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1. Overview

(a) Growth vs. Cycles
Traditional (Postwar) Approach

Growth modelled with Ramsey model: general
equilibrium with market clearing.
Growth dynamics due to technology.
Business cycles modelled with IS-LM model,
augmented by Phillips (AS) curve.
Business cycle dynamics due to aggregate demand
shocks.
Debate between Keynesians and Monetarists
about importance of money.
Government intervention usually viewed as
productive.
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1. Overview

(a) Growth vs. Cycles
Real Business Cycle (RBC) approach

Business cycles modelled with stochastic version
of Ramsey model: stochastic dynamic general
equilibrium (SDGE) modelling.
Business cycle dynamics due to real shocks,
mainly technology and �scal policy.
Money has no role in the baseline model.
Government intervention unnecessary
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1. Overview

(b) Methodological differences
Keynesian approach

Emphasis on predicting effects of
disturbances—impulse response functions—and
explaining particular events.
Model estimated from aggregate data.

RBC approach
Emphasis on explaining correlations in the data.
Models calibrated, often with micro data, and
simulated.
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1. Overview

(c) Convergence?
RBC models estimated from aggregate data.
More emphasis on impulse response functions
Neo-Keynesians: derive Keynesian relationships
from optimizing behavior. Typically use SDGE
models.
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1. Overview

(d) Outline
i. Overview

ii. Growth accounting: How to derive technology
shocks

iii. The household's dynamic labor supply problem:
Heart of the model

iv. Saddle-path Stability in vector LEDEs: Background
to numerical solution

v. The baseline RBC model and its numerical solution
vi. Analysis of the baseline model

vii. Criticisms and extensions
viii. Evaluation

701: RBC Background – p. 6/40



2. Growth Accounting

(a) Solow's (1957) derivation
Start with a standard production function:

Y (t) = F (K (t) ; A (t) N (t)) :

Differentiate wrt time:

_Y (t) =
@Y(t)

@t

= F1 _K (t) + F2

�
_A (t) N (t) + A (t) _N (t)

�
:
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2. Growth Accounting

(a) Solow's (1957) derivation
The net growth rate of output,gY (t), thus follows

gY (t) �
_Y (t)
Y (t)

= F1
K (t)
Y (t)

_K (t)
K (t)

+ F2
A (t) N (t)

Y (t)

 
_A (t)

A (t)
+

_N (t)
N (t)

!

;

= F1
K (t)
Y (t)

gK (t) + F2
A (t) N (t)

Y (t)
[gN (t) + gA (t)] ;
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2. (a) Solow's (1957) derivation
If F (�; �) is HD1,

F1K + F2AN
Y

= 1;

and if there is perfect competition, so that wages
equalAF2, then

1 � � K �
Labor Income

Y
=

F2AN
Y

;

gY = � K gK + (1 � � K ) (gN + gA ) ;

gY � gN = � K (gK � gN ) + (1 � � K ) gA :

(1 � � K ) gA is the Solow residual.
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2. (a) Solow's (1957) derivation
The Solow residual is

SRt = (1 � � K ) gA

= ( gY � gN ) � � K (gK � gN )

= gY � � K gK � (1 � � K )gN :

ApproximategY , etc., with �rst differences of logs:

SRt � [� ln ( Yt ) � � ln ( Nt )]

� � K [� ln ( K t ) � � ln ( Nt )] :
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2. Growth Accounting

(b) Cobb-Douglas derivation

Yt = K �
t (A tNt )

1� � ;

(1 � � ) ln (A t ) = ln ( Yt ) � � ln (K t ) � (1 � � ) ln (Nt ) :

(c) Growth Accounting
Decompose per capita output growth into capital
accumulation and technical progress ((1 � � K ) gA ).
Ex. Young (1995) argues that most of the East Asian
“miracle” is due to growth in inputs.
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2. Growth Accounting

(d) Problems
Rigid assumptions

CRTS and perfect competition
Hall (1988) found increasing returns.
More recent studies �nd roughly CRTS.

