Stochastic Calculus
Financial Economics

Bruce C. Dieffenbach

Question 1

Do the following using the tistochastic calculus. Leandz denote time
and a Brownian motion, respectively.

a) Suppose
dy = adt + bdz
Show whether @ny) = (dy)/y.
b) Suppose
dx = 3xdz
dy = 2ydt.

If w= x%y, calculate e.

Answer 1

a) Evaluate the second-order Taylor series:

_diny 1d?iny, ., dy 1/-1\
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b) Evaluate the second-order Taylor series:
ow ow 10°w, ., 0w 10°w , ,
dw = de—ka—ydy—k Eﬁ(dx) +—axadedy+ Ea—yz(dy)

= (20)(3xd2) + () (2ych) + 5(29)(9Ck) + (29/(0) +5(0)(0)
= 11x%ydt + 6x°ydz,

S0
dw = 11lwdt + 6wdz

Question 2
Prove the following rule of stochastic calculus:
dtdz=0

(t is time, andz is Brownian motion). To prove the rule, let the tim
interval At — 0 in a discrete-time model.

Answer 2

Define
Az = z(iAt) — Z[(i — 1)At],

wherei = 1,...,n, such thabAt =t.

We have
t n
/ dtdz= lim ZlAtAzi
0 At~>0i=
n
= lim At ZiAzi
M—0 &
= lim At[z(t) — z(0
Jim At[z(t) —2(0)]
=0.
Alternatively,

t n
/ dtdz= lim At ZAZ;
0 At—0 &

1 n
=limt| =Y Az
n—e \ N izi

by the law of large numbers, the sample mean ofthieconverges to 0.

Question 3

Suppose thatpland dj are 16 stochastic differentials.
a) Prove the product rulg(dqg) = qdp+ pdg+ dpda.

b) Consider the special casp ¢ 3pdt + 4qdzand dj = 2pqdt + 3qdz(z
is Brownian motion). Evaluate(@q) in terms of d and .

Answer 3

a) The second-order Taylor series is

9 9
d(pa) = éps) dp+ E;;q) dq
19%(pq) . o 10%(pa) .,  0%(pq)

= qdp+ pdqg-+0(dp)*+ 0(dg)® + dpda.

b)
d(pa) = qdp+ pdq+dpdq
= q(3pdt +4qdz) + p(2pqdt + 3qdz)
+ (3pdt + 4qdz)(2pqdt + 3qdz)
= (3pg +2p%q+ 1297) dt + (42 + 3pq) dz.
Question 4

Let P denote the stock price, |& denote the dividend, and |IBtdenote
the market interest rate. Suppose that the stock Ritalows the 115
stochastic differential equation

dP = E,(dP) + dz

Market equilibrium requires that the expected capital gain plus the
dend equals the market interest rate times the price,

E¢(dP) + Ddt = RPdt.

Assume that the dividend follows thelstochastic differential equatio
%D = Gdt (no instantaneous stochastic part).

Define the price/dividend rati6 = P/D. Using Ity’s formula, show thia
the equilibrium condition is equivalent to the following:

E(d6) = [-1+ (R—G)6]dt.

Explain what happens to the second-order terms.

Answer 4

The second-order Taylor series fd? &

926
2
(dD)? + 555 dPdD.
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d6 = S5 0P+ 32 dD + + 55 (dP)°+

100
2 0D?

The second-order terms are all zero. The second deriv%@& 0. The

products(dD)? = 0 and ddD = 0, since @ contains no instantanest
stochastic part. The remaining first-order terms reduce to

dP dD
d66<3—3).

Taking the expected value, we have

E(d6) = 6 (@ B Et([(;iD)>
o[ 4

= [~1+ (R—G)6]d.

Question 5

Consider the following two stochastic differential equations:

dinx=dz

and q
X dz,

X

both with initial conditionxg = 1.

a) Solve both equations exactly foas a function of.
b) Approximate both equations as stochastic difference equations:

INX 1 at —INX = Az
XAt — Xt

=Az.
Xt

Herez is a discrete-time random walk; the first differenks is white
noise, distributedN(0,At). Solve these difference equations as a sir
lation, using the same realization ofor both, derived from a randon
number generator. Choose a very short time pefindand solve fo
0 <t < 1. Plot the results, and show that the computations support
exact solution in part (a).

Answer 5

Consider first the stochastic differential equationx4adz. Integrating
it gives

/Otdlnx:/otdz:z(t)—z(O) =z(t),

sincez(0) = 0. Of course
t
/ dinx=Inx(t) — Inx(0) = Inx(t).
0

Hence
Inx(t) = z(t).

Alternatively, consider the stochastic differential equatiorixd= dz.
Taking the second-order Taylor series for glve have

dinx 1d%Inx,
dinx= o dx+§ 02 (dx)

= ()—1(> dx+% (;—21> (dx)?
)

=dz— %(dz)z

1
=dz— Edt'

Integrating this expression gives

Inx(t) = z(t) — %t.

Thus the two exact solutions differ b%t The idea is to compare ¢h
two approximate solutions for kit) computed from the two differenc
equations. They should differ by approximatéy, as long as the tim
periodAt is small.
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