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1. Overview

(a) Two Underlying Assumptions
Spillovers (externalities) among agents

Technology spillovers (Paul Romer, 1986):

yi = f
�

ki ; ` i ;
X

j
kj

�
:

Demand externalities: Blanchard and Kiyotaki
(1987), Murphy et al. (1989).
Search/communication externalities: Diamond
(1982), Howitt and McAfee (1992).
Sociological spillovers: neighborhood effects.

Lack of markets to “deal” with these effects = lack of
explicit coordination mechanism.
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1. Overview

(b) Features (Results)
Multiple rational expectations equilibria:
Self-ful�lling prophecies.
Inef�ciency: Equilibria are Pareto-rankable.
Sunspots: Expectations-driven �uctuations.
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2. Spillovers and Strategic Complementarities

(a) Bryant (QJE, 1983)
Setup

N identical agents.
Endowment:E units of “effort” per agent.
Preferences for agenti

ui = U (ci ) + V (E � ei ) ;

with U0> 0, V0> 0, U00� 0, V00� 0, and
U0(0) � V0(E) > 0.

Production technology: Leontief

Y = N � min f e1; e2; :::; eN g;

yi = N � 1Y
= min f e1; e2; :::; eN g:
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2. Spillovers and Strategic Complementarities

(a) Bryant (QJE, 1983)
Production technology in the Bryant Model

e i

yi

min {e j}

Agent i ’s Production 
Function

45º

{j �zi}
e i

yi

min {e j}

Agent i ’s Production 
Function

45º

{j �zi}
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2. Spillovers and Strategic Complementarities

(a) Bryant (QJE, 1983)
Setup

Storage technology: none) ci = yi .
De�ne ei

min = min
j 6= i

f ej g. Then

@U(ci (ei ))
@ei

=

(
U0(ei ) ; ei < e i

min ;
0; ei > e i

min ;
:
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2. Spillovers and Strategic Complementarities

(a) Bryant (QJE, 1983)
Cooperative equilibrium:

Symmetry (as excess effort is wasted) implies

ci = yi = y = e = ei :

Social planner solves

max
0� e� E

U (e) + V (E � e) ;

First-order condition:

U0(e) � V0(E � e) � 0:

Let e� be the largest solution.
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2. Spillovers and Strategic Complementarities

(a) Bryant (QJE, 1983)
Nash (uncooperative) equilibrium

Any e � e� constitutes a symmetric Nash
equilibrium.
Proof.ei

min = e implies that

@
@ei

�
U (ci (ei )) � V (E � ei )

�
=

8
><

>:

U0(ei ) � V0(E � ei ) � 0; ei < e � e� ;
U0(ei ) � V0(E � ei ) < 0; e� < e i < e;
� V0(E � ei ) < 0; ei > e;

:
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2. Spillovers and Strategic Complementarities

(b) Cooper and John (1988)
General conditions for multiple equilibria
N identical agents: each chooses effortei 2 [0; E].
Payoff function for agenti

Deal with symmetric case:

ui = � (e1; e2; :::; ei ; :::; eN )

= � (ei ; e� i ) ;

whereej = e� i , 8j 6= i .
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2. (b) Cooper and John (1988)
Payoff function for agenti : ui = � (ei ; e� i )

Technicalities

lim
e! 0

@�(e; e)
@ei

> 0; lim
e! E

@�(e; e)
@ei

< 0;

@2� (ei ; e� i )
@e2i

< 0;

Interiority assumptions.
Positive spillovers

@�(ei ; e� i )
@e� i

> 0:
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2. (b) Cooper and John (1988)
Payoff function for agenti : ui = � (ei ; e� i )

Strategic Complementarities

@2� (ei ; e� i )
@ei @e� i

> 0:

Strategic complementaries and positive spillovers
are notthe same. Spillovers involve total returns;
str. comps involve marginal returns.
For example, consider

max
0� e� E

U (e � e� i ) + V (E � e)

If U is increasing and concave,U is decreasing in
e� i , butU0 is increasing. 701: Multiple Equilibria Intro – p. 11/26



2. (b) Cooper and John (1988)
Symmetric Nash Equilibria (SNE)

Agent i has a reaction functione�
i (e� i ) where

@�(ei ; e� i )
@ei

�
�
�
�
ei = e�

i (e� i )
= 0:

An SNE hase�
i (e� ) = e� , so that

@�(ei ; e� )
@ei

�
�
�
�
ei = e�

= 0: (SNE)
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2. (b) Strategic Complementarity is necessary for multiple
SNE.

Proof: Multiple SNE require that over a range
e�

i (e� i ) has a positive slope.

e-i

e i
45°

e*1 e*2 e*3

e*(e-i )i

e-i

e i
45°

e*1e*1 e*2e*2 e*3e*3

e*(e-i )i
e*(e-i )i
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2. (b) Cooper and John (1988)
Strategic Complementarity is necessary for multiple
SNE.