Capital mismeasurement
Utilization: capital stock vs. capital services.
Burnside, Eichenbaum and Rebelo (1995) proxy
for utilization with energy use.
Quality adjustments
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2. Growth Accounting

(d) Problems
Labor mismeasurement

Utilization: workers can vary effort as well as
hours.
Labor hoarding: during recessions, �rms reduce
labor effort before reducing hours and/or
employees.
Quality adjustments such as level of education

Jorgenson and Griliches (1967) show that a large part
of technical progress can be explained by improved
quality.
Utilization errors might average out over long-run.
Quality errors probably do not.
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3. The Household's Dynamic Labor Supply Problem

(a) Household's problem
Owns and rents out capital
Each member supplies up to 1 unit of labor.
Members receive utility from consumption and
leisure.
Assume perfect foresight (for now).
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3. The Household's Dynamic Labor Supply Problem

(a) Household's problem
Household solves

max
f Ct ;I t ;L t ;K t +1 g1

t =0

1X

t=0

� tNt

"

ln
�

Ct

Nt

�
+ �

(1 � L t=Nt )
1� 
 � 1

1 � 


#

s:t: Ct + I t = r tK t + WtL t ; (FBC)

K t+1 = (1 � � ) K t + I t ; (CA)

L t 2 [0; Nt ] ;

K 0 given; Ct � 0:

Parameter restrictions:� > 0, 
 � 0, 0 < � < 1.
1 � L t=Nt is per capita leisure.
Note thatK t < 0 ) borrowing.

701: RBC Background – p. 15/40



3. The Household's Dynamic Labor Supply Problem

(a) Household's problem
Combine (FBC) and (CA) to get

Ct + K t+1 = RtK t + WtL t ; (FBC0)

Rt � r t + (1 � � ) :

Iterate on (FBC0):

RtK t = Ct � WtL t +
1

Rt+1
Rt+1 K t+1

= Ct � WtL t

+ R� 1
t+1 [Ct+1 � Wt+1 L t+1 + K t+2 ] ;

...
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3. (a) Household's problem
Iterating on (FBC0) will yield a bounded sum only if

lim
J !1

0

@
J � 1Y

j =1

R� 1
t+ j

1

A K t+ J = 0:

De�ne

ct =
Ct

A tNt
; ` t =

L t

Nt
;

kt =
K t

A tNt
; wt =

Wt

A t
:
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3. (a) Household's problem
Constant population and productivity growth:

Nt = N0N t ; N0; N > 0; �N < 1;

A t = A0A t ; A0; A > 0:

The per-effective-worker problem:

max
f ct ;kt +1 ;` t g

1
t =0

X 1

t=0
(�N )t

"

ln (A tct ) + �
(1 � ` t )

1� 
 � 1
1 � 


#

;

s:t: ct + ANk t+1 = Rtkt + wt ` t ;

` t 2 [0; 1] ; k0 given; ct � 0;

lim
J !1

0

@
J � 1Y

j =1

R� 1
t+ j

1

A A t+ J Nt+ J kt+ J = 0:
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3. The Household's Dynamic Labor Supply Problem

(a) Household's problem
The �rst order conditions are

1
ct

= �A � 1 1
ct+1

Rt+1 ; (EE)

u0(A tct )A twt = v0(1 � ` t )

,
1
ct

wt = � (1 � ` t )
� 
 : (LL)
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3. The Household's Dynamic Labor Supply Problem

(b) Balanced growth path
Data suggest that per capitaoutput, capital and
consumption grow at rateA. Per capita labor
constant.
Does this result hold here?
Suppose that per-effective worker consumption,c,
and the effective wage,w, are constant.
Then (LL) implies

G� 

1� ` =

Gw

Gc
= 1

) G1� ` = 1 ) G` = 1:

Many utility functions do not deliver this.
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3. The Household's Dynamic Labor Supply Problem

(c) The effect of “interest rate” changes on saving
Substitution effect: IncreasingRt+1 lowers price of
future consumption, induces more saving.
Income effect

Positive assets: IncreasingRt+1 raises future
income and consumption, lowers futureMUC ,
induces less saving.
Negative assets (borrowing): IncreasingRt+1
lowers future income and consumption, raises
futureMUC , induces more saving.
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3. (c) The effect of “interest rate” changes on saving
Illustrate I/S effects with the Euler equation for a
two-period model:

1
c1

= �A � 1 1
R2k2 + w2`2

R2;

General (empirical) consensus
Consumers are net savers: the aggregate income
effect of higher interest rates is to lower saving.
The substitution effect weakly dominates: saving
increases in interest rates.
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3. The Household's Dynamic Labor Supply Problem

(d) Labor-leisure trade-off
MUC � wage= MUL
Wealth effects: Holdingwt constant, higher
permanentincome raises current consumption,
lowers marginal bene�t of working.

