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3. Lag Operators and Linear Expectational Difference
Equations (LEDE)

(a) Lag operators
#® LetS be a set of stochastic processes. Define the lag
operatorl.” : S — S, n an integer, by

"Xy} e = { X2 .
# The lag operator is linear:
L(aX; +bL"X;) = (aL + bL"™) X,

so that lag operations can be manipulated like
polynomials.
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3. (a) Lag operators
# Because the lag operator is linear,

ot (X, 017 ) Xe= (1= (01" X,

7=0

and if (627)” ! X, and (zjzo ((an)j) X,

“converge”—which might be true even Iif
l¢| > 1—we get

1 _1¢LnXt - (Z;io (CbLn)J) Xt,

the inverse of the operatidn— ¢L".
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3. (a) Lag operators
#® SupposeX; = ¢, Vt. Then

L'ce=L"X; =c.

# Definition: the lag operator doemt shift
iInformation sets:

L"Ey (Xi45) = Bt (Xitj—n) # Ern (Xitj—n) -
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3. (a) Lag operators
# Warning: Although

wy = yr = Ey (W) = B (yt)
— L_lEt (wt) — L_lEt (yt)
= By (wi1) = Bt (Y1)

the opposite does not hold, i.e,

By (wi1) = Bt (Ye+1) # LE; (wig1) = LE: (Y1)
= Wt = Y¢.
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3. (b) Homogeneous first-order LEDE
# Basic equation

Ei (biy1) = Aoy < E: ((1 — ML) bsyq) = 0.
s Rewrite this as

bt11 = Abt+ Epq1,
bir1 — By (bet1) -

s As aforecast errog; forms a martingale
difference sequence, i.e.,

Et+1

Et (6t_|_1) = 0.
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3. (b) Homogeneous first-order LEDE
# Basic equation
» Generalize:

bep1 — AT = Aby — AeA! 4 g4,

(1= AL) (b1 — ATH) = g4y,

wherec Is a constant.
s Goal: find the set of admissible,} andc.
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3. (b) Homogeneous first-order LEDE
® Backward solution.
s If time starts at-oo, the backward solution—If it
IS well-defined—is

ot Y
b = Al + ijo Neg ;.
s If time starts at), the backward solution is
by =b At+zt_1 Nei;
t 0 =0 t—7>

whereb, Is a (possibly) random variable.
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3. (b) Homogeneous first-order LEDE
#® Restrictions to reduce the solution set

s “Initial Conditions": {¢;} andby are given. For
example, under perfect foresight= 0, Vt.
» Non-explosiveness:

hm Et (bt—l—j) — O, \V/t,

J—00

sup V (by) < o0.
t

o Note that

By (biy2) = Ei (Eir1 (big2))
= Ep (Abt1) = A (Aby),

:>Et(bt—|—j) — )\jbt.
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3. (b) Homogeneous first-order LEDE
® Restrictions to reduce the solution set

s If || < 1, there are many and{e;} where the
non-explosiveness conditions do not restrict.

s Butif |\| > 1, the only admissible solution is
e = ¢ = 0, so that; = 0, V.

s Note that if|A\| > 1, b, cannot satisfy both an
“Initial condition” and a non-explosiveness
condition.
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3. (c) General LEDE
# Basic equation
s \We wish to solve

By (xi41) = Axy + 2,

where{z:} IS a stochastic forcing process
s More generally

Et (th_|_1 — bt_|_1) — )\CI?t + 2t — )\bt
& Ep (1 = AL) (2441 — beg1)) = 21,

whereb,; 1 Is a “bubble termthat solves

Ey (bya1) = Mby.
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3. (c) General LEDE
# Basic equation
s The general problem is

Tyl — b1 = A (37t — bt) T ﬁt—l—l + 2,

Ni+1 = (0441 — beg1) — By (241 — bey1)
(1 = AL) (zt41 = beg1) = 1 + 20 (GP)

# Goal: find the set of admissab{@;} and{b,}.
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3. (c) General LEDE
® Backward solution

s {n:} and{b;} cannot be identified separately.
s Iftime starts at-oo, the backward solution—if it
IS well-defined—is

Tt+1 = ijo N (2t + Te+1-5) + bt
0 . ~
D Mg+ b,
— A
bir1 = b1+ ijo Ms1—5.

s Informal homework: show that_ ; is a bubble
term.
s > _gMz-jis sometimes called the fundamental,

or particular solution.
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3. (c) General LEDE
® Backward solution

o |If time starts at 0, the backward solution can be
written as

t : t .
T4 = Z]’:o Nz + ijo N 11—
+ (zg — bo) AL bt+1,
which becomes

Ly N t+1
Ti41 = E j_0>\ Zg—j T+ E j_())\ Ntt1—j + ToA 7,

N + b — Ey_1 (by)
— Tt — Et—l (Cl?t) .

Tt
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3. (c) General LEDE
® Forward solution

s First, rewrite (GP) as:

1 — AL -
(1508) (A0 (a1 = besa) = o+
1

(1 =AT'L7Y) (g — by) = 3 (2t + Met1) -

s To ensure that; is a function only of variables
known at timet, write this as

By (1= ALY (o — b)) = — B (o 4 7).
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3. (c) General LEDE
® Forward solution

s Invert the lag operator:

1 1 -
Et (xt — bt) — —XEt (1 — )\_1L_1 (Zt -+ nt—|—1)> )

1 00 1\’ ~
Tt = _XEt (ZjO (X) (ZH—j ‘|‘77t+j+1)> + bt,

1 o (1Y’
_XEt (ZjO (X) Zt_|_j> + by,

because; (n.+;) = 0,Vj > 1.
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3. (c) General LEDE
® Forward solution

o B (S5 (1) 24 )—if itis well-defined—is
sometimes called a fundamental, or particular
solution.

» Note thaty; depends only on the forcing process

00 1 J
— Et—l (Z]O (X) Zt_|_j> ,\V/t
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3. (c) General LEDE
& Summary

o Forward solution

1 ~ /1)’
=R <Zy‘0 (X) ZHj) o

o Backward solution

0. @) .
T4l = E N a—j b

or
t : t :
§ E t+1
T i=0 )\]Zt_j + i=0 >\‘777t—1—1—j + CC())\ T .
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3. (c) General LEDE
® Restrictions

s “Initial Conditions:” xy and{n;},-, are directly
given. EX.: capital accumulation:

kt—i-l — (1 — 5) k; + 14,
ko given
kiv1 — Bt (kt+1) = 0.
s Non-explosiveness:
jli_{roloEt (zt45) =0, Vi,

supV (x¢) < oc.
t
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3. (c) General LEDE
® Restrictions

s If |)| < 1, for “well-behaved™{z;} (e.g, ARMA
processes), one solves— \L) ' backwards to

get 00 .
Tiy1= ) N a—j b

with a large number of permissablé, }.
s Butif |A\| > 1, for “typical” {z;} (e.g, ARMA

processes), we must solye— A\L) ™' forward
and seb; = 0, so that

lE o0 1\’
th:_X t ijo 3\ “t+j5 | -

s If |\ > 1, z; cannot satisfy both “initial
conditions” and non-explosiveness.
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3. (d) Summary/Rule of thumb:
o If |\ <1, set

t =S Nz + 5 N + zoatt!
H1= 2 i Zt—j 1 i—0 Nt+1—5 T X0 :

and use “initial conditions” to pin dowmn, and{n; }.
o If |\ >1, set

_ 1 o (1Y
CCt—_X t ijo X “t+7 | -

o If |\| =1, consider case-by-case.
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