Financia Economics Stochastic Differential Equation

Stochastic Difference Equation
Let z denote a discrete-time, normal random walk.

Definition 1 The stochastic difference equation
AX = MALt 4 SAZ
means that the change Ax; in x; follows

Ax ~ N(mAt, S At).

Here mAt is the mean change, sAz isthe error, and LAt isthe
variance of the error.
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Solution to the Stochastic Difference Equation

Definition 2 (Solution to an Initial Value Problem) Given an
initial value xg together with values the error

AZo, AZxt, AZppg, - . . (eQuivalently, given zag, zoag, - - -), find

AXg, AXat, AXoat, - - -(equivalently, find Xag, Xoat, - - -)-
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Solution
For the stochastic difference equation AX = mAt + sAz, the
solution Xut IS
Xat = Xo + AXo
= Xo + (MAt + SAZ).

Continuing,

Xoat = Xat + AXat
= [Xo+ (MAt + SAZ)] + (MALt + SAZy)
= Xo + 2MAt + S(AZy + Azy)
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For t = nAt,
Xt = Xnat = X0 + NMAL + SZpat.
Hence
S0
% ~ N(mt,s’).
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Stochastic Differential Equation
Definition 3 The stochastic differential equation
dx = mdt + sdz
isthe limit of the stochastic difference equation as At — 0.
Seeing dt as an infinitesimal changein time, then

dx ~ N(mdt,s?dt).
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Solution to the Stochastic Differential Equation

Definition 4 (Solution to an Initial Value Problem) Given an
initial value xg together with values z, t > 0, find x;,t > 0.
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Calculation of the Solution

Solve the stochastic difference equation, and take the limit of
the solution. The concept is that the limit of the solution is the
solution of the limit.

The solution to the stochastic difference equation is
X = Xo+ Mt + Sz

Asthis solution isindependent of At, it is also the solution of
the stochastic differential equation.
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First-Order Autoregression
Consider afirst-order autoregression:
AX = —aX% At +SAZ.

Here the mean change —ax; At is proportional to the length of
the time period.

Equivalently,
Xirat = % — % At +SAz = (1—aAt) X + SAz.
The stochastic processis stationary if and only if |1 —aAt| < 1.
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Solution to the First-Order Autoregression
For t = nAt, the solution is
X = (1—-aAt)"xo

+s [(1— aA) ™ Az + (1— aAt)" 2 Azy + -+ Az_n| -
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Stochastic Differential Equation

As At — 0, the limit of the stochastic difference equation is the
stochastic differential equation

dx, = —ax; dt +sdz.

In the limit the stochastic difference equation is stationary if
and only if a > 0, so the stochastic differential equation is
stationary if and only if this condition holds.

10

Financial Economics Stochastic Differential Equation

Using

lim (14 At)YA = ¢

At—0
one can show that the limit of the solution to the stochastic
difference equation is

t
% = e*atx0+s/ e al=7)qz,.
0
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Generalization

The stochastic differential equation
dx = m(x.,t) dt +(x;t) dz
isthe limit of the stochastic difference equation
A% = m(X,t) At+s(X,t) Az.

One finds the solution to the stochastic differential equation by
taking the limit of the solutions to the stochastic difference
eguation as At — O.
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An Unexpected Finding
Consider the stochastic differential equation
dx = 2z dz,

such that Xxo = 0. In non-stochastic calculus, the solution would
be x, = 2. However for the stochastic case it turns out that the
solution is different.
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Solution

We calculate the solution to the stochastic differential equation
asthe limit of the solution to the corresponding stochastic
difference equation,

A = 2z A%.

We solve the stochastic difference equation iteratively.
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For simplicity of notation, define & = Az;_1)x;, SO
Zyy=¢€e1+e+---+en

Of course g iswhite noise,  ~ N (0, At).

We have
AXg = 220Azp = 2 x 0e; = 0,

XAt = 0.
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Then
AXar = 220 AZp = 2€182,
SO
Xoat = Xat + AXpt = 2€1€2.
Then
AXonr = 2Zop AZop = 2 (€1 + €2) €3,
SO

Xaat = Xoat + AXoar = 2(€162 + €163 + €2€3) .
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In generadl,

Xut =2 (e162 + €163+ + ey
+ €63+ + €8y
4o
+ €n-16n),

Xt = Zow — (F+ G+ +6).
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We rewrite the sum of the squared errors as

deesimf3[3) () (D)

Holding t = nAt fixed, take the limit as At — 0, N — oo,
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The expression in braces is the sample mean of n independent
x? (1) variables. By the law of large numbers, the sample mean
converges to the true mean 1 as the sample size increases.
Hence

lim (€ +&++e) =t,
% =7t
is the solution to the stochastic differential equation. Heret is

an extraterm!
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