Higher assets
Higher current or future non-labor income
Higher current or future labor income
Increasing non-labor component of permanent
income lowers labor supply.
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3. (d) Labor-leisure trade-off
Effect of increasing the currentwage

Substitution effect: holdingMUC �xed, raising wt
increases marginal bene�t of working.
Income effect: raisingwt increasesyP

t , lowers
MUC and marginal bene�t of working.

General (empirical) consensus
Temporary wage increases generate more hours.
Small income effect.
Permanent wage increases generate no more
hours. Income and substitution effects offset.
Consistent with long-term data.
Our speci�cation delivers this.
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3. The Household's Dynamic Labor Supply Problem

(e) Labor supply curve
Rearrange (LL) to get

` t = 1 � (ct � )1=
 w� 1=

t :

Frisch supplycurve

` t = f (wt ; MUC ) = f
�

wt ; yP
t

�
:

Consider effects of changing wages withMUC
held constant.
Wealth effects ignored.
Note: MUC can depend on things besidesyP

t .
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3. (e) Labor supply curve
“Regular” labor supply curve: Recognizes that
� wages) � wealth) � MUC .

Labor hours, l

Frisch  supply curve: 
l = 1 – (c0�F)1/�Jw -1/�J

W
ag

e
s Labor supply curve: 

wage changes temporary

Labor supply curve: 
wage changes permanent

l = 1 – (c1�F)1/�Jw -1/�J

l = 1 – (c2�F)1/�Jw -1/�J

Labor hours, l

Frisch  supply curve: 
l = 1 – (c0�F)1/�Jw -1/�J

W
ag

e
s Labor supply curve: 

wage changes temporary

Labor supply curve: 
wage changes permanent

l = 1 – (c1�F)1/�Jw -1/�J

l = 1 – (c2�F)1/�Jw -1/�J
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3. The Household's Dynamic Labor Supply Problem

(e) Labor supply curve
Persistent wage changes produce a steeper curve.
Both types of curves shifted by non-labor wealth.
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3. The Household's Dynamic Labor Supply Problem

(f) Intertemporal elasticity of substitution of labor
(IES L or Frisch elasticity).

Measures willingness to vary labor over time,
holdingMUC (wealth) constant:

IES L =
d ln (`1=`2)

d ln (w1=w2)

�
�
�
�
MU C

:

Derivation
Combine (EE) and (LL)

�
(1 � `1)� 


w1
= �A � 1�

(1 � `2)� 


w2
R2:
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3. (f) IES L

Derivation
Note that the household smooths leisure as well as
consumption.
For example, interest rates affect labor supply.
Rearrange the previous equation:

�A � 1R2

�
w1

w2

�
=

(1 � `1)� 


(1 � `2)� 
 ;

ln
�
�A � 1R2

�
+ ln

�
w1

w2

�
= � 
 ln (1 � `1) + 
 ln (1 � `2) ;

= � 

�

ln (1 � exp (ln `1))

� ln (1 � exp (ln `2))
�
:
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3. (f) Derivation
Implicitly differentiate:

d ln
�

w1

w2

�
= 


exp (ln (`1))
1 � exp (ln (`1))

d ln (`1)

� 

exp (ln (`2))

1 � exp (ln (`2))
d ln (`2) :

Now assume that̀1 = `2 = `:

d ln
�

w1

w2

�
= 


`
1 � `

d ln (`1) � 

`

1 � `
d ln (`2)

= 

`

1 � `
[d ln (`1) � d ln (`2)]

= 

`

1 � `
d ln

�
`1

`2

�
:
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3. (f) Derivation
Finally, we get

IES L =
d ln (`1=`2)

d ln (w1=w2)

�
�
�
�
MU C

=
1



�
1 � `

`

�
:

Tip: 
 = 0 ) utility is linear in leisure) IES L is
in�nite.

