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Expected Utility Maximization

Consider an individual with utility function u(w), increasing
and concave in wealth w. The individual maximizes expected
utility Eju(w)].
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M ean/Variance Choice
and Expected Utility Maximization

Mean/variance choice under uncertainty isjustified when risks
are small. When risks are small, one can approximate the
utility function well by quadratic utility, as possible outcomes
fall within anarrow range. The expected value of a quadratic is
a function of mean and variance, so mean/variance choiceis
equivalent to expected utility maximization.
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Small Risksvia Stochastic Calculus

L et us analyze expected utility maximization among small risks
by stochastic calculus.

We show a strong result: for small risks, expected utility
maximization is equivalent to maximizing alinear function of

the mean and the variance.
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Risk Aversion

The tradeoff between mean and variance depends on the risk
aversion of the individual. When risk aversion is high, a small
Increase in variance constitutes a large drop in expected utility.
Conversdaly, when risk aversion is low, even alarge increase in
variance constitutes only a small drop in expected utility.
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Absolute and Relative Risk Aversion

Arrow [1] puts forward two measures of the degree of risk
aversion.

Definition 1 (Absolute Risk Aversion) The absolute risk
aversion is

—u"/u > 0.
Definition 2 (Relative Risk Aversion) Therelative risk

aversion Is
—wu” /u’ > 0.

The absolute and relative risk aversion are both invariant to

positive linear transformation of utility.
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| nter pretation

The absolute risk aversion shows the willingness to take arisk

of a given absolute size. For example, how willing isthe
individual to risk $1007?

The relative risk aversion shows the willingness to take arisk
of agiven size relative to wealth. For example, how willing Is
the individual to risk 10 per cent of hiswealth?
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The absolute and the relative risk aversion set the tradeoff
between mean and variance.

If the mean and variance are expressed as absolute dollar
amounts, then the absolute risk aversion sets the tradeoff.

If the mean and variance are expressed as amounts relative to
Initial wealth, then the relative risk aversion sets the tradeoff.
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Small Risk

Consider asmall risk, for which the mean and the variance are
expressed as absolute dollar amounts. The probability
distribution of wealth is

W ~ N(W+ mAt, s°At).

Base wealth wisfixed. Here At isasmall number; as it
changes, the mean and the variance both change in proportion.
We write

W= W+ mAt + SAz, (1)

inwhich Az~ N(0,At). Theissueisto study how expected

utility depends on mand s°.
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Small Risk via Stochastic Calculus

Applying stochastic calculus, consider the [imit as At
approaches the infinitessmal dt. The limit of (1) as

Wi gt = W + mdt + sdz

Wealth Isw;_ 4, and base wealth is w;; define the change in
wealth dw = W, ¢ — W;. Here zis Wiener-Brownian motion,
dz=2z.4 — %, dz~ N(O,dt). Thuswealth is distributed

Wear ~ N(W +mdt, s> dt).

Because dt isinfinitessimal, the risk is small.
9
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Expected Utility

The individual maximizes expected utility

E[U(W 4t ).

Theissueisto study how expected utility depends on mand s°.
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Quadratic Utility

By It0’'s formula,

U(We gt ) = u(we) + U’ (w ) dw + %u”(wt)(dw)z.

The utility 1s quadratic in dw, so the mean m and the
variance s° determine the expected utility.
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Evaluation of Expected Utility

We evaluate
U(We ) = U+ U dw—+ %u”(dw)2
— u+4 U (mdt 4 sdz) + %u”(mdt + sdz)?
= u-+ (u’m+ %u”s?) dt + u'sdz

Here the only stochastic term Is dz, which has expected value
Z€Ero.
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Expected utility is

E[uWe i q)] = U+ (u’m+ %u”s?) dt
= u+u {m 1 <u_”> 32} .
2 U
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Expected utility istherefore determined by the expression in
brackets, alinear function of the mean m and the variance s,

1 u//
m—>(-2 )&
2 ( U’ )
A higher mean raises expected utility and a higher variance
lowers expected utility. Because the mean and the variance are

expressed as absolute dollar amounts, the absolute risk aversion
sets the tradeoff.
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Small Risk Relative to Wealth

Consider the expected utility for arisk of agiven sizerelative
to wealth. Define

We gt = Wt (14 mdt 4 sdz).

Now m and s have the interpretation as the mean and the
standard deviation relative to wealth.
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1
U(We-r) = U+ U dw+ S (dw)?

= u+ U'w(mdt + sdz) + %u”vvz(mdt + sdz)?

— U+ (u’wm+ %u”vv252> dt -~ u'wsdz.

Here the only stochastic term Is dz, which has expected value
Z€Ero.

16



Financial Economics Small Risks

Expected Utility
Expected utility is

E[uW . q)] = u-+ (u’wmjL }u”vvzs?) it

2
, 1/ w' 2
=u+uw m—é T at.

17



Financial Economics Small Risks

Expected utility I1s determined by the expression in brackets, a
linear function of the mean m and the variance s?,

1/ w’
m- < r )sz.
A higher mean raises expected utility, and a higher variance
lowers expected utility. The relative risk aversion shows the

tradeoff between the mean and the variance, where these two
magnitudes now describe the risk relative to wealth.
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