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1. Rational Expectations (Competitive) Equilibrium
Given the set of exogenous stochastic process{xt}, and
initial conditionsa0, a rational expectations equilibrium is a
set of stochastic processes for prices{pt} and quantities
{qt} such that:

(a) Given{pt}, {qt} is consistent with optimal behavior on
the part of consumers, producers and (if relevant) the
government.

(b) Given{pt}, {qt} satisfies the government’s budget
constraints and borrowing restrictions.

(c) {qt} satisfies any market-clearing conditions.
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2. Lucas “Tree” Model—Introduction

(a) Basic idea
We are given equilibrium quantities and equilibrium
demand functions—back out equilibrium prices.
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we know the function D(p) and the quantityq0: now
find p0. 701: Asset Pricing – p. 3/42



2. Lucas “Tree” Model—Introduction (continued)

(a) Basic idea
Compare with Literature on Consumption

Consumption: Take rates of return as given, solve
for consumption.
Asset Pricing: Take consumption as given, solve
for rates of return.
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2. (b) Model Structure
Preferences:n identical consumers, maximizing

E0

(

∑∞

t=0
βtu (ct)

)

,

β ∈ (0, 1) , u′ (·) > 0, u′′ (·) ≤ 0.

Endowment: one durable “tree” per individual. Each
period, the tree yields some “fruit” (dt ≡ dividends).
Technology: Fruit cannot be stored. Dividends are
exogenous and follow a time-invariant Markov
process

Pr (dt+1 ≤ y| dt = x) = F (y, x) , ∀t,

with densityf (y, x).
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2. (c) Solution strategy
Find the competitive equilibrium allocation via the
social planner’s problem. Assume equal weights on
each person’s utility (parallel to equal endowments).
Calculate the FOC for individuals with the
opportunity to buy/sell specific assets.
Evaluate FOC at the competitive equilibrium
allocation.
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2. (d) Step 1: Social planner’s problem
Use a representative agent
Social planner solves

max
{ct}

∞

t=0

E0

(

∑∞

t=0
βtu (ct)

)

s.t. ct ≤ dt.

Solution:ct = dt, ∀t (non-storable good!).
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2. (e) Step 2: Representative consumer’s problem.

max
{ct,bt+1,st+1}

∞

t=0

E
(

∑∞

t=0
βtu (ct)

∣

∣

∣
I0

)

s.t. ct + ptst+1 + R−1
t bt+1 = xt,

xt = (pt + dt) st + bt,

lim
J→∞

βJEt

(

u′ (ct+J) pt+Jst+J+1

)

= 0

lim
J→∞

βJEt

(

u′ (ct+J) bt+J+1

)

= 0,

s0, b0 given,
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2. (e) Step 2: Representative consumer’s problem (continued)

where

ct = consumption,
pt = price of a tree= price of stock,

taken as given by consumer,

st+1 = number of trees/shares of stock,

Rt = return on one-period risk-free bond,

R−1
t = price of a one-period, risk-free discount bond,

bt+1 = risk-free discount bonds.
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2. (e) Step 2: Representative consumer’s problem (continued)

Consumeri picksci
t, bi

t+1 andsi
t+1 on the basis of

Ii
t =



























{dt−m, pt−m, Rt−m}t
m=0 ,

{

sj
t+1−m, bj

t+1−m

}t+1

m=0
, ∀j 6= i,

{

cj
t−m, xj

t−m

}t

m=0
, ∀j 6= i,

{

si
t−m, bi

t−m, xi
t−m

}t

m=0
,
{

ci
t−m

}t

m=1
,



























,

It turns out thatdt summarizes the state of the
aggregate economy, withpt = p (dt) andRt = R (dt).
Becausedt is a time-invariant Markov process, the
consumer’s problem is time-invariant.
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2. (e) Step 2: Representative consumer’s problem (continued)

Bellman’s functional equation:

V (xt, dt) =

min
λt≥0

max
ct≥0, st+1, bt+1

u (ct) + λt

(

xt − ct − ptst+1 − R−1
t bt+1

)

+ β

∫

V
(

(p (dt+1) + dt+1) st+1 + bt+1, dt+1

)

dF (dt+1, dt) .