Key parameter
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3. (g) Non-Separable Preferences (Low, 2005)
Household solves

max
f ct ;kt +1 ;` t g

1
t =0

E0

� X 1

t=0
(�N )t u (A tct ; 1 � ` t )

�
;

s:t: ct + ANk t+1 = Rtkt + wt ` t ;

` t 2 [0; 1];

and the other usual constraints.
The �rst-order conditions are

uAc (A tct ; 1 � ` t ) A t = � t ;

u1� ` (A tct ; 1 � ` t ) = � twt ;

� t = �A � 1Et (Rt+1 � t+1 ) :

where� t is the multiplier on the budget constraint.
701: RBC Background – p. 32/40



3. (g) Benchmark utility speci�cation is isoelastic
Cobb-Douglas:

u (A tct ; 1 � ` t ) =
1

1 � 


�
(A tct )� (1 � ` t )1� � � 1� 


The derivatives of this function are

uAc = � (1 � 
 )
1

A tct
u (A tct ; 1 � ` t ) ;

u1� ` = (1 � � )(1 � 
 )
1

1 � ` t
u (A tct ; 1 � ` t ) ;

u1� `;Ac =
� (1 � � )(1 � 
 )2

(1 � ` t )A tct
u (A tct ; 1 � ` t ) :
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3. (g) Non-Separable Preferences (Low, 2005)
Key issue: Is consumption at time-t a substitute or a
complement for leisure at time-t?

This depends on the sign of the cross-partial
derivativeuAc;1� ` (�): uAc;1� ` > 0 implies
complements.
For the benchmark speci�cation,

u1� `;Ac = � (1 � � )(1 � 
 )

� (A tct )� (1� 
 )� 1(1 � ` t )(1� � )(1� 
 )� 1:

This term will be negative if
 > 1.
Baseline assumption:
 = 2:2 ) consumption and
leisure are substitutes.
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3. (g) Combining �rst-order conditions yields

u1� ` (A tct ; 1 � ` t ) = uAc (A tct ; 1 � ` t ) A twt :

With the baseline preferences, this becomes

1 � �
1 � ` t

= �
wt

ct
;

) ` t = 1 �
�

1 � �
�

�
ct

wt
:

This speci�cation produces constant hours along a
balanced growth path.

King et al. (1989) provide a general set of
conditions.
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3. (g) Non-Separable Preferences (Low, 2005)
Data Puzzle 1

Consumption tracks income over the life-cycle:
Inconsistent with consumption smoothing.
If consumption and leisure are substitutes, people
working more hours will consume more)
consumption tracks income (Heckman, 1974).

Data Puzzle 2
There is a discrete drop in consumption
immediately after retirement: Inconsistent with
consumption smoothing.
If consumption and leisure are substitutes,
consumption will drop at retirement (French,
2005, Aguiar and Hurst, 2005).
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3. (g) Non-Separable Preferences (Low, 2005)
Data Puzzle 3

Low-wage young people work many hours,
high-wage old people work fewer hours:
Inconsistent with the intertemporal substitution of
labor.
Young people work long hours to fund
precautionary saving.
This precautionary saving builds up assets, and
reduces the need to work when old.
This result does notrequire non-separable
preferences.
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4. Saddle-Path Stability in Vector Linear Expectation
Difference Equations

(a) Background
We will work with

Et (y t+1 ) = By t : (LEDE)

Eigenvalues and eigenvectors. If

Ba = � a,

a is an eigenvector ofB , and� is the associated
eigenvalue.
Analysis in technical handout.
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4. Saddle-Path Stability in Vector LEDEs

(b) Rule of Thumb
Suppose there aren sets of initial conditions and a
general non-explosiveness condition.
Suppose further that matrixB hasm eigenvalues
wherej� j < 1 (no � : j� j = 1 ).
If m < n , equation (LEDE) will have no
non-explosive solutions that also satisfy all of the
initial conditions.
If m > n , there will be an in�nity of solutions.
If m = n, there will be exactly one processf y tg that
works.
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4. Saddle-Path Stability in Vector LEDEs

(c) Issues
How do we �nd the eigenvalues ofB? Often
numerically.
Which elements off y tg should be subject to initial
conditions?

“State variables” such as capital stocks or
exogenous shocks should obey initial conditions.
“Control variables” such as consumption, output
or asset prices should not.
Then when our system is saddle-path stable, the
control variables are exact linear functions of the
states—just asct = c(kt ) in the Ramsey model.
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