Proof (continued): Find the slope ofe�
i (e� i ) by

implicitly differentiating equation (SNE):

@�(e� ; e� )
@ei

= 0

)
@2� (e� ; e� )

@2ei
dei +

@2� (e� ; e� )
@ei @e� i

de� i = 0;

)
de�

i (e� i )
de� i

= �
@2� (e� ; e� )

@ei @e� i

. @2� (e� ; e� )
@2ei

> 0

,
@2� (e� ; e� )

@ei @e� i
> 0:
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2. (b) Cooper and John (1988)
Symmetric Cooperative Equilibria

In an SCE,ei = e�� , with

@�(e; e)
@e

�
�
�
�
e= e��

=
@�(ei ; e�� )

@ei

�
�
�
�
ei = e��

+
@�(e�� ; e� i )

@e� i

�
�
�
�
e� i = e��

= 0:

Note thate�� > e � because of positive spillovers.
Thus, any value ofe� where there are positive
spillovers is inef�cient.
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2. (b) Cooper and John (1988)
SNE with higher levels ofe� are Pareto-superior.

Proof:

d� (e�
i (e� i ) ; e� i )
de� i

=
@�(e�

i (e� i ) ; e� )
@ei

de�
i (e� i )
de� i

+
@�(e�

i (e� i ) ; e� i )
@e� i

=
@�(e�

i (e� i ) ; e� i )
@e� i

> 0;

because of equation (SNE) (envelope theorem)
and positive spillovers.
When the economy resides in a less-ef�cient SNE,
it exhibits coordination failure.
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2. Spillovers and Strategic Complementarities

(c) Murphy, Schleifer and Vishny (1989)
Overview

Rodenstein-Rodan: coordinated
industrialization—a “Big Push”—key to growth.
Demand externalities: return to investment higher
when other �rms invest. Higher aggregate
investment increases aggregate income and thus
increases demand for each �rm's product.
Most plausible in closed markets.
Jeffrey Sachs (2005) proposes a development
program with “big push” features. (See review by
Easterly, 2006.)
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2. (c) Murphy, Schleifer and Vishny (1989)
Setup

Two-period model with a continuum of goods
(sectors) in each period.
Preferences across time (t) and goods (q) are

u = c1 + �c 2;

ct =
Z 1

0
ln (xt (q)) dq:

Two types of �rms in each sector.
Competitive fringe: Utilizes a traditional
technology:

yT
t (q) = `T

t (q) ; t = 1; 2;
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2. (c) Murphy, Schleifer and Vishny (1989)
Setup

Each sector also has a potential monopolist that
can produce in period 2 with a modern
technology:

yM
2 (q) = �` M

2 (q) ; � > 1:

To operate, the monopolist must hireF units of
labor in period 1.
Storage technology: None) ct = yt .
The consumer is endowed withL units of labor
per period, and any pro�ts (� t (q)) from the
monopolists.
Wages are the numeraire.
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2. (c) Consumer's problem
Homework: show that equilibrium interest rate is
r = � � 1 � 1.
Budget constraint:

yt = L +
Z 1

0
� t (q) dq

=
Z 1

0
pt (q) xt (q) dq: (FBC)

Consumption allocation problem

max
x t (�)� 0

Z 1

0
ln (xt (q)) dq;

subject to (FBC).
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2. (c) Consumer's problem
The FOC are

1
xt (q)

= � tpt (q) ;

yt =
Z 1

0

1
� t

dq;

which imply

xt (q) pt (q) = yt ; 8t; q: (XD)
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2. (c) Monopolist's problem
Competitive fringe)

p2 (q) � 1;

x2 (q) � y2;

Operating monopolists drive out traditional �rms
by settingp2 (q) = 1 � " if any try to produce.
It follows from (XD) that monopolists face a unit
elastic demand curve) revenues invariant to
x2 (q) ) operating monopolists setp as high,q as
low as possible)

p2 (q) = 1 ;

x2 (q) = y2:
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2. (c) Monopolist's problem
Sincex2 (q) = �` 2 (q), time-2 pro�ts are

� 2 (q) = p2 (q) x2 (q) � `2 (q) (PR)
= ay2;

a � 1 � 1=� 2 (0; 1) :

A monopolist will enter only if

�ay 2 � F:
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2. (c) Equilibrium
Let n be the fraction of monopolists that enter.
It follows from (FBC) and (PR)

y2 = L + nay2

=
1

1 � na
L;

� 2 (q) =
a

1 � na
L;

y2 and� 2 (q) are increasing inn. n increases total
output and thus the demand for an individual
monopolist's product.
There are strategic complementarities in the
decision to enter.
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2. (c) Murphy, Schleifer and Vishny (1989)
Equilibrium

For certain parameter values,n = 0 andn = 1 are
both equilibria.
This happens when

[n = 0 ) �ay 2 � F ] , �aL � F;

[n = 1 ) �ay 2 � F ] , �
a

1 � a
L � F;

Multiple symmetric equilibria will exist iff

a �
F
�L

�
a

1 � a
:
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2. (c) Murphy, Schleifer and Vishny (1989)
Equilibrium

Pessimistic Equilibrium. Agents believe� 2 too
low to coverF . Result:n = 0 , �ay 2 � F . We
have a development trap.
Optimistic Equilibrium. Agents believe� 2 will
coverF . Result:n = 1 , �ay 2 � F .
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