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Two-State Option Pricing

Rendleman and Bartter [ 1] present a ssimple two-state model of
option pricing. The states of the world evolve like the branches
of atree. Given the current state, there are two possible states
next period.

Using an arbitrage argument, one prices the option by working
backwards from the future to the present.
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Notation

L et the subscript O denote the current state. Subscripts 1 and 2
denote the two possible states that may occur in the future.

A stock worth 55 in the current period isworth either s; or s, In
the future period. A call worth ¢g In the current period is worth
either cq or ¢, in the future period.

Thereis aso arisk-free asset.
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Numerical Example

We illustrate the model by anumerical example.

A stock worth sg = 100 in the current period is worth either
s1 = 120 or s, = 90 in the future period.

For ssimplicity, suppose that the risk-free rate of return is zero.
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Call

Suppose that the call expiresin the future period, with exercise
price 105. Thusthe call isworth

c1=5—105=15
If state 1 occurs (the call is exercised), and
c, =0

If state 2 occurs (the call is not exercised).

We use an arbitrage argument to find the current price cp.
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Black-Scholes Argument

Black and Scholes argue that one can form arisk-free portfolio
from the stock and the call. The difference in stock value
between the two future states is

st —S = 120—90 = 30,
and the difference in call value between the two future statesis

cC1—C=15—-0=15.
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Hedge Ratio
Hence the hedge ratio is
15 1
30 2

In the current period, form arisk-free portfolio by buying one
share of stock and selling two calls. The net cost of this
portfoliois

So — 2Cp.
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Risk-Free Portfolio

If state 1 occurs, the portfolio isworth
S —2¢; = 120—2x 15 = 90.
If state 2 occurs, the portfolio is worth
S — 20 =90—2x0=90.

The portfolio isindeed risk-free.
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Call Pricefor No Arbitrage

If there is no opportunity for arbitrage profit, the rate of return
on this portfolio must equal the risk-free rate of return:

(So—2¢p) x (14 risk-freereturn) = 90.

Hence
(100 — 2¢g) x (1+0) = 90,

Co = O.
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Pricing Kernel

One obtains the same call price viathe pricing kernel
(stochastic discount factor).

Let p; denote the state price of one dollar in state 1. Since there
are two states and two assets (the stock and the risk-free asset),
there exists a unique portfolio of these assets having payoff 1 in
state | and payoff O in the other state. The state price p; isthe
cost of this portfolio.

For an asset having payoff $; in state, its price must be
P1$1 + p2¥2,

to avoid an opportunity for profitable arbitrage.
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For the stock,
SO = P1S1 + P2S,

100 = 120p4 + 90ps.
For the risk-free asset,

1= pl_l_ P2,

as the risk-free rate of return is zero.
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Solving yields the state prices

_ 1
P1 = 3
_ 2
P2 = 3"
Pricing the call viathe state prices gives
1 2
Co = P1C1+ P2C2 = 3 ><15+§ x 0 =2,

Identical to the result found above.
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Probability and Mean Return

The probability of each state isirrelevant to the call price. This
result is natural, since the call pricing is based on an arbitrage
argument, and whether there is an arbitrage opportunity Is
Independent of the probability of each state.

The Irrelevance of the probability corresponds to the property
of the Black-Scholes model that the mean rate of return on the
stock Isirrelevant. In the two-state model, changing the
probability of the two states changes the mean rate of return but
has no effect on the call price.
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The Black-Scholes M odel asa Limit

Wiener-Brownian motion can be derived as the limit of a
binomial random walk. Using this relationship, by a
complicated argument it Is possible to derive the Black-Scholes
formulafor the call price by taking the [imit of the call price
derived in the two-state model.
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