , 9 a degenerate steady state at
k = c = 0 .
With � > � , 9 a non-degenerate steady state if

lim
k! 0

f 0(k) > � + � > lim
k!1

f 0(k) :
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2. (f) Steady State
It follows from (EE0) thatc is constant when

1 =
1

1 + �

�
�k � � 1 + 1 � �

�
;

) k = kss � f 0(kss) = � + �;

kss =
�

�
� + �

� 1
1� �

:

Steady-state capital is pinned down by the Euler
Equation: this does notrequireu(�) = ln( �).
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2. (f) Steady State
It follows from (CA0) thatk is constant when

c = f (k) � (� + � ) k

= k� � (� + � ) k

) css = k�
ss � (� + � ) kss

= kss

�
� + �

�
� (� + � )

�
;
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2. (f) Steady State
In a steady state, per-effective-worker quantities are
constant, but total quantities grow at the rates:

Ct = A tNtct

) GC �
Ct+1

Ct
=

A t+1 Nt+1 ct+1

A tNtct
= GAGN Gc;

) GC = NA � 1 = 1 + �;
GY = GK = 1 + �;
GL = N;

GW = A:

kt+ J +1 =ct+ J is constant, and (TVC0) holds iff
�N < 1.
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2. (g) Phase Diagram
It follows from (CA0) that

kt+1

kt
> 1 ,

1
kt

�
1

1 + �
[f (kt ) + (1 � � ) kt � ct ]

�
> 1

,
1
kt

[f (kt ) � ct ] > � + �

, k� � 1
t �

ct

kt
> � + �:

kt+1 =kt always decreases inct .
kt+1 = f (kt ) + (1 � � ) kt � ct increases inkt .
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2. (g) Phase Diagram
Sustainable consumption,f (k) � (� + � ) k,
ultimatelydecreases ink, as lim

k!1
�k � � 1 = 0 , and

@c
@k

�
�
�
�
kt +1 = kt

= f 0(k) � (� + � )

= �k � � 1 � (� + � ) :

These results do notrequiref (�) to be Cobb-Douglas.
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2. (g) Phase Diagram
It follows from (EE0) and (CA0) that

ct+1

ct
> 1 , f 0(kt+1 ) > f 0(kss)

, kt+1 =
1

1 + �
[f (kt ) + (1 � � ) kt � ct ] < k ss:

Holding u0(ct ) �xed, higher MPK ) u0(ct+1 ) lower,
ct+1 higher.
Sincekt+1 increases inkt and decreases inct , ct+1 =ct
decreases inkt and increases inct .
These results do notrequireu(�) = ln( �) or for f (�) to
be C-D.
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2. (g) Phase Diagram

capital, k

�' c = 0 �œ [f(k) + (1 – �G)k – c] = kss

co
ns

um
pt

io
n,

 c

�' k= 0 �œc = f(k) – (�T+ �G)k

kss

css

Saddle Path

1 + �T
1

capital, k

�' c = 0 �œ [f(k) + (1 – �G)k – c] = kss

co
ns

um
pt

io
n,

 c

�' k= 0 �œc = f(k) – (�T+ �G)k

kss

css

Saddle Path

1 + �T
1

1 + �T
1
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2. (g) Phase Diagram
Saddle-path stability.

The economy appearsto exhibit
saddle-path stability: for any value ofk0, there is
a unique value ofc0 that allows the economy to
follow (EE0) and (CA0) without violating either
(TVC0) and/or (NNG).
To verify that the economy is saddle-path stable,
we would have to linearize and analyze (EE0) and
(CA0) around the steady state. This can be done.
Saddle-path stability implies that consumption
can be written as a single-valued function of
capital:ct = c(kt ).
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