The FOC for an interior solution are:

u′ (ct) = λt,

λtpt = β

∫

∂V [t + 1]

∂xt+1
(p (dt+1) + dt+1) dF (dt+1, dt) ,

λtR
−1
t = β

∫

∂V [t + 1]

∂xt+1
dF (dt+1, dt) .
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2. (e) Step 2: Representative consumer’s problem (continued)

Note that (by Benveniste-Scheinkman)

∂V [t]

∂xt
= λt,

so that

pt = βEt

(

u′ (ct+1)

u′ (ct)
(pt+1 + dt+1)

)

,

R−1
t = βEt

(

u′ (ct+1)

u′ (ct)

)

.
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2. (f) Step 3: Equilibrium
Intuition

Agents allocate resources on the basis of their
beliefs about future prices and consumption
These decision rules determine processes for
market clearing prices and quantities.
In a rational expectations equilibrium, the actual
processes must be consistent with the beliefs.
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2. (f) Step 3: Equilibrium
Sequentialdefinition: Given the stochastic process
{dt}

∞
t=0 and the initial endowmentss0 = 1 and

b0 = 0, a rational expectations equilibrium consists
of the stochastic processes{ct, st+1, bt+1, pt, Rt}

∞
t=0

such that:
Given the process for prices{pt, Rt},
{ct, st+1, bt+1} solves the consumer’s problem.
All markets clear:ct = dt, st+1 = 1, andbt+1 = 0,
∀t.
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2. (f) Step 3: Equilibrium
Recursive definition: given the random variabled0,
the conditional distributionF (dt+1, dt), and the
initial endowmentss0 = 1 andb0 = 0, a recursive
rational expectations equilibrium consists of pricing
functionsp (d) andR (d), a value functionV (x, d),
and decision functionsc (x, d), s (x, d), andb (x, d)
such that:

Given the pricing functionsp (d) andR (d), the
value and policy functionsV (x, d), c (x, d),
s (x, d), andb (x, d) solve the consumer’s problem.
Markets clear: forx = p (d) + d, c (x, d) = d,
s (x, d) = 1, andb (x, d) = 0.
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2. (f) Step 3: Equilibrium
FindR (dt): impose the equilibrium allocation,
ct = dt, to get

R−1
t = βEt

(

u′ (dt+1)

u′ (dt)

)

= β
1

u′ (dt)
Et

(

u′ (dt+1)
)

. (EE)

Findp (dt): impose the equilibrium allocation,
ct = dt, to get

pt = βEt

(

u′ (dt+1)

u′ (dt)
(pt+1 + dt+1)

)

. (EE′)
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4. Lucas “Tree” Model—Interpretation

(a) Bond prices
Recall equation (EE):

R−1
t = β

1

u′ (dt)
Et

(

u′ (dt+1)
)

, (EE)

Rt =
u′ (dt)

βEt (u′ (dt+1))
.

The price of a discount bond increases (return falls)
in β.
The price increases (return falls) in expected future
marginal utility, and decreases in current marginal
utility: reflects consumption smoothing motive.

701: Asset Pricing – p. 17/42



4. Lucas “Tree” Model—Interpretation

(b) Stock prices
Recall equation (EE′):

pt = βEt

(

u′ (dt+1)

u′ (dt)
(pt+1 + dt+1)

)

. (EE′)

(c) Equity premium
The expected rate of return on stocks is

Et (Rs
t ) = Et

(

pt+1 + dt+1

pt

)

.
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4. (c) Equity premium
Recall that

Et (XY ) = Et (X) Et (Y ) + Covt (X,Y ) .

Rewrite (EE′):

1 = βEt

(

u′ (dt+1)

u′ (dt)

(

pt+1 + dt+1

pt

))

= βEt

(

u′ (dt+1)

u′ (dt)
Rs

t

)

= βEt

(

u′ (dt+1)

u′ (dt)

)

Et (Rs
t )

+ Covt

(

β
u′ (dt+1)

u′ (dt)
, Rs

t

)

.
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4. (c) Equity premium
Insert (EE) and rearrange:

1 = R−1
t Et (Rs

t ) + Covt

(

β
u′ (dt+1)

u′ (dt)
, Rs

t

)

,

Et (Rs
t ) = Rt − RtCovt

(

β
u′ (dt+1)

u′ (dt)
, Rs

t

)

,

= Rt −
u′ (dt)

βEt (u′ (dt+1))
Covt

(

β
u′ (dt+1)

u′ (dt)
, Rs

t

)

,

= Rt −
Covt (u′ (dt+1) , Rs

t )

Et (u′ (dt+1))
.

The expected return on stocks equals the return on

the risk-free bond plus the risk-premium−Covt(·,·)
Et(·)

.
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4. (c) Equity premium
If the covarianceCovt (·, ·) is negative, which we
normally expect, there is an equity premium.
Interpretation

The most desirable assets yield well when
marginal utility is high (Covt (·, ·) > 0).
Risk-aversion means that agents prefer assets that
act like insurance.
Investors are willing to sacrifice return if
Covt (·, ·) > 0, and they will demand higher
returns ifCovt (·, ·) < 0.

Mehra and Prescott (1985): the observed equity
premium is difficult to reconcile with this formula.
No accepted resolution.
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4. (d) Consumption capital-asset pricing model (CAPM)
If utility is quadratic:

u′ (dt+1) = a − bdt+1.

the expected return on stock is given by

Et (Rs
t ) = Rt +

b

Et (a − bdt+1)
Covt (dt+1, R

s
t ) .

Covt (dt+1, R
s
t ) is the consumption beta.

The standard CAPM focuses on the market beta
= Covt (Rm

t , Rs
t ), whereRm

t is the return on the
market portfolio.
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4. (e) Stock prices: fundamentals and bubbles
Rearrange equation (EE′):

pt = βEt

(

u′ (dt+1)

u′ (dt)
(pt+1 + dt+1)

)

,

Et

((

1 − βL−1
)

u′ (dt) pt

)

= βEt

(

u′ (dt+1) dt+1

)

.

Recalling section 3, withxt = u′ (dt) pt,
zt = −Et (u′ (dt+1) dt+1), andλ = β−1, we get

u′ (dt) pt = βEt

(

∑∞

j=0
βju′ (dt+1+j) dt+1+j

)

+ bt,

Et (bt+1) = β−1bt,

so thatbt is a bubble term.
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4. (e) Stock prices: fundamentals and bubbles
It follows from the transversality condition,

lim
J→∞

βJEt

(

u′ (dt+J) pt+J

)

= 0, (TVC)

thatbt = 0, and

pt = Et





∞
∑

j=1

βj u′ (dt+j)

u′ (dt)
dt+j



 .

Interpretation: The price of a share of stock equals
the expected marginal-utility-adjusted PDV of its
dividends.
This is the fundamental (equilibrium) expression for
stock prices.
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4. (e) Special case 1: Linear utility
Linear utility implies that

u′ (dt) = a,

pt = Et





∞
∑

j=1

βjdt+j



 .

This is the usual “fundamentals” solution.
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4. (e) Special case 1: Linear utility
Equation (EE′) becomes

pt = βEt (pt+1 + dt+1) .

Over short time periods (e.g., weeks),β ≈ 1, and
dt+1 ≈ 0, so that

Et (pt+1) ≈ pt,

and stock prices follow a martingale. This is the
“random walk” theory of stock prices.

701: Asset Pricing – p. 26/42



4. (e) Special case 1: Linear utility
Shiller (1981) Test: Compare expected and
realized dividend streams.
Define

p∗t =
∞

∑

j=1

βjdt+j

= pt +
∞

∑

j=1

βj (dt+j − Etdt+j)

≡ pt + ut,

with E (ut| pt) = 0 ⇒ C (ut, pt) = 0.
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4. (e) Special case 1: Linear utility
Then

V (p∗t ) = V (pt) + V (ut) > V (pt) ,

Shiller findsV (pt) ≫ V (p∗t ).
Possible explanations include bubbles and
misspecified utility.
Emerging consensus: volatility ofpt driven in
large part by volatility in

Et

(

∑∞
j=1 βju′ (dt+j) /u′ (dt)

)

= risk-free rates of
return.
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4. (e) Stock prices: fundamentals and bubbles
Special case 2: logarithmic utility

pt = Et





∞
∑

j=1

βj u′ (dt+j)

u′ (dt)
dt+j





= Et





∞
∑

j=1

βj dt

dt+j
dt+j





=
β

1 − β
dt.
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5. Contingent Claims

(a) Background
Suppose that the state of the economy{It} is a time
invariant Markov process, following:

F (I1, I0) = Pr (It+1 ≤ I1| It = I0)

=

∫ I1

−∞
f (It+1, I0) dIt+1,

whenF () is continuous and

F (I1, I0) =
∑

It+1≤I1

f (It+1, I0) ,

whenF () is discrete.
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5. Contingent Claims

(a) Background
Consider an asset that pays 1 unit of consumption
whenIt+1 ∈ A.
We will price the collection of such assets by a
“pricing kernel” q (It+1, It) that generates:

pA
t =

∫

It+1∈A
q (It+1, It) dIt+1.
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5. Contingent Claims

(b) The consumer’s problem
Let I ′ denote a realization ofIt+1, and lety (I ′)
denote the amount of stateI ′ claims that the
consumer buys.
The consumer’s wealth follows

xt+1

(

I ′
)

=
(

pt+1

(

I ′
)

+ dt+1

(

I ′
))

st+1 + y
(

I ′
)

,

The consumer’s flow budget constraint is:

ct + ptst+1 +

∫

y (It+1) q (It+1, It) dIt+1 = xt.

The consumer chooses scalars forct andst+1, but a
functionfor y (It+1).
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5. Contingent Claims

(b) The consumer’s problem

V (xt, It) = min
λt≥0

max
ct≥0, st+1, y(·)

u (ct)

+ λt

(

xt − ct − ptst+1 −

∫

y (It+1) q (It+1, It) dIt+1

)

+ β

∫

V ((pt+1 (It+1) + dt+1 (It+1)) st+1 + y (It+1) , It+1)

× f (It+1, It) dIt+1,
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5. (b) The consumer’s problem
In this case, we can picky (·) as if we were picking a
scalar for each value ofIt+1.
The FOC for an interior solution are

u′ (ct) = λt,

λtpt = β

∫

∂V [t + 1]

∂xt+1
[pt+1 (It+1) + dt+1 (It+1)]

× f (It+1, It) dIt+1,

λtq
(

I ′, It

)

= β
∂V [t + 1]

∂xt+1
f

(

I ′, It

)

, ∀I ′,
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5. (b) The consumer’s problem

Since∂V [t]
∂xt

= λt, we have

pt = βEt

(

u′ (ct+1)

u′ (ct)
(pt+1 + dt+1)

)

,

q (It+1, It) = β
u′ (ct+1 (It+1))

u′ (ct)
f (It+1, It) , ∀It+1.
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5. Contingent Claims

(c) Equilibrium
Imposect = dt, st+1 = 1, andy (It+1) = 0, ∀It+1.
One can see thatIt = dt, so that

pt = βEt

(

u′ (dt+1)

u′ (dt)
(pt+1 + dt+1)

)

.

q (dt+1, dt) = β
u′ (dt+1)

u′ (dt)
f (dt+1, dt) . (EE′′)
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5. (c) Equilibrium
Using (EE′′), we can price any arbitrary asset.
If an asset paysw (d) units of consumption goods
whendt+1 = d, its price is

pw
t =

∫

w (dt+1) q (dt+1, dt) ddt+1

=

∫

w (dt+1) β
u′ (dt+1)

u′ (dt)
f (dt+1, dt) ddt+1

= βEt

(

w (dt+1)
u′ (dt+1)

u′ (dt)

)

.

If this were not the case, there would be arbitrage
opportunities.
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5. (c) Equilibrium
One-period risk-free bonds:w (dt+1) = 1, so that

R−1
t = βEt

(

u′ (dt+1)

u′ (dt)

)

.

Stocks:w (dt+1) = pt+1 + dt+1, so that

pt = βEt

(

u′ (dt+1)

u′ (dt)
(pt+1 + dt+1)

)

.

This shows us one way to price multi-period assets:

pw
t = βEt

(

u′ (dt+1)

u′ (dt)

(

pw
t+1 + dw

t+1 (dt+1)
)

)

.
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5. (d) Modigliani-Miller Theorem
Consider a one-period “firm” that has acquired the
rights to sell the dividends of one tree at timet + 1.
At time t, the firm sells two types of claims,
corporate bonds (bt) and equities (et).
The payoff function for a bond is

wb (dt+1) =

{

R, if Rbt ≤ dt+1

dt+1/bt, if Rbt > dt+1
,

which implies that

pb
t =

∫

dt+1≥Rbt

Rq (dt+1, dt) ddt+1

+

∫

dt+1<Rbt

dt+1

bt
q (dt+1, dt) ddt+1.
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5. (d) Modigliani-Miller Theorem
The payoff function for an equity is

we (dt+1) =

{

(dt+1 − Rbt) /et, if Rbt ≤ dt+1

0, if Rbt > dt+1
,

which implies that

pe
t =

∫

dt+1≥Rbt

dt+1 − Rbt

et
q (dt+1, dt) ddt+1.
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5. (d) Modigliani-Miller Theorem
Value of the firm:

V F
t = btp

b
t + etp

e
t

= bt

[

∫

dt+1≥Rbt

Rq (dt+1, dt) ddt+1

+

∫

dt+1<Rbt

dt+1

bt
q (dt+1, dt) ddt+1

]

+et

[∫

dt+1≥Rbt

dt+1 − Rbt

et
q (dt+1, dt) ddt+1

]

=

∫

dt+1q (dt+1, dt) ddt+1.
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5. (d) Modigliani-Miller Theorem

The value of the firm,V F
t =

∫

dt+1q (dt+1, dt) ddt+1,
is independent of the number of bonds and equities
outstanding.
Modigliani-Miller Theorem: the value of a firm does
not depend on how it is financed.
If the firm issues more or less corporate bonds, the
prices of bonds and equity change accordingly.
Note that this result holds only under very restrictive
assumptions: complete markets, symmetric
information, no taxes